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Quasistatic vs. multiphoton picture: electron spectra of H atom
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800 nm (1.55 eV) −→ Nph,min = 9

1600 nm (0.775 eV) −→ Nph,min = 18

Efficient solution of TDSE for H atom:

Y. V. Vanne and A. Saenz, to be published
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LOPT from helium to molecular hydrogen
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Abstract. We present results of ab initio calculations of generalized cross sections for two-, three-
and four-photon ionization of helium by VUV and XUV radiation. These cross sections can be
useful in the estimation of the intensity required for observation of these processes. This work has
been motivated by recent experimental results using high-order harmonic generation with which
we find excellent agreement.

1. Introduction

The study of nonlinear multiphoton processes in the XUV range and beyond has been a moving
target ever since the appearance of high-order harmonic generation. To begin with, few-photon
ionization or third-harmonic generation and related four-wave mixing are highly desirable
pursuits in that context. On the basis of rather general considerations of atomic structure, the
relevant cross sections or susceptibilities are expected to decrease with decreasing wavelength
of the pump radiation. The question is by how much and what are the requirements placed
upon such short-wavelength sources. Some initial calculations of χ(3) (van Enk et al 1997) for
pump photon energies around 25–30 eV in helium have provided a point of calibration which
may be viewed as a pessimistic scenario since He has rather small matrix elements. At this
point, to our knowledge, there has been no reported observation of four-wave mixing at that
wavelength range.

The most basic, and one would think easiest to observe, nonlinear process is two-photon
ionization. Yet, even that has proven rather difficult. As of now, there seem to have
been only two successful attempts. In the first, Xenakis et al (1996) reported two-photon
ionization of argon using 15 eV photons obtained through third harmonic generation pumped
by a femtosecond KrF excimer laser. The wavelength of the ionizing radiation was certainly
within the XUV range, but the order of the harmonic was low. The observation has been well
documented, but there is no theoretical prediction or a posteriori calculation to compare with
the experiment. It may be argued that the conditions for that experiment were accidentally
somewhat favourable owing to a near resonance with an intermediate single-photon transition;
although the intermediate resonance was not sufficiently near to provide large enhancement. In
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Abstract. Multiphoton processes in H+
2 induced by a linearly polarized monochromatic laser

have been studied within the framework of lowest-order perturbation theory. To illustrate the
convergence of the one-centre B-spline expansion used, we present results for fixed internuclear
distance. In a further step the vibrational motion has been taken into account using the reflection
approximation. The frequency dependence of the ionization cross section has been calculated for
the parallel as well as perpendicular orientation of the molecule with respect to the polarization
vector of the laser field. It is found that in the multiphoton, in contrast to the tunnelling regime,
ionization occurs dominantly in the perpendicular orientation, if vertical transitions from low-lying
vibronic states are considered.

1. Introduction

The interaction of strong fields with atoms and molecules leads to a number of nonlinear
phenomena such as multiphoton ionization, above-threshold ionization (ATI) and high-order
harmonic generation. For atoms, these processes have been studied extensively from a
theoretical as well as an experimental point of view for over more than two decades (see
[1] and references therein). For molecules the situation is, however, not so advanced due
to the additional complication introduced by the nuclear motion. Despite the fact that the
electronic and vibrational motions have very different characteristic times (10−18 and 10−15 s
for electronic and vibrational motions, respectively), phenomena such as enhanced ionization
at critical internuclear distances (see, e.g., [2] and references therein), dissociative ionization
and above-threshold dissociation (ATD) [3] suggest that inclusion of the nuclear motion is
necessary for understanding the behaviour of molecules in intense laser fields.

The system studied in this paper is the hydrogen molecular ion H+
2. This simplest molecule

has been chosen in order to make feasible an ab initio description of the electronic as well as
the nuclear degrees of freedom. In this sense, the hydrogen molecular ion H+

2 is a fundamental
system, since the investigation of its interaction with intense laser fields allows the study of
conceptual and basic questions of relevance to more complicated systems.

One of the most interesting aspects (peculiar to molecular systems) is the spatial anisotropy
of such systems and the way it influences the response to external fields. In particular,
we consider a linearly polarized laser field and explore how the relative orientation of
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Abstract
Generalized cross sections for two-, three-, and four-photon ionization of H2 by
linearly polarized laser light have been calculated. Three different situations
are considered: the laser polarization being parallel or perpendicular to the
internuclear axis and the case of an isotropical distribution of H2 molecules.
The main features of the spectra are discussed. In order to assess the reliability
of the results, two completely different ab initio methods have been developed
and used for the parallel orientation; good agreement is found between them.
The impact of the present results on the question of alignment of molecules in
laser fields is discussed.

