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I.	  SWIMMING	  IN	  POISEUILLE	  FLOW	  



ψ

Strong	  Poiseuille	  flow	  

swimmer	  performs	  nonlinear	  	  
oscilla3ons	  about	  centerline	  	  	  	  

(neglect	  wall	  effects)	  

   
ψ +

vFv0

RCh
2 sinψ = 0

è 	  Hamiltonian	  system	  in	  x	  and	  Ψ	  
	  

	  	  	  	  	  	  (also	  in	  3D)	  

A.	  ZöGl	  &	  H.S.,	  PRL	  (2012),	  EPJE	  (2013);	  	  	  	  Zilman	  et	  al.,	  Mar.	  Biol.	  (2008)	  	  

!  

vF ... flow!strength
v0 ... swimming!velocity

   v0ê
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vF ... flow!strength
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swinging	  ψ



swinging	  ψ

tumbling	  



African	  trypanosome	  

S.	  Uppaluri,	  ...	  Biophys.	  J.	  (2012)	  

	  group	  of	  T.	  Pfohl	  (Basel,	  MPI	  GöNngen)	     swinging frequency ∝ flow strength vF

(sleeping	  sickness)	  

S.	  Babu	  &	  H.S.,	  NJP	  (2012),	  D.	  Alizadherad	  

simula3on	  with	  MPCD	  



Hydrodynamic	  interac3ons	  with	  bounding	  walls	  	  	  	  	  

force-‐dipole	  swimmer:	  

    

→ wall induced velocity: vW

→ total swimming velocity: v = v0ê +vW

  → wall induced angular velocity: ΩW

A.P.	  Berke,	  L.	  Turner,	  H.C.	  Berg	  and	  L.	  Lauga,	  PRL	  (2008)	  
L.	  Lauga,	  T.	  Powers,	  Rep.	  Prog.	  Phys.	  (2009)	  



2D	  mo3on	  in	  narrow	  channel	  	  è	  	  „dissipa3on“	  	  	  

„analy3c“	  (A):	  2-‐wall	  geometry	  	  	  	  	  	  	  	  	  numerics	  (N):	  cylindrical	  geometry	  

pusher:	  

stable	  swinging	  mo3on	  
around	  centerline	  

A	  N	  

puller:	   1.	  tumbling	  near	  wall	  
	  

2.	  stable	  upstream	  
	  	  	  	  swimming	  along	  	  
	  	  	  	  centerline	  
	  

è	  hydrodynamic	  focussing	  

A	  N	  

A.	  ZöGl	  &	  H.S.,	  PRL	  (2012)	  



Chao3c	  mo3on	  	  	  
ellip3cal	  cross	  sec3on:	  

y	  

x	  1	  

b=2	  

In nature, microorganisms often swim in aqueous environments, e.g. plankton in the sea, or bacteria in the
bloodstream. We study the motion of active particles swimming in Poiseuille flow under different geometries. 
Particles swimming between two parallel plates or in a cylindrical channel follow periodic trajectories [1], which
has been experimentally verified for pathogens moving in a microchannel [2]. Hydrodynamic interactions with the
confining channel walls lead to dissipative dynamics and result in stable trajectories (see figure on the right). We
have shown that with reduced symmetry (e.g. elliptical cross-section), the motion becomes quasiperiodic [3]. 
Furthermore, for certain parameters, the swimmer can even exhibit chaotic behavior. The goal of the project is to 
investigate the conditions under which the motion becomes chaotic and how the dynamics depend on the system
parameters.
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In this project, we investigate the role of the parameters and the inital conditions in the
transition from quasiperiodic to chaotic motion. Is there a parameter that dominates the
transition? What are the critical values of the parameters and the inital conditions? In 
addition, we will study the effect of the channel boundary on the motion of the swimmer.
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Behavior of the system for varying vf …and for varying y0 (vf = 20)

• same parameters and initial conditions
as before, only vf is varied

• if largest Lyapunov exponent is greater
than 0, motion is chaotic

• if㱗㱗㱗㱗max = 0, motion is periodic or
quasiperiodic

• transition at critical flow strength vf 㻃 25

Transition from Quasiperiodic to Chaotic Motion

• behavior depends strongly on initial
position in the channel

• for small y0, motion is quasiperiodic
㸢 Poincaré section is closed curve

• for large y0, motion becomes chaotic
㸢 completely irregular Poincaré sectionLargest Lyapunov exponent 㱗㱗㱗㱗max

as a function of flow strength
Poincaré section at 㱄㱄㱄㱄 = 0 for 
different y0

Initial Conditions
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\0  ����
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˥0  ��
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Quasiperiodic Motion Chaotic Motion 

