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We study
The real-space structure of  states two layers of  graphene stacked with a twist 

angle θ = 1.08◦ forming a periodic moiré pattern.

Experiments:   

• Flat bands induced by interlayer hybridization  when the twist angle of  TBG is close to the 

magic angle.  

• Quenching of  the quantum kinetic energy leads to a correlated insulating phase at half-

filling of  these flat bands. 

• Electronic phases in TBG: Mott-like insulator behavior in the case of  hole-doped bilayer 

graphene with filling factor n = 2, corresponding to two particles per unit cell of  the moiré 

pattern and Superconductivity when doping the insulating state.  

• At charge neutrality n=0, the electronic density of  states is peaked around the “AA” staking 

of  the large unit cell. 



The real space structure of  the flat bands qualitatively changes when 
doping away from charge neutrality: Differential conductance maps. 

We want to understand the nature of  its insulating phase by studying the real-
space structure of  the orbitals that are involved.  

Plus: 
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The new unit cell has unit vectors G1 = na1 + ma2,  
G2 = −ma1 + (n + m)a2.  

• sixfold rotation around AA 
centers. 

• two  threefold  rotation 
around  AB  and   BA 
centers. 

• There  are  no  mirror 
symmetries

• Magic angle θ = 1.08, generated by choosing m = 31 and n = 30
• 4(n2 + nm + m2 ) =11 164 atoms in the new unit cell.

We make TBG by starting with AB stacking and rotating one of  the layers 
around an AB site
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Tight binding model

•Four flat bands with a bandwidth W = 11.25 meV around charge neutrality. 

•At the K point there is a small gap of  13.8 μeV,  “approximate” Dirac cones, two flat bands above 
and two flat bands below them.  

• In-plane n-n hopping t = 2.8 eV.   Interlayer hopping t⊥(r) = t⊥0 e−|r|/ξ .  

r = total distance between two atoms 

including the interlayer distance  d = 0.335 

nm,  

ξ = 0.11a,  

a = 0.246 nm 

t⊥0 chosen such that t⊥ = 0.35 eV for the AA 

stacked atoms.
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The real-space change of  orbitals

Spatial structure of the low-energy wave functions at K and     points Γ

Electrons  close  to  charge  neutrality  (K  point)  have  large  spectral 

weight at the AA regions consistent with tunneling experiments: we 

call these “center” orbitals.

At the    point a clear transfer of charge is seen to a ring around the AA center. 

we call these “ring” orbitals.

Γ
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In the absence of hybridization between “ring” and “center” orbitals, we have four gapped triangular-

lattice orbitals at the Gamma point and fourfold-degenerate Dirac cones.

Hybridization between  “center” and “ring”  orbitals causes the lowest-energy band to be a mix of both orbitals.

The orbital character 
smoothly transforms from 
ringlike to centerlike. 
Note that the overlap 
between ring and center 
orbitals is ≈0.4.

Flat bands change orbital character between the K and points
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The averaged  wave function squared as a function of distance from the AA centers



Toward an effective model that captures the low energy physics

Hybridization between and K and Gamma orbitals causes the 
lowest-energy band to be a mix of  both orbitals.
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Bloch wavefunctions transform under a sum of  irreducible representations of  
the little group; bands at high-symmetry k points will have (non-accidental) 
degeneracies equal to the dimension of  these representations. 



K and K’ are exchanged under six- and twofold rotations with respect to the z axis perpendicular 

to the TBG plane: the little cogroup at the K point is C3. 

• The reducible (equivalent) representation exp(iKRj)  is decomposed into irreps of  the group 

C3 and  is exactly contained in the two-dimensional irrep E of  C3.  

• Orbitals at the K point should be two-fold degenerate. 

At the K point ‘center’ orbitals form a triangular lattice
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• The little group at the Gamma point is isomorphic to C6. 

• At the Gamma point the triangular lattice is invariant under 3-fold rotations. 

• Therefore orbitals can realize irreps A and B. 

 At     “ring” orbitals form a triangular lattice.  Γ



The  “ring” orbitals, on the other hand, are far away from the approximate Dirac cones and will be 

treated as having hopping on a triangular lattice.

The  “center” orbitals at the K point should be twofold degenerate. However, because the gap at the 

approximate Dirac cones is practically unobservable, the effective hopping among K (center) orbitals can 

be approximated by a honeycomb symmetry

The Hybrid orbital effective model



Effective (non interacting) Model

We split the eight lowest-energy bands in two degenerate valleys.  Each valley consists of 

two “ring” and two “center” orbitals

Effective model consists of two degenerate 4 x 4 blocks

H4(k) =

0 tK fK(k) t′�fKΓ1
(k) 0

tK fK(−k) 0 0 −t′�fKΓ2
(k)

t′�fKΓ1
(−k) 0 −ΔΓ + tΓ fΓ(k) 0
0 −t′�fKΓ2

(−k) 0 ΔΓ − tΓ fΓ(k)

fK(k) = 1 + eika1⋅k + eika2⋅k

fΓ(k) = 2 (cos ka1 ⋅ k + cos ka2 ⋅ k + cos ka3 ⋅ k)
fKΓ1

(k) = 1 + e−ia1⋅k + e−ia2⋅k

fKΓ2
(k) = e−i(a1+a2)⋅k + e−ia1⋅k + e−ia2⋅k,

tK = 1.5312 meV
tΓ = 9.5007 meV

t′� = 4.6730 meV
ΔΓ = 61.5978 meV



H4 reproduces the lowest energy bands of  the full problem with the right symmetries

Flat bands Band width

It can be improved? Sure!  
We are working on it



A) The interaction energy is minimized in the insulating phase by a charge-transfer 

from the “center” to the “ring” orbitals. 