1. Introduction

The interaction of intense laser fields with atomic and molecular systems has recently attracted
increasing interest. Much theoretical work has been performed that strives for a deeper
understanding especially of the behaviour of one- and two-electron atoms in intense laser
pulses (see Lambropoulos et al (1998) and references therein). For molecules the theoretical
methods are, however, less advanced. This is due to the fact that there exist only few ab initio
methods that can cope with the multi-centred structure of the molecular ionization continuum,
especially if many-electron systems are considered. In addition, vibrational and rotational
degrees of freedom lead to further complications. Despite these theoretical problems, a number
of experimental investigations of molecules exposed to intense laser fields exist, with a variety
of interesting findings, part of them still awaiting theoretical justification or clarification (see
Codling and Frasinski (1993), Williams et al (2000) and references therein). A further increase
in interest is to be expected in the near future, if the free-electron lasers presently under
construction come into operation.

Besides other truly molecular strong-field phenomena like enhanced ionization, bond
softening and hardening, the predominant detection of molecular fragmentation products along
the polarization axis of a linearly polarized laser has been a continuous source of discussion
since the experiments by Normand et al (1992) and Dietrich et al (1993). While those authors
came to the conclusion that the use of two delayed pulses confirms the alignment of diatomic
molecules in the laser field, these interpretations did not necessarily take into account the
phenomenon of enhanced ionization (Seidemann et al 1995, Zuo and Bandrauk 1995) which
was discovered at a later time. The idea of delayed pulses (pump–probe experiments) as
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where it has again been used that transition amplitudes of the type 〈!�+
u |rsY +1

1 (#s)|!�g〉 and
−〈!�−

u |rsY−1
1 (#s)|!�g〉 give identical values. Equation (7) contains the following transition

schemes: (7a) �g → �u → �g, (7b) �g → �u → �g, (7c) �g → �u → �g,
(7d) �g → �u → �g and (7e) �g → �u → �g. Transition (7a) corresponds to the
parallel case (�� = 0), transitions (7b) and (7c) to the perpendicular case (�� = ±1),
and (7d) and (7e) are mixed terms, since every term contains a parallel and a perpendicular
transition. The last two terms (7f ) and (7g) are interference terms connecting the initial state
with a particular final state via two different paths characterized by different symmetries of the
intermediate states. It has, however, to be realized that half of the terms entering (7b) are in fact
also interference terms in the sense that they simultaneously involve intermediate states of�+

u
and �−

u symmetry, but these interference terms give identical numerical values as their pure
counterparts due to the cylindrical symmetry of diatomic molecules. The important difference
between the terms (7f ) and (7g) compared to the four interference terms entering (7b) is the
simultaneous occurrence of parallel and perpendicular transitions in the former ones.

From equation (7) it is evident that in the two-photon case the relative ratio of (pure)
perpendicular to parallel transitions is 12/15–3/15 and thus 4–1, compared to 2/3–1/3 and
thus 2–1 in the one-photon case. Extending this to the multiphoton case it is clear that for a
randomly oriented sample the perpendicular transitions will become increasingly predominant
over the parallel ones, if both transition amplitudes are of a similar order of magnitude.
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LOPT regime for H2: intensity scan (R = 1.4 a0)
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LOPT regime for H2: frequency scan (R = 1.4 a0)
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LOPT regime for H2: frequency scan (R = 1.4 a0)
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LOPT regime for H2: frequency scan (R = 1.4 a0)
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LOPT regime for H2: frequency scan (R = 1.4 a0)
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LOPT regime for H2: frequency scan (R = 1.4 a0)
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Resonances (REMPI) and thresholds (H2, R = 1.4 a0)
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Resonances (REMPI) and thresholds (H2, R = 1.4 a0)
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Photoelectron spectra for H2
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R-dependent ab initio dc ionization rate for H2

H(1s)+H(1s)

H  + H  −+

F = 0.08 a.u.
. 10 V

m= 4.114 10

. 14

Ammosov−Delone−Krainov (ADK) rate

Quasi−diabatic ionization rate
Adiabatic ionization rate

(extended to incorporate R dependence)

(ab initio)

Equilibrium distance

(ab initio)

cm2
W( I = 2.25 10        )

Ab initio calculation (dc field) and experiment confirms: No FC distribution for H2.