• curves are nearly identical at
first, then separate at t 㻃 19Time evolution of x(t) shows

quasiperiodic behavior
Time evolution of x(t) for two slightly
different initial conditions

• x(t) indicates 2-frequency
quasiperiodic motion

Geometry

Poiseuille flow through channel with
elliptical cross-section:

Dynamic equations:

vf:  flow speed in the center of the channel
b:  major half-axis of the cross-section
˖̟̟̟: angular velocity of particle caused by

flow vorticity and strain rate

Position
Orientation

Equations of motion :

G = 0…1: geometric factor
G = 0: perfect sphere
G > 0: ellipsoid

Channel with elliptical cross-section
Geometry of the swimmer in the channel. 
Definition of coordinates 㱄㱄㱄㱄and㱔㱔㱔㱔.

Phase space trajectories
for a spherical microswimmer
in a narrow channel.

top: theory
bottom: simulation

Taken from [1].
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II.	  COLLECTIVE	  DYNAMICS	  OF	  	  	  	  
	  	  	  	  	  SPHERICAL	  MICROSWIMMERS	  
	  	  	  	  	  („SQUIRMERS“)	  



Experiment	  versus	  Theory	  in	  2D	  

Ac3ve	  droplets	  (squirmers):	  	  	  pure	  hydrodynamic	  interac3ons	  

S.	  Thutupalli,	  R.	  Seemann	  &	  S.	  Herminghaus,	  NJP	  (2011)	  

Ac3ve	  colloids:	   dynamic	  clustering	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  phase	  separa3on	  	  	  

I.	  Theurkauff,	  et	  al.,	  PRL	  (2012)	   I.	  BuNnoni,	  et	  al.,	  PRL	  (2013)	  

due	  to	  	  
phore3c	  	  
forces	  

pure	  
hard	  
core	  



Experiment	  versus	  Theory	  in	  2D	  
2D	  Brownian	  dynamics	  simula3ons	  	  

Influence	  of	  solvent/	  hydrodynamic	  interac3ons	  ?	  

Phase	  separa3on	   Crystalliza3on	   Ac3ve	  jamming	  

G.S.	  Redner,	  M.F.	  Hagan	  &	  	  
A.	  Baskaran,	  PRL	  (2013)	  

J.	  Bialke,	  T.	  Speck	  &	  	  
H.	  Löwen,	  PRL	  (2012)	  

S.	  Henkes,	  Y.	  Fily	  &	  	  
M.C.	  MarcheN,	  PRE	  (2011)	  

Mo3lity-‐induced	  phase	  separa3on:	  	   J.	  Tailleur	  &	  M.E.	  Cates,	  PRL	  (2008)	  
M.E.	  Cates	  &	  J.	  Tailleur,	  EPL	  (2013)	  	  



The	  squirmer	  
mo3va3on:	  

Lighthill	  (1952)	  
	  

Blake	  (1971)	  
Ishikawa	  &	  	  
Pedley,	  JFM	  (2006)	  

surface	  velocity	  

  

vs = B1(sinθ
+ β sin2θ)

swimming	  velocity	  

  v0 = 2 B1 / 3

pusher	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  neutral	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  puller	  
	  	  β=-‐5	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  β=0	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  β=5	  

1	  /	  r2	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  1	  /	  r3	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  1	  /	  r2	  	   S.	  Thutupalli,	  R.	  Seemann	  &	  	  
S.	  Herminghaus,	  NJP	  (2011)	  

Evans	  et	  al.,	  Phys.	  Fluids	  (2011)	  

Swimmer	  type	  β	  



S.	  Thutupalli,	  R.	  Seemann	  &	  	  
S.	  Herminghaus,	  NJP	  (2011)	  

�	  realiza3on:	  

surfactant-‐laden,	  bromide-‐water	  	  
droplets	  in	  oil	  
	  

	  	  	  è	  surfactant	  mixture	  	  
	  	  	  è	  surface	  tension	  gradient	  
	  	  	  è	  Marangoni	  flow	  	  

