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Cell mechanics modulates function and fate

David Rogers,Vanderbilt University.

Cell 126, 677 (2006)                                                                                                         Nature Reviews Molecular Cell Biology 9, 603 (2008)

Jonathan Ashmore, University College London.
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Cell mechanics

Cell cytoskeleton, its interaction with extracellular matrix (ECM)
Cell Cell + ECM

Cytoskeleton as a composite:                                                                        
Synergistic mechanical coupling between different types of biopolymers 
M.D., A.J. Levine and F.C. MacKintosh, Europhys. Lett. 84, 18003 (2008).      
M.D. and F.C. MacKintosh, Phys. Rev. Lett. 105, 138102 (2010).                                                                                                    
M.D. and F.C. MacKintosh, Phys. Rev. E. 84, 061906 (2011).  

       Cooperative interaction between different types of crosslinkers 
       M.D., D. Quint and J.M. Schwarz, PLoS ONE 7, 35939 (2012).

      The extracellular matrix as a composite: structure function relations   
      J.L.Silverberg, M.D., L. Bonassar, and I. Cohen, in preparation

                                                                             
                                                                                                                                                                                

ECM
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Cytoskeleton as a composite 

• Three major types of filaments: microtubules (MTs), filamentous actin (F-actin) 
that forms a 3d network, intermediate filaments. 

• F-actin and MTs have very different mechanics.

• F-actin crosslinked with multiple types of crosslinkers: stiff, flexible & freely 
rotating, flexible & angle constraining.

stiffness
semiflexible stiffflexible

stiff
flexibleFrom Cell: An Image Library (Image by Torsten Wittmann).
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How large of forces can microtubules carry? How far?

Isolated, in vitro: 
Buckling at large wavelength ~ 10 µm.
Can be explained by classical Euler buckling.

• Resist compressive forces at least 100 times more than in vitro.

• Buckle at much shorter wavelengths ~ µm, show attenuation

Brangwynne et al. J. Cell. Bio.  173, 733 (2006).

5 µm

5 µmIn  Cells

Kikumoto et al., Biophys J, 2005
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Mechanics of Microtubules in cells : Nonlinear Elastic Theory
M.D., A.J. Levine and F.C. MacKintosh, Europhys. Lett. 84, 18003 (2008).

+
v

u

Deformation Energy of MT: Axial compression +  Bending + coupling with F-actin matrix 

of the deformation of the MT. On applying a compressive load at one end, the microtubule

bends and deforms the surrounding elastic network which resists this deformation. These

competing effects determine the characteristic force and length scales associated with the

buckling of the MT. The nonlinear elastic properties and longitudinal coupling of the MT

to its surroundings determine the attenuation of both the force and deformation of the MT

along its arclength away from the point of loading. While the details of the deformation

profile depend on the precise form of the nonlinearity, the force penetration depth generically

decreases with increasing strength of the longitudinal coupling between the MT and the

medium.

We consider a linear elastic theory for the MT and the surrounding medium and include

the leading nonlinearity for the elasticity of the surrounding matrix. The MT is subjected

to a compressive load f at one end denoted by x = 0. The resulting elastic deformation

energy can be written in terms of its transverse and longitudinal displacements, u(x) and

v(x), respectively:
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where v(x) =
∫ ∞

x
1

2
u

′

(y)
2
dy as is required for an incompressible rod. The first term

represents the axial compression energy released by bending. The second term corresponds

to the bending energy of the rod, κ is the bending rigidity. Classical Euler buckling, in

which a long-wavelength bend of a rod of length L occurs at a threshold force of π2κ/L2,

results from just the first two terms [8, 10]. The elastic constants α⊥, α‖ correspond to

the linear elastic transverse and longitudinal mechanical couplings between the MT and the

surrounding actin network. The transverse coupling is directly related to the (linear) shear

modulus G of the surrounding medium: α⊥ = 4πG/ ln(λ/a), where λ is the characteristic

wavelength of lateral displacement and a is a small wavelength cut-off. Adding just this

third term leads to buckling on a short wavelength λ = 2π&0, where &0 = (κ/α⊥)1/4 [2, 8],

