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Goals: Real-time response 

Talk:

• I. Linear & Non-linear Optical Response     RT-TDDFT

• II. Real-time core-level XAS 

• III. Many-body Effects
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Real-time Approaches for Optical and X-ray Spectra



Experiment vs Theory: Full spectrum
Optical - X-ray Absorption Spectra 

Photon energy  (eV)

fcc Al

UV X-ray

http://leonardo.phys.washington.edu/feff/opcons

RSGF theory vs

expt

Question:  how to calculate the response in real time??



I. Real-Space & Real-Time 
Linear and Non-linear Optical Response

● Difficulty: frequency-space
is computationally demanding 
too-many excited states

• Strategy: extend RT-TDDFT/ SIESTA *
*Sanchez-Portal, Tsolakidis, and Martin, Phys. Rev. B66, 235416 (2002)
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Approach I: RT-TDDFT
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J. Chem. Phys. 127, 154114 (2007)



Real time Linear Response

Induced Dipole Moment

Linear Response Function

Optical Absorption

Linear Dielectric Function
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RT-TDDFT Formalism

• Yabana and Bertsch  Phys. Rev. B54, 4484 (1996)

• Direct numerical integration of  TD Kohn-Sham equations

• The response to external field is determined by applying a
time-dependent electric field ΔH(t) = −E(t)·x.

• Optical properties determined from total dipole moment:

8MORE EFFICIENT THAN FREQUENCY –SPACE METHODS !



Numerical Real-time Evolution

• Ground state density ρ0, overlap matrix S, and H(t) at 
each time-step evaluated with SIESTA

• Crank-Nicholson time-evolution: unitary, time-reversible
Stable for long time-steps !

• Adiabatic GGA exchange-correlation (PBE) functional

Coefficients of Orbitals
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• Delta Function 
(Unit Impulse at t=0)

• Step Function 
(Turn-off Constant E at t=0)

Example: CO Linear Response 
pz(t) response due to applied Ez(t)
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Ground state without field

Ground state with constant field

Evolution for t>0

Evolution for t>0



Nonlinear Polarizabilities

• Second order nonlinearities

Second Harmonic Generation (SHG)

Optical Rectification (OR)

Electro-Optic effect (Pockel’s effect) 7



Extraction of Static Nonlinear Polarizabilities

• Standard technique: static nonlinearity

Finite-difference or polynomial fitting pi(E) e.g.,  
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Real time Dynamic Nonlinear Response

• The nonlinear expansion in field strength

• Accounting for time lag in system response

How can we invert the equation to get nonlinear response function?
15

?



Dynamic Nonlinear Polarizabilities  

• Set Ej(t) = F(t)Ej and define expansion pi(t) 

where p(1) yields linear response, p(2) first non-linear 
(quadratic) response, ….

• Quadratic response χ(2)
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Dynamic Nonlinear Response with 
Quasi-monochromatic Field Fδ(t)

• Sine wave enveloped by another sine wave or Gaussian

SHG

OR

F(
t)

Linear and
Nonlinear
response
of CO
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Example pNA: Nonlinear SHG

• Comparison with other methods
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Core-level x-ray Response

1. Time-correlation function approach

2. Dynamic response: adiabatic vs sudden

3. Many-body corrections



II. Real-time core-level XAS 

|ψ(0)i = d|bi

*

* UW pre-preprint Aug 2010 







Dynamic core-hole screening algorithm

III. Many-body Effects

Also: Grebennikov, Babanov and Sololov, Phys. Stat. Sol.  79, 423 (1977)    
and   Privalov, Gel’mukhanov & Agren: Phys Rev. B 64, 165115 (2001)

alá Nozieres & De Dominicis



Intrinsic Satellites

G+c (t) = e
i²cteC(t)θ(t)

Cumulant expansion  



Many-pole Self-energy Algorithm*



Many-pole Self-energy Algorithm*

Plasmon-pole model                many-pole model

-Im ε-1(ω) Many-pole Dielectric Function 

~ Σ i gi δ(ω - ω i)

Many-pole GW self-energy Σ(E) 

* J. Kas et al. PRB 76, 195116(2008)



Cu

ab initio q=0 loss function Sum of single pole
self-energies

http://leonardo.phys.washington/feff/opcons

Example: Many-pole model for Cu*

Plasmon pole model

Many-pole pole model

*J. Kas et al., Phys. Rev. B. 76, 195116 (2007)

-Im ε-1(ω)

Cu



Extension to: Extrinsic and Intrinsic losses: 

Question: How to 

extend theory to 

real-time approach?

Energy Dependent Spectral Function  A(k,ω)

Quasi-boson Model



Quasi-Boson Theory of Inelastic Loss*

Excitations - plasmons, electron-hole pairs ... are bosons

*W. Bardyszewski and L. Hedin, Physica Scripta 32,  439 (1985)

“GW++”   Same ingredients as GW self-energy    

Vn → -Im ε-1(ωn,qn)  fluctuation potentials

Many-body Model:  |e- , h ,  bosons >



Effective GW++ Green’s Function  geff(ω)

Damped qp Green’s  function

Extrinsic  +   Intrinsic  - 2 x  Interference 

geff(ω)=

Spectral function: A(ω) = -(1/π) Im geff(ω)

L. Campbell, L. Hedin, J. J. Rehr, and W. Bardyszewski, Phys. Rev. B 65, 064107 (2002)

+ - -
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