Experimental	  realiza3on	  &	  modeling	  

�	  modeling:	  

free	  energy	  of	  mixture	  
+	  

diffusion-‐reac3on-‐advec3on	  
dynamics	  

M.	  SchmiG	  &	  H.S.,	  EPL	  2013	  

compo-‐	  
si3on	  
φ	  

swims	  



Full	  coarsening	  dynamics	  

compo-‐	  
si3on	  	  
φ	  

S.	  Thutupalli,	  R.	  Seemann	  &	  	  
S.	  Herminghaus,	  NJP	  (2011)	  

(M.	  SchmiG)	  



Squirmers	  in	  quasi-‐2D	  geometry	  
side	  view	  

top	  view	  

N	  =	  208	  
squirmer	  parameter:	  β	  =	  -‐3	  ...	  3	  
areal	  density:	  Φ	  =	  0.1	  ...	  0.83	  

Fluid:	  	  
	  	  	  simula3on	  with	  
	  	  	  mul3-‐par3cle	  collision	  dynamics	  	  
Nfluid	  =	  0.3	  ...	  4.4	  *	  106	  

A.	  ZöGl	  &	  H.S.	  
to	  be	  published	  	  
in	  PRL	  



Squirmers	  in	  quasi-‐2D	  geometry	  
side	  view	  

top	  view	  

N	  =	  208	  
squirmer	  parameter:	  β	  =	  -‐3	  ...	  3	  
areal	  density:	  Φ	  =	  0.1	  ...	  0.83	  

Fluid:	  	  
	  	  	  simula3on	  with	  
	  	  	  mul3-‐par3cle	  collision	  dynamics	  	  

Squirmers:	  	  	  	  coupled	  to	  fluid	  	  

M.	  Downton	  &	  H.S.,	  JPCM	  (2009)	  
A.	  ZöGl	  &	  H.S.	  (2012)	  

periodic	  boundary	  condi3ons	  	  

Nfluid	  =	  0.3	  ...	  4.4	  *	  106	  

A.	  ZöGl	  &	  H.S.	  
submiGed	  to	  PRL	  



Φ	  =	  0.3	  
	  β	  =	  0	  

gas-‐like	  phase	  
velocity	  distribu3on	  

Collec3ve	  dynamics	  



Φ	  =	  0.3	  
	  β	  =	  0	  

gas-‐like	  phase	  
velocity	  distribu3on	  

Collec3ve	  dynamics	  

local	  6-‐fold	  bond	  orienta3on	  

Φ	  =	  0.83	  
	  β	  =	  0	  

jammed	  crystalline	  phase	  

J.	  Bialke	  et	  al.,	  PRL	  (2012)	  



Collec3ve	  dynamics	  

Φ	  =	  0.57	  
	  β	  =	  0	  

Φ	  =	  0.57	  
	  β	  =	  -‐3	  

phase	  separa3on	  	  

no	  phase	  separa3on	  

suppression	  of	  phase	  separa3on!	  
local	  flow	  fields	  are	  important!	  	  



Color-‐coded	  local	  bond	  order	  
Φ	  

β	  



Mean	  local	  bond-‐orienta3onal	  order	  
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order	  parameter	   fluctua3ons	  



β	  =	  0	  
Φ	  =	  0.5	  

„Cri3cal	  density“	  −	  onset	  of	  phase	  separa3on	  



Swimmer	  flow	  field	  strongly	  influences:	  

1.	  rota3onal	  diffusion	  
	  

	  	  	  	  	  	  	  	  	  	  	  Dr
0	  ...	  thermal	  value	  

�	  strong	  increase	  with	  area	  frac3on	  Φ	  
	  

�	  near-‐field	  hydrodynamics	  maGers:	  
	  

	  	  	  	  	  	  	  increase	  with	  |β|	  



Swimmer	  flow	  field	  strongly	  influences:	  

2.	  orienta3on:	  
	  

	  	  	  	  	  	  	  orienta3onal	  distribu3on	   „in	  plane“	  

perpendicular	  to	  
bounding	  walls	  
-‐-‐>	  self-‐trapping!	  