and at a force threshold fc = 8π2κ/λ2 = 2(κα⊥)1/2 that is significantly larger than for Euler
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Use Variational calculation, Energy Minimization (simulation), Scaling Analysis
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Buckling and force propagation along intracellular microtubules
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Fig. 2: The amplitude u0 (scaled by !0) as function of
compressive load f for κ= α⊥ = 1.0,α‖ = 0.1, at β = 1 (circles)
and β = 10.0 (squares). Inset shows the amplitude as a function
of β, with f/fc = 1.25. In both the main figure and the inset,
filled symbols correspond to the numerics, open symbols to
the variational calculation. The dashed line represents the
prediction of the asymptotic analysis.
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Fig. 3: Decay length ! (scaled by !0) as a function of the
longitudinal coupling constant α‖ for κ= β = α⊥ = 1.0, f/fc =
1.25. Inset shows the variation of the decay length with the
nonlinear elastic constant β for κ= α⊥ = 1.0 and α‖ = 0.01 and
f/fc = 1.25. Filled symbols in both the main figure and inset
correspond to the numerics, open symbols to the variational
calculation and the dashed lines to the asymptotic analysis.

above threshold, f > fc, the penetration depth of the oscil-
latory deformation field scales as (β/α‖)

1/2 (fig. 3). The
results of the variational calculation, therefore, corrobo-
rate all of the observations from the numerics.
We nondimensionlize the energy in eq. (1) by scaling x

and all displacements u, v by #0 —e.g., ũ(x̃) = u(x/#0)/#0.
We also scale the energy by f0#0, where f0 = (κα⊥)1/2.
The resulting dimensionless energy Ẽ = E

f0!0
can be
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Fig. 4: Collapsed data from figs. 2 and 3. The main figure
shows the scaled amplitude as a function of the dimensionless
force φ. The inset shows the dimensionless decay length Λ
as a function of ε/η the relative strength of the nonlinear
terms for longitudinal and transverse coupling. Filled symbols
correspond to the numerics, open symbols to the variational
calculation and the dashed lines to the asymptotic analysis.

written as

Ẽ = −φṽ(0)+

∫ ∞
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ũ′′(x̃)

2
+
1

2
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where φ= f/f0 is the dimensionless applied force and
x̃= x/#0. We have also introduced dimensionless material
parameters ε= α‖/α⊥ and η= β#

2
0/α⊥. Based on the

estimates above for α‖,⊥, we expect that ε< 1/2. The local
strain is approximately given by u′ " ũ. For cytoskeletal
networks, significant stiffening is expected for strains less
than 1 [13,14]. Thus, we expect η! 1. Our calculations are
all for η/ε" 10, 0.5< η< 100, and 0.001< ε< 0.1.
In terms of the dimensionless variables, the ansatz in

eq. (2) becomes ũ(x̃) =ψ exp (−x̃/Λ) sin (q̃x̃), with Λ=
#/#0 and q̃= #0q. Using this to minimize eq. (3), we find the
dependence of Λ and ψ on the applied load near threshold,
(φ−φc)/φc# 1, in the case of weak longitudinal coupling
(ε# 1), as follows. In this limit, Λ$ 1 so we expand the
energy eq. (3) in 1/Λ and keep the leading terms, which
are of order Λ and εΛ3. Dropping corrections that are
suppressed by a factor of either ε or 1/Λ2, we determine
the minimum of the truncated, asymptotic expansion of
the energy with respect to ψ, Λ, and q̃. We find q̃= q#0 = 1,
and

Λ=

√

12η

ε
, ψ=±

√

4

3η
(φ−φc). (4)

To lowest order in 1/Λ and ε, the critical force fc is
unchanged from that of the linear theory. Specifically, φc =
2+4Λ−2+ · · ·. In fig. 4 we show results of the numerics
(filled symbols), and variational analysis (open symbols)
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• Intracellular MTs show short wavelength buckling (λ~2µm). 

•  Can bear large compressive loads ~ hundreds of pN.

•  Range of transmission ~ tens of microns, controlled by coupling to actin matrix.