[A. Saenz, Phys. Rev. A 61, 051402 (R) (2000); Phys. Rev. A 66, 063408 (2002).]
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Validity of quasi-static approximation for H2
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Strong-field approximation (SFA) for oxygen and nitrogen

Oxygen O2 Nitrogen N2

tion with respect to the laser polarization axis. In Fig. 7 we
present the total ionization rates of N2 molecule for four
different versions of the molecular SFA. From the upper part
of Fig. 2, in which the 3�g HOMO of N2 was presented, we
see that the electron distribution is concentrated along the
internuclear z axis. The results presented in Fig. 7 show that
for the length-gauge standard molecular SFA and for the
modified molecular SFA with the undressed initial state the
ionization rate tends to maximize along z axis, i.e., the ion-
ization probability is maximal when the molecule is oriented
such that the laser polarization is parallel to the molecular
axis. On the other hand, the rates for the dressed-state modi-
fied molecular SFA, as well as for the velocity-gauge stan-
dard molecular SFA, are maximized for the orientation
perpendicular to the internuclear axis.

According to the results of �25�, in which the total ioniza-
tion yields of the H2

+ molecular ion were calculated solving
the time-dependent Schrödinger equation, the total yield as a
function of the molecular axis orientation angle tends to
maximize when the molecule is oriented such that the laser
polarization is parallel to a molecular axis along which the
electron distribution is concentrated. If we suppose that this
conclusion, obtained for H2

+, can be generalized to our neu-
tral homonuclear diatomic molecules �54�, then we can con-
clude that the length-gauge standard molecular SFA and the
modified molecular SFA with the undressed initial state are

more adequate approximations. This is also in accordance
with the experimental results for N2 �14�, since this experi-
ment shows a suppression of the ionization of N2 for the
angle 90°.

Similar conclusions can be obtained comparing the results
for the total ionization rate of O2, presented in Fig. 8, with
the coordinate-space wave function of O2 �1�g HOMO of O2
presented in the upper part of Fig. 3�. The length-gauge mo-
lecular standard SFA and the undressed modified molecular
SFA mimic the fourfold structure of the wave function dis-
tribution, while the dressed state modified molecular SFA
and the velocity-gauge standard molecular SFA are not so
successful in this mimicking �but they are much more
successful than in the N2 case�.

X. CONCLUSION

Describing the diatomic molecule as a three-particle
system, we have consistently introduced the molecular
strong-field approximation. Applying also the Born-
Oppenheimer approximation, we have introduced two forms
of the molecular SFA, one with the dressed and the other one
with the undressed initial bound state. These approximations
are given by Eq. �41� and they are the main result of the
present paper.

The formalism developed is applied to the neutral homo-
nuclear molecules and numerical examples for N2 and O2
molecules are presented. The results for differential and total
ionization rates, obtained using our modified molecular SFA,
are compared with the results obtained using the length-
gauge and the velocity-gauge standard molecular SFA. In all
four cases of the molecular SFA numerical calculations are
very simple—they are reduced to one numerical integration
over the ionization time, or, in the case where the saddle-
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FIG. 7. �Color online� Total ionization rates of N2 as functions
of the orientation of the molecule with respect to the polarization
axis of the linearly polarized laser field having the wavelength
800 nm and the intensity 1014 W/cm2. Presented are the results for
the standard molecular SFA in length gauge �L—upper left panel�,
the modified molecular SFA with the dressed initial state �D—upper
right panel�, the modified molecular SFA with the undressed initial
state �U—lower left panel�, the velocity-gauge standard molecular
SFA �V—lower right panel�.
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axis of the laser field having the same parameters and presented as
in Fig. 7.
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present the total ionization rates of N2 molecule for four
different versions of the molecular SFA. From the upper part
of Fig. 2, in which the 3�g HOMO of N2 was presented, we
see that the electron distribution is concentrated along the
internuclear z axis. The results presented in Fig. 7 show that
for the length-gauge standard molecular SFA and for the
modified molecular SFA with the undressed initial state the
ionization rate tends to maximize along z axis, i.e., the ion-
ization probability is maximal when the molecule is oriented
such that the laser polarization is parallel to the molecular
axis. On the other hand, the rates for the dressed-state modi-
fied molecular SFA, as well as for the velocity-gauge stan-
dard molecular SFA, are maximized for the orientation
perpendicular to the internuclear axis.