è	  effec3ve	  persistence	  number:	  

Per =
persistent drift length

particle radius
=
v0 sinθ

2RDr
cluster	  

gas	  

β=0	  



Color-‐coded	  	  
local	  bond	  order	  

Φ	  

Brownian	  dynamics	  &	  no	  HI	  
	  

-‐-‐>	  quasi-‐2D	  =	  same	  geometry	  

	  
-‐-‐>	  ac3ve	  circular	  disks	  in	  2D	  

MPCD	  for	  squirmers:	  
quasi-‐2D	  



III.	  PUMP	  FORMATION	  OF	  ACTIVE	  	  	  	  
	  	  	  	  	  	  PARTICLES	  IN	  A	  3D	  HARMONIC	  TRAP	  



�	  ac3ve	  par3cle	  i:	  	  	  	  	  	  	  
	  	  	  	  	  	  	  	  	  	  	  	  	  swimming	  velocity	  
	  	  	  	  	  	  	  	  	  	  	  	  	  radius:	  	  a	  
	  

�	  harmonic	  trap	  force:	  	  Fi	  =	  -‐	  ktrap	  ri	  
	  

v0	  pi	  

ac3ve	  par3cle	  pump	  	  

no	  HI	  

with	  HI	  

�	  BD	  simula3ons	  for	  ri	  ,	  	  pi	  
	  

�	  Stokeslet	  of	  par3cle	  i	  

u(r ) = 1
8πr

1+ r ⊗ r
r 2

⎛
⎝⎜

⎞
⎠⎟
Fi

rhor	  

R.W.	  Nash,	  R.	  Adhikari,	  J.	  Tailleur	  	  
&	  M.	  E.	  Cates,	  PRL	  (2010).	  



pump	  forma3on	  

�	  trapping	  strength:	  	  α	  =	  ktrapa2	  /	  kBT	  
	  

�	  Peclet	  number:	  	  	  	  	  Pe	  =	  v0a/D	  
	  

�	  polar	  order	  parameter:	  

    
P∞ = 1

N
pi (t)i=1

N∑

constant	  density	  n	  
n	  

alignment	  in	  self-‐induced	  
(mean)	  flow	  field	  

state	  diagram	  

M.	  Hennes,	  K.	  Wolff	  &	  H.S.	  
arXiv:1402.1397	  



mean	  flow	  field	  

    

ureg(r ) =
v0ε

2 r 2 + ε2( )3/2 r 2 + 2ε2( )1+ r ⊗ r⎡⎣ ⎤⎦

angular-‐averaged	  Fourier	  transform	  

wave	  number	  

regularized	  
stokeslet:	  

M.	  Hennes,	  K.	  Wolff	  &	  H.S.	  
arXiv:1402.1397	  



    ∂tψ(r ,p) = −∇ ⋅ JT − R ⋅ JR with R = p × ∇p

translational flux:  JT = [ v0p
swimming
 + µtFtrap(r )

trap force
  

+ ureg(r )
mean flow field


] ψ(r,p)

rotational flux: JR = [ ∇ × ureg(r )( ) / 2

vorticity
  

− DRR
diffusion
 ] ψ(r,p)

mean-‐field	  theory	  for	  self-‐induced	  order	  

�	  Smoluchowski	  equa3on:	  

�	  ansatz	  for	  ψ(r,p):	  	  	  	  	  	  

in	  pump:	  	  p	  ||	  radial	  direc3on	  

   

→ ψ(r ,p) = φ(p) f (r )
× δ(cosθ − cosθp ) δ(ϕ − ϕp )



    → ∂tφ(p) = −R ⋅ ω (p) − DRR[ ]φ(p)

Orienta3onal	  distribu3on	  

with	  mean	  vor3city	  	  ~	  	  torque:	  	  	  

   

ω (p) = ∇ × ureg(r )( ) / 2

∝ A sinθpeϕ

→ A ... mean field strength

   steady state: φ(p) ∝ eAcosθp

M.	  Hennes,	  K.	  Wolff	  &	  H.S.	  
arXiv:1402.1397	  



Mean	  polar	  order	  

    
P∞ = p ⋅ez−1

1
∫ φ(p) d cosθp = L(A) = cothA − 1/ A

    A ψ(r ,p)[ ] ∝ PeP∞( )γ

generalized	  Weiss	  molecular	  field!	      

P∞ − N−1/2

P∞
max

= L[3(PeP∞ / Pec )γ ]

M.	  Hennes,	  K.	  Wolff	  &	  H.S.	  
arXiv:1402.1397	  
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