Moumita Das et al.

of the MT to the surrounding nonlinear elastic cytoskele-
tal network. We use a variational theory, numerical (conju-
gate gradient) minimization, and asymptotic analysis of
the deformation of the MT. On applying a compressive
load at one end, the microtubule bends and deforms the
surrounding elastic network which resists this deforma-
tion. These competing effects determine the characteris-
tic force and length scales associated with the buckling
of the MT. The nonlinear elastic properties and longitu-
dinal coupling of the MT to its surroundings determine
the attenuation of both the force and deformation of the
MT along its arclength away from the point of loading.
While the details of the deformation profile depend on
the precise form of the nonlinearity, the force penetration
depth generically decreases with increasing strength of the
longitudinal coupling between the MT and the medium.
We consider a linear elastic theory for the MT and the

surrounding medium and include the leading nonlinearity
for the elasticity of the surrounding matrix. The MT is
subjected to a compressive load f at one end denoted
by x= 0. The resulting elastic deformation energy can
be written in terms of its transverse and longitudinal
displacements, u(x) and v(x), respectively:

E = −fv(0)+

∫ ∞

0

[κ

2
u′′(x)

2
+
α⊥
2
u(x)2

]

dx

+

∫ ∞

0

[

α‖
2
v(x)2+

β

4
u(x)4

]

dx, (1)

where v(x) =
∫∞
x
1
2u
′(y)2dy as is required for an

incompressible rod. The first term represents the
axial compression energy released by bending. The second
term corresponds to the bending energy of the rod; κ is
the bending rigidity. Classical Euler buckling, in which
a long-wavelength bend of a rod of length L occurs at a
threshold force of π2κ/L2, results from just the first two
terms [8,10]. The elastic constants α⊥, α‖ correspond to
the linear elastic transverse and longitudinal mechanical
couplings between the MT and the surrounding actin
network. The transverse coupling is directly related to
the (linear) shear modulus G of the surrounding medium:
α⊥ = 4πG/ln(λ/a), where λ is the characteristic wave-
length of lateral displacement and a is a small wavelength
cut-off. Adding just this third term leads to buckling on
a short wavelength λ= 2π&0, where &0 = (κ/α⊥)1/4 [2,8],
and at a force threshold fc = 8π2κ/λ2 = 2(κα⊥)1/2 that
is significantly larger than for Euler buckling. The
longitudinal coupling, in contrast, is not directly related
to the elasticity of the surrounding medium, but also
depends on the strength/degree of attachment between
the MT and the surrounding network. Thus, it falls in
the range 0! α‖ ! 2πG/ln(λ/a). Here, the lower limit
corresponds to an uncoupled MT that slides freely along
its axis, while the upper limit corresponds to the strong
coupling of the MT to the medium along its length.
Finally, the term proportional to β > 0 represents the
leading non-linear transverse coupling to the medium.
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Fig. 1: The deformation of a stiff elastic filament embedded
in a nonlinearly elastic medium decays as an oscillatory
exponential (from numerics). The material parameters are
κ= β = α⊥ = 1.0, and α‖ = 0.1. The deformation u has been

nondimensionalized by scaling it by $0 = (κ/α⊥)
1/4.

In fact, both terms in the second integrand of eq. (1)
are non-linear in the transverse displacement u since the
first of these is effectively fourth-order in u, due to the
quadratic relationship between u and v.
We examine the effect of the nonlinear terms in eq. (1)

by numerically determining the deformation of a MT
in the surrounding matrix that is subjected to symmet-
ric compressive loads applied at both ends: x= 0 and
x=L. In the limit of large L, the solution near x= 0 is
equivalent to that of a MT loaded at just one end, and the
symmetrized loading is simply for computational conve-
nience. Using a conjugate gradient technique [11], we mini-
mize the energy of the loaded system given by eq. (1) with
an additional term +fv(L) representing the load at x=L
and subject to hinged boundary conditions. We find that
the buckling threshold fc and wavelength λ= 2π&0 remain
approximately the same as in the linear system, but that
the amplitude of the undulatory deformation u(x) just
above threshold (i.e., for small f − fc > 0) is highly atten-
uated (see fig. 1). The buckling amplitude scales with the
applied force f as (f − fc)1/2 reminiscent of a supercritical
pitchfork bifurcation [12]; it also scales with the nonlinear
elastic constant β as a power law with exponent −1/2 as
shown in the inset of fig. 2. At a given force, the oscillatory
deformation field decays with an apparently exponential
envelope as one moves along the axis of the MT away
from the loading point, with a penetration depth or decay
length that scales as (β/α‖)

1/2 (fig. 3).
We propose a variational ansatz for the form of the

transverse deformation field based on the numerical solu-
tions shown in fig. 1:

u(x) = u0 exp (−x/&) sin (qx). (2)