B) The transfer of  the charge picture permits to fix the spin degrees of  freedom in the 

Mott phase, naturally yielding an effective antiferromagnetic Heisenberg Hamiltonian 

which gives rise to a spin-singlet paramagnet.  

C) Doping this paramagnet can lead to superconductivity, with different pairing 

symmetries for different dopings.

Consequences of  the hybrid orbital picture:



A) Interactions and the Mott phase at n=2 per Moire unit cell

Single-layer graphene has a relatively strong on-site interaction U = 9.3 eV, nearest neighbor 
Coulomb interaction strength was computed to V = 5.5 eV.

For orbitals that span thousands of different atoms, the full Coulomb interaction beyond the on-
site repulsion plays a central role.

Eint = ∑
r,r′�

δn(r)
e2

4πϵ(r − r′�) |r − r′�|
δn(r′�) The Coulomb energy is nonzero whenever 

there are macroscopic charge inhomogeneities δn(r)

: deviation from the average electron density     at position rnδn(r)

Experiments:  upon doping away from charge neutrality the electronic charge density 
will cluster around the AA centers: charge inhomogeneities.

Away from charge neutrality (n=0) there will be a large “classical” contribution to the Coulomb 
energy.



Charge distribution in one unit cell at a density of  n=2 holes relative to charge neutrality (n=0) 
using the full band structure.  

A large concentration of  green dots (excess charge) is seen in the AA centers, (91%) whereas 
around the AB/BA centers there is a depletion of  charge (red dots).



V(ri − rj) =
1.438

0.116 + |ri − rj |
eV

 Classical Coulomb energy at half-filling of  the flat band is large:                       

The long-wavelength limit of  the dielectric constant approaches 1 

Eint = ∑
r,r′�

δn(r)
e2

4πϵ(r − r′�) |r − r′�|
δn(r′�)

Eint = 317.6 meV! 

Effective form of  the screened Coulomb 
interaction in the tight-binding model,



At zeroeth order:  one localized hole in the center orbital and one localized hole in the 
ring orbital.  

• Kinetic energy: localization of  charges increases the energy per unit cell by 7.86 meV.  
• Gap: need to pay the gap 61.6 meV of  the ring orbital.  
• Interaction energy: drastically reduced to 103.9 meV.  

Overall, the average energy gain per unit cell due to the charge transfer is estimated at 
delta E = 154 meV.  

When doping away from charge neutrality a charge-transfer occurs from the 
center to the ring orbitals because Coulomb repulsion wants to smoothen 

out charge.

Charge-transfer in the Mott phase minimize interaction energy

n=2: Charge transfer from the “center” to the “ring” orbitals. 



• One localized charge in a “center” orbital and one in the “ring” orbital, 

• Nonzero  overlap between “ring” and “center” orbitals, t’ = 4.67 meV.  

• Localizing one charge in a “ring” and one in a “center” orbital: effective 
antiferromagnetic Heisenberg coupling between their spins 

• The two spins in each unit cell will form a singlet. The Mott phase in TBG is a non-
entangled featureless spin-singlet paramagnet. 

• J = 3.3 Kelvin, consistent with the energy scale required to break the insulating state. 

• Ferromagnetic Heisenberg-like coupling for the orbital degrees of  freedom.

 B) The spin degree of  freedom in the charge transfer picture is fixed 

Heff = J∑
i

⃗S iK ⋅ ⃗S iΓ J = 2
| t′�|2

ΔE
= 0.28 meV



Dynamics of  the dopants is described by a t-J model: effective nearest-neighbor attraction 
between dopants. 

Adding electrons to the insulating state will add dopants on the “ring” orbitals: nearest-
neighbor attraction on a triangular lattice. The most likely superconducting state would be 
spin-singlet d+id-wave. 

Hole-doping adds carriers to the “center”-orbitals, which realize an effective honeycomb 
lattice:  spin singlet p+ip-wave superconductivity, as was proposed for single layer graphene 
away from charge neutrality.  

A symmetry difference between the electron and hole-doped superconducting 
phases relative to the Mott state would be a clear proof  of  the charge-

transfer occurring in TBG. 

C) Dopping away from n=2 (bold claims):



• Based on a simple analysis of the real space wavefunctions of an 11,164-bands model, we 

propose hybrid low-energy bands that are localized within one unit cell and therefore lead to 

Hubbard-like on-site interactions.

• A direct consequence is that the Mott phase is a featureless spin singlet paramagnet. The 

lowest energy spin excitations will be propagating triplets, which could be observed using thin 

film resonant inelastic X-ray scattering.  

• The symmetry difference between electron- and hole-doped superconductors is a result of the 

charge  transfer  and  should  be  observable  in  experiments  similar  to  the  phase-sensitive 

experiments in cuprates.

• The effective model is a hybrid mixture of  triangular and honeycomb symmetries. Developing 

such a model and studying it using both analytical and numerical methods might provide key 

insights towards the understanding of  twisted bilayer graphene.

Outlook