According to the results of �25�, in which the total ioniza-
tion yields of the H2

+ molecular ion were calculated solving
the time-dependent Schrödinger equation, the total yield as a
function of the molecular axis orientation angle tends to
maximize when the molecule is oriented such that the laser
polarization is parallel to a molecular axis along which the
electron distribution is concentrated. If we suppose that this
conclusion, obtained for H2

+, can be generalized to our neu-
tral homonuclear diatomic molecules �54�, then we can con-
clude that the length-gauge standard molecular SFA and the
modified molecular SFA with the undressed initial state are

more adequate approximations. This is also in accordance
with the experimental results for N2 �14�, since this experi-
ment shows a suppression of the ionization of N2 for the
angle 90°.

Similar conclusions can be obtained comparing the results
for the total ionization rate of O2, presented in Fig. 8, with
the coordinate-space wave function of O2 �1�g HOMO of O2
presented in the upper part of Fig. 3�. The length-gauge mo-
lecular standard SFA and the undressed modified molecular
SFA mimic the fourfold structure of the wave function dis-
tribution, while the dressed state modified molecular SFA
and the velocity-gauge standard molecular SFA are not so
successful in this mimicking �but they are much more
successful than in the N2 case�.

X. CONCLUSION

Describing the diatomic molecule as a three-particle
system, we have consistently introduced the molecular
strong-field approximation. Applying also the Born-
Oppenheimer approximation, we have introduced two forms
of the molecular SFA, one with the dressed and the other one
with the undressed initial bound state. These approximations
are given by Eq. �41� and they are the main result of the
present paper.

The formalism developed is applied to the neutral homo-
nuclear molecules and numerical examples for N2 and O2
molecules are presented. The results for differential and total
ionization rates, obtained using our modified molecular SFA,
are compared with the results obtained using the length-
gauge and the velocity-gauge standard molecular SFA. In all
four cases of the molecular SFA numerical calculations are
very simple—they are reduced to one numerical integration
over the ionization time, or, in the case where the saddle-
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FIG. 7. �Color online� Total ionization rates of N2 as functions
of the orientation of the molecule with respect to the polarization
axis of the linearly polarized laser field having the wavelength
800 nm and the intensity 1014 W/cm2. Presented are the results for
the standard molecular SFA in length gauge �L—upper left panel�,
the modified molecular SFA with the dressed initial state �D—upper
right panel�, the modified molecular SFA with the undressed initial
state �U—lower left panel�, the velocity-gauge standard molecular
SFA �V—lower right panel�.
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(from D. Milosevic, Phys. Rev. A 74, 063404 (2006))
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Validity of MO-ADK and MO-SFA-V/L for H2
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Floquet versus SFA and TDSE
Chapter 6. Hydrogen atom in a strong laser field 131
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Figure 6.10.: Ionization rates of an H atom for an 800 nm laser field vs. laser intensity.
Floquet results are compared with ionization rates yielded by the TDSE method, L-gauge SFA
(L-SFA), L-gauge SFA with Krainov’s Coulomb correction (K-SFA), V-gauge SFA (V-SFA),
and V-gauge SFA with the Coulomb correction of A. Becker et al. (B-SFA).

photon energy, the slope of the decrease diminishes with increasing radiation intensity.
Surprisingly, for sufficiently low photon energies a very accurate estimation of the slope
dependence on photon energy and intensity is provided by a simple correction Ccor to
the quasistatic rates ΓQS,

Γcor = CcorΓQS, Ccor = exp
[

2
3F

{
1− g(γ)

}]
, (6.6)

where the function g, defined as

g(γ) = 3
2γ

{(
1 + 1

2γ2

)
arcsinhγ −

√
1 + γ2

2γ

}
, (6.7)

has been introduced by Perelomov et al. [95]. A comparison with the recently proposed
Coulomb-corrected short-range ionization rates [189] shows a reasonable agreement in
the whole range of the photon energies, although the resonances are not described and
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Internuclear-distance dependent ion yields of H2 (800 nm, perp.)
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[for method see: Y.V. Vanne and A. Saenz, J. Modern Optics 55, 2655 (2008); Phys. Rev. A 80, 053422 (2009)]
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Energy-resolved electron spectra (ATI)

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 1.1
Photoelectron energy (a.u.)

10
-9

10
-8

10
-7

10
-6

10
-5

10
-4

Io
ni

za
tio

n 
pr

ob
ab

ili
ty

 (
a.

u.
)

Parallel
Perpendicular

λ = 800 nm

I
peak

 = 5⋅10
13

W/cm2

10 cycles,  Cos
2
 pulse

R = 1.4 a.u.

H
2

A. Saenz: Atoms and Molecules in ultrashort intense laser pulses: Is there a bridge . . . (14) KITP, 23.08.2010



H2: Hartree-Fock vs. DFT core (excitation)
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Validity of the SAE approximation for H2
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