Substituting this into the our energy expression, eq. (1),
we determine u0, & and q so as to minimize that energy. For
applied loads less than a threshold given approximately
by fc = 2(κα⊥)1/2, the minimum requires a straight MT:
u0 = q= 0. Above this threshold, the minimum is at a
finite value of u0 and q" 1/&0. Once again, the buckling
amplitude grows with applied load as u0 ∼ (f − fc)1/2 and
decreases with an increasing nonlinear elastic constant β
as β−1/2 as found numerically (see fig. 2). At a given load

18003-p2
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Micromechanics of composites of F-actin and Microtubules (MTs)

Can not be understood by studying one-component filament networks 
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than for the F-actin (already inherently noisy), the data are
robust, as demonstrated in the inset of Fig. 2(b). The 2P
microrheology is shown in Fig. 2(b). The high frequency
plateau apparent elastic modulus for MTs, at !2 Pa at
10 rad=s, is larger than that of F-actin, and exhibits a sharp
crossover to predominantly viscous behavior at low fre-
quencies that is not observed in the F-actin. The actin 2P
microrheology scales with a power-law between 1=2 and
3=4 for !< 1 s, in agreement with earlier results [2,13].
Our MT system could differ, for example, in degree of
polymerization, from prior macrorheology studies [10];
however, the magnitude of G0 inferred from 2P microrhe-
ology is comparable to what is reported there.

In unlabeled MT solutions, we find this relaxation oc-
curs at even higher frequency. In this case, at the smallest
separations probed, DrrðrÞ decays faster than the expected
1=r. To determine whether this is the source of the relaxa-
tion observed at the 2P length scale that is not reported in
the bulk rheology, we bin the Drrðr; !Þ signal at finer
resolution in r. The results for ! ¼ 0:063 s and 0.25 s,
shown in Fig. 3, display the faster decay of DrrðrÞ at short
r, and the limit of the uncertainty in the measurement at
large r. We naturally ask whether the faster-than-1=r decay
is a propagating mode. A propagating and diffusive mode
should appear at larger r at a rate scaling as t1=2. In the inset
of Fig. 3, the crossover distance rc between the faster decay
and the region of 1=r behavior is shown to depend weakly
or not at all on !. The anomalous correlations do not appear
to be a propagating mode, at least not beyond !15 "m,
and are not the source of the relaxation observed in the 2P
microscopic rheology. We can extract rDrr robustly for
each ! directly by fitting only to the 1=r regime at inter-
mediate r. The points thus obtained are shown as diamonds
in Fig. 2(a). At the shortest time probed, the bead corre-
lated motions are larger than those in labeled MTs,
although the difference is within the sample-to-sample
variation. As rDrrð!Þ evolves, the onset of relaxation is

faster in this case where the beads couple less efficiently to
the MTs. However, our 2P microrheology results for both
MT systems differ at low frequency from prior reports of
macrorheology [10], suggesting a real discrepancy be-
tween the microscopic and macroscopic rheology.
Since we observe this relaxation in the 2P microrheol-

ogy on length scales relevant for the cell environment, we
investigate whether we might expect it to be directly
relevant to cells. To do this, we analyze a composite sample
prepared with both MTs and F-actin. In the composite
network, DrrðrÞ does not exhibit the decay faster than
1=r at short r, as shown in Fig. 4. Instead, DrrðrÞ for both
the composite and F-actin sample, also shown in Fig. 4,
shows remarkably robust 1=r behavior over the entire
range of lengths probed.
We also compare the 1P and 2P microrheology of the

composite with the microrheology of F-actin and MT
solutions. At the length scale of the individual beads
probed by the 1P microrheology, shown in Fig. 1, the
composite appears very similar mechanically to F-actin.
This might be expected for the smaller F-actin mesh size of
!0:3 "m [2], and, by extension, closer coupling between
the beads and the actin filaments. At the length-scale of the
bead separation probed by the 2P technique, shown in
Fig. 2, the mechanical behavior of the composite is quali-
tatively different from that of MTs. The composite does not
exhibit the sharp relaxation, although, interestingly, the
apparent modulus at high frequency is approximately the
same. The composite apparent modulus is more domi-
nantly elastic and is larger in magnitude by roughly an
order of magnitude over that of F-actin, and if the decay
may be viewed as tending towards agreement with the 1P
modulus at low frequencies, as is observed in F-actin, the
time scale for the decay is a factor of 10–30 longer. In cells,
the presence of surrounding F-actin has been shown to
reduce the length scale for transverse fluctuations of MTs
[6]. It is therefore interesting to ask whether the presence of
MTs modulates actin filament fluctuations.
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PRL 102, 188303 (2009) P HY S I CA L R EV I EW LE T T E R S
week ending
8 MAY 2009

188303-3

F-actin
F-actin-MT composite

Incompressible

• MTs significantly enhance  stiffness of  composite.  [Lin et. al. , Soft Matter 7, 902 (2011)]

• 2 pt microrheology of composite of F-actin (incompressible) + MTs : Poisson’s 
ratio < 0.5         compressible    [Pelletier et. al. Phys Rev Lett. 102, 188303 (2009)]                                               

 C. M. Waterman, Cytomechanical Module 
Abstracts, 2003.

    Pelletier et. al. Phys Rev Lett. 102, 188303 (2009)
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Effective MediumTheory
F-actin: Elastic background + MTs: rods

• Measure of compressibility, β = µ / (λ+2µ)

• Linear response theory: 

        Displacement field at r due to force  at r‘    :     

          ui (r) = αij(r-r’) Fj(r’)      where   α(r-r’) = αII (r-r’) rirj + α⊥ (r-r’) (1-rirj) 

         αII=1/4π |r-r’|G,  α⊥=(1+β) αII/2.                                                                                           

• Dipole approximation for rods. 

• Evaluate dipole field at location of B, consequent change in  linear response. 

M.D. and F.C. MacKintosh, Phys. Rev. Lett. 105, 138102 (2010).

Same results can also be obtained using a more continuum approach. 

δλ = δµ= (π/30)µa3 δn 

δλ = δµ= (π/30)µa3 δn/(1 + µ/µrod), for finite rod compliance.

δβ= (π/30) a3 β(1-3β) δn
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Poisson’s ratio, compressibility approach stable fixed  point with increase in rod density
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M.D. and F.C. MacKintosh,                          
Phys. Rev. Lett. 105, 138102 (2010) 

M.D. and F.C. MacKintosh,                            
Phys. Rev. E. 84, 061906 (2011).                                                      

rod concentration

soft matrix

not so soft matrix

rod only n
etwork

Shear modulus increases with rod density as

For inextensible rods,                                  
µ= µ0 exp(πna3/30)

For extensible rods,                                                                                                             
µ= µrod W [µ0/µrod exp(πna3/30) exp(µ0/µrod)]

Affine result at high rod densities.
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Actin cytoskeleton: many types of crosslinkers

F-actin/a-actinin network: confocal micrograph
Lower side: 120 µm. Tseng, Wirtz 2001.

EM of keratocyte, 
fibroblast lamellipodial 
actin network, Svitkina 
and Borisy 1999.

Freely rotating 
crosslinkers 

Angle constraining  crosslinkers 

 α- actinin

Arp 2/3

 Filamin A

See also DS Courson et al, Biol. Chem (2010).

See also F Nakamura et al., J. Cell Biol (2007).

from: Cell Image Library (by Torsten 
Wittmann).
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Effective medium theory of bond diluted networks
M.D., F.C. MacKintosh and A.J. Levine, Phys. Rev. Lett. 99, 038101(2007).

i kj

ji

Single filament properties :
Assume linear elasticity, |u|/|R| << 1

Bending      1/2 κR-2∑ (uij × rij - uik × rik )2ˆ ˆ
Stretching    1/2   α ∑ (uij · rij )2ˆ

•  Arrange infinitely long filaments in plane of 2D lattice.

•  Each filament: extensional spring constant  and bending rigidity.

•  Finite filament length L introduced by cutting bonds with probability 1- p (0<p<1). 
   No correlation between cutting points. 

• Two types of cross-links 
(a) Cross-links do not constrain angle between crossing filaments.
(b) Cross-links constrain angle with a finite stiffness.

•  Study mechanical response of this disordered network in linear response regime.

Effective medium elastic constants determined by requiring strain fluctuations 
produced in ordered network by cutting  filaments have zero average.

M.D., D. Quint and J.M. Schwarz, PLoS ONE 7, 35939 (2012).           
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Model: Semiflexible network with two crosslinker types
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M.D., D. Quint and J.M. Schwarz, PLoS ONE 7, 35939 (2012).           
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Linear mechanical response

M.D., D. Quint and J.M. Schwarz, PLoS ONE 7, 35939 (2012).           

S
he

ar
 m

od
ul

us

Bond occupation probability p 

Numerics

semiflexible network, free rotating x-links spring network, multiple type xlinks semiflexible network, multiple type xlinks 
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Average filament length = 1/(1-p)

Qualitatively similar mechanics,  different rigidity percolation thresholds
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Angle constraining crosslinkers help attain rigidity with 
minimum amount of filamentous material 

Multiple crosslinkers cooperate 
to tune rigidity of cytoskeleton!
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• F-actin enhances load bearing capacity of MTs, imparts them 
stability and allows stress propagation over large but finite 
distances.

• MTs impart the cytoskeleton enhanced compressibility relative to 
shear compliance, significantly increase the shear modulus of 
cytoskeleton making it more robust.

• Multiple crosslinkers in cytoskeletal networks show both 
redundant and cooperative mechanics. Can help tune cell 
mechanical response.  

Important for cellular processes, 
Novel and rich physics, 
Wider elasticity context, applications for biomimetic materials. 

Cytoskeleton as a composite
Collective response of the cytoskeleton is highly synergistic                                                                                                    
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Articular Cartilage Shear Mechanics 
Structure, Function, and Variations 

Jesse L. Silverberg, Moumita Das, Lawrence Bonassar, Itai Cohen 

Collagen Molecules  
L ~ 300 nm  

Collagen Fibrils  
L = 1 ~ 10 um  

Collagen Fibers  
L = 100 um ~ 1 mm  

200 um 
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Collagen Fiber Network 
endows tensile strength 
15-22% wet weight 

40 nm 

Water 
60-85% wet weight 

Aggrecan (PG) Network 
osmotically swells tissue 
4-7% wet weight 

Quick Cartilage Facts:

Multiscale self-assembled material:                                                         

Tropocollagen ~300 nm; Fibrils ~1 µm; Fibers ~10 µm
Loads exceed 10x body weight; 
Life time: 7~8 decades; minimal self-repair

What enables cartilage to endure such extreme demands?

Articular Cartilage, in short
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Confocal rheology maps local shear strain

M Buckley et. al. J Biomech (2008, 2010), J Biomech Eng (2013)
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Spatially resolved shear modulus |G*(z)| parallels collagen fiber 
organization ? (seems so)

J L Silverberg et al J of Rheology (2012)
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Fiber organization NOT correlated with |G*(z)| (?!) 
(FTIR measurements)

Also... large variations in |G*| with 
(relatively) small variations in matrix 
(collagen) density. 

How can we explain this?
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3.2 Transversely isotropic networks and depth-
dependent mechanics

Using experimental data as input, we generated spatially het-
erogeneous kagome lattices where v f (z) = vc(z) (Fig. 7(A)).
In the compliant region near the articular surface, we found
p < pc yielding non-percolating clusters, while at greater
depths, the lattice was generally well connected with p > pc.
In real AC, we expect the collagen fibers to be percolating
throughout the tissue, unlike the simple model presented here.
Nevertheless, this model allows us to explore the idea of a
mechanical phase transition and draw qualitative comparisons
with experiments. Thus, we identified a set of model parame-
ters that best reproduced empirical trends (Fig. 7(B)). Specif-
ically, simulations were run with κ/α = 4×10−3, which im-
plies a fiber radius of ≈ !c/15, and µ/α = 10−1, which is
much higher then the estimated value for bare aggrecan gels.
This discrepancy is somewhat expected, since fiber networks
with p < pc contain small connected clusters that can locally
bear stresses, increasing the effective value of µ . In a more
detailed model, the reinforcing medium would transmit global
shear stresses to non-percolating fibers, leading to a natural
volume-fraction dependent enhancement of µ . However, the
model does not include this level of complexity, and thus re-
quires a dressed µ to produce G(v f ) contours consistent with
experiment.
Holding µ/α constant, depth-dependent G[vc(z)] curves

were generated with all 8 experimentally acquired vc(z)
(Fig. 7(C)). In these simulations, depth-dependent variations
in the reinforcing medium were neglected; given the spe-
cific form of va(z), the primary effect of a depth-dependent µ
would be a slight lowering ofG near the tissue surface, leaving
the overall qualitative behavior untouched. Hence, simulated
variations in the fiber volume fraction are sufficient to gener-
ate depth-dependent mechanical properties strikingly similar
to the experimentally measured |G∗(z)|. This finding suggests
a mechanical phase transition may be at the heart of the em-
pirical structure-function correlations, and provides strong in-
sights on the relevant and irrelevant variables determining AC
shear properties.

4 Conclusions

In the present work, we distilled AC microstructure into three
basic elements: collagen fiber organization, collagen content,
and aggrecan content. Our empirical observations demonstate
fiber organization can not fully account for macroscale AC
shear properties. Moreover, as illustrated with the rigidity per-
colation model, collagen content and connectivity may be the
dominant source of AC’s shear response. Within this frame-
work, microstructure is crucial to what mechanical “phase”
AC is in and whether it can bear mechanical stresses. This

Fig. 7 (A) A spatially heterogeneous kagome lattice generated from
experimental vc(z) for sample PFG 1 illustrates the microscopic
origin of large variations in the simulated depth-dependent G.
Highlighted portions show the local network connectivity for both
small non-percolating, and large highly connected clusters. (B) For
specific model parameters, a comparison between experiment (light
gray points) and simulation (colored lines) show reasonable
agreement. The full G(v f ) has been decomposed into individual
contributions from the reinforced fiber network and the reinforcing
medium. (C) Experimental measurements of vc(z) were used to
generate depth-dependent curves for G, which when superimposed
on experimental data (light gray lines), show qualitatively similar
behavior. Red and blue coloring is coordinated to match Fig. 2.

1–10 | 7

A spatially heterogeneous kagome lattice in a soft elastic background, generated using 
experimentally measured volume fractions of collagen and proteoglycans at different z.

Mechanical response of a composite made of  
a collagen network and a proteoglycan background 
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Shear modulus as a function of volume fraction of collagen and proteoglycans
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p < pc yielding non-percolating clusters, while at greater
depths, the lattice was generally well connected with p > pc.
In real AC, we expect the collagen fibers to be percolating
throughout the tissue, unlike the simple model presented here.
Nevertheless, this model allows us to explore the idea of a
mechanical phase transition and draw qualitative comparisons
with experiments. Thus, we identified a set of model parame-
ters that best reproduced empirical trends (Fig. 7(B)). Specif-
ically, simulations were run with κ/α = 4×10−3, which im-
plies a fiber radius of ≈ !c/15, and µ/α = 10−1, which is
much higher then the estimated value for bare aggrecan gels.
This discrepancy is somewhat expected, since fiber networks
with p < pc contain small connected clusters that can locally
bear stresses, increasing the effective value of µ . In a more
detailed model, the reinforcing medium would transmit global
shear stresses to non-percolating fibers, leading to a natural
volume-fraction dependent enhancement of µ . However, the
model does not include this level of complexity, and thus re-
quires a dressed µ to produce G(v f ) contours consistent with
experiment.
Holding µ/α constant, depth-dependent G[vc(z)] curves

were generated with all 8 experimentally acquired vc(z)
(Fig. 7(C)). In these simulations, depth-dependent variations
in the reinforcing medium were neglected; given the spe-
cific form of va(z), the primary effect of a depth-dependent µ
would be a slight lowering ofG near the tissue surface, leaving
the overall qualitative behavior untouched. Hence, simulated
variations in the fiber volume fraction are sufficient to gener-
ate depth-dependent mechanical properties strikingly similar
to the experimentally measured |G∗(z)|. This finding suggests
a mechanical phase transition may be at the heart of the em-
pirical structure-function correlations, and provides strong in-
sights on the relevant and irrelevant variables determining AC
shear properties.

4 Conclusions

In the present work, we distilled AC microstructure into three
basic elements: collagen fiber organization, collagen content,
and aggrecan content. Our empirical observations demonstate
fiber organization can not fully account for macroscale AC
shear properties. Moreover, as illustrated with the rigidity per-
colation model, collagen content and connectivity may be the
dominant source of AC’s shear response. Within this frame-
work, microstructure is crucial to what mechanical “phase”
AC is in and whether it can bear mechanical stresses. This

Fig. 7 (A) A spatially heterogeneous kagome lattice generated from
experimental vc(z) for sample PFG 1 illustrates the microscopic
origin of large variations in the simulated depth-dependent G.
Highlighted portions show the local network connectivity for both
small non-percolating, and large highly connected clusters. (B) For
specific model parameters, a comparison between experiment (light
gray points) and simulation (colored lines) show reasonable
agreement. The full G(v f ) has been decomposed into individual
contributions from the reinforced fiber network and the reinforcing
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generate depth-dependent curves for G, which when superimposed
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behavior. Red and blue coloring is coordinated to match Fig. 2.
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May provide insights into the microscopic origin of large variations in the simulated depth-
dependent G.

Depth dependent shear modulus
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