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Active Matter: a wide class of non-eq. systems

“Soft active systems are exciting examples of a new type of condensed matter where
stored energy is continuously transformed into mechanical work at microscopic
length scales.” [Marchetti & Liverpool, PRL 97, 268101 (2006)]
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Run-and-Tumble bacteria

Escherichia coli – Unicellular Organism (1µm× 3µm)

Flagella (few µm long)

Electron microscopy
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Run and Tumbles

All flagella rotate counter-clockwise run (v ∼ 20µm.s−1) •

1+ flagella change direction tumble (α ∼ 1Hz) •

Schematic trajectory

Diffusion at large scale D = v2

dα
∼ 100µm2.s−1
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Self-propelled colloids

Colloids with asymmetric coating

Self [diffusio-] phoresis

Self propulsion v

H2O2
Pt
v

Ptv

Pt
v

Pt
v

v ' 1µm.s−1; Dt ' 0.3µm2.s−1; Deff ' 1− 4µm2.s−1

Rotational diffusion crucial

Light-controlled [Palacci et al. Science 339, 936 (2013)] •
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Common large scales properties ?

ABP: vA, Dt, Dr

RTP: vR, α

Hot colloids at temperature T : ν

Phenomenological coarse-graining

ρ̇ = −∇ · J J = V ρ−D∇ρ+O(∇2)

Adjust vA, Dt, Dr, vR, α, ν so that D and V are the same ?
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Microscopic Dynamics

v u

Ṗ (x,u) =

−∇ · [P (x,u)v]− α(u)P (x,u) +
1

Ω

∫
du′α(u′)P (x,u′)

+Dr∆uP (x,u) +Dt∆P (x,u)

ρ(x) =

∫
duP (x,u)
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Diffusive limit

All parameters constant and isotropic

ρ̇ =

∫
Ṗ (x,u)du ' D0∆ρ; D0 = Dt +

v2

αd+ d(d− 1)Dr

Equivalence ABP - RTP - Hot colloids
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External potential Vext(x)

α(u) = α Dr(u) = Dr

v(u) = vu + vτ with vτ = −µ∇Vext

Colloids at equilibrium P ∝ exp[−Vext/kT ]

Bacteria? ABP?
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Sedimentation RTP (Dt = Dr = 0)

Exact solution for v(u) = vu + vτ vτ = −µ δmg uz

[Tailleur & Cates EPL 2009]

P (z � v/α) ∝ e−λz;

2λv

α
= ln

(
λ(vT + v) + α

λ(vT − v) + α

)

If vτ/v � 1 λ = vτ
D0

P ' exp(−µ δmg z/D0)

= exp(−βeffVext(z))

Effective Temperature for vτ � v kTeff = D0
µ (Einstein)

Holds for generic potential
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Sedimentation: experiments (α = 0)

Active colloids [Palacci et al. PRL 105, 088304 (2010)]

ρ(x) ∝ exp(− vτx
Deff

)
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Trapping bacteria (1d)

Quadratic potential vL,R = v ± λx

Pss(x) ∝
∣∣∣∣1− x2λ2

v2

∣∣∣∣
α
2λ
−1

α� λ & x� v
λ Pss(x) ∝ exp

(
−αλx2

2v2

)
= exp (−βeffVext)
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0.00

0.01
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ρ
(z

)

λ/α = 0.01 v/λ = 100

numerics
exact
diff. app.
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Harmonic trap in 3d

Quadratic potential V = −λ~r2

2 ~v(~r, ~u) = v~u− λ~r

Effective temperature: P (r) ∝ r2e−
3αλr2

2v2

0 200 400 600 800

r2

10−8

10−6

10−4

10−2

ρ
(r

)/
r2

λ/α = 0.01 v/λ = 100

numerics
diff. app.

Strong non-perturbative effects •
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Fishing lobsters at the micrometer scale

[P. Galajda, J. Keymer, P. Chaikin, R. Austin, J. Bacteriol. 189, 8704 (2007)]

J. Tailleur (CNRS-Univ Paris Diderot) A bacterial ratchet 2/19/2014 17 / 34



Fishing lobsters at the micrometer scale

Colloids
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Fishing lobsters at the micrometer scale

Bacteria

J. Tailleur (CNRS-Univ Paris Diderot) A bacterial ratchet 2/19/2014 17 / 34



Where does the ratchet effect come from ?

Bacteria align with walls upon collisions ••

Asymmetric walls no left-right symmetry

Interactions with walls no time-reversal
symmetry

Elastic collisions No ratchet effect
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v

0
1
2
3
4
5
6
7

R
a
ti

o

ρ2

ρ1

v

J. Tailleur (CNRS-Univ Paris Diderot) A bacterial ratchet 2/19/2014 18 / 34



Where does the ratchet effect come from ?

Bacteria align with walls upon collisions ••

Asymmetric walls no left-right symmetry

Interactions with walls no time-reversal
symmetry

Elastic collisions No ratchet effect

0 10 20 30 40 50 60
v

0
1
2
3
4
5
6
7

R
a
ti

o

ρ2

ρ1

v

J. Tailleur (CNRS-Univ Paris Diderot) A bacterial ratchet 2/19/2014 18 / 34



Where does the ratchet effect come from ?

Bacteria align with walls upon collisions ••

Asymmetric walls no left-right symmetry

Interactions with walls no time-reversal
symmetry

Elastic collisions No ratchet effect

0 10 20 30 40 50 60
v

0
1
2
3
4
5
6
7

R
a
ti

o

ρ2

ρ1

v
J. Tailleur (CNRS-Univ Paris Diderot) A bacterial ratchet 2/19/2014 18 / 34



Summary

Effective temperature perturbatively

Strong non-thermal effects otherwise

Local order Hydrodynamics matter

Non-equilibrium effects do NOT come the active random-walk
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Outline

Run-and-Tumble Bacteria and Active Brownian Particles

External potential in dilute suspensions

Interacting particles: Motility-Induced Phase Separation
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Motility induced phase separation

Non-uniform speed v(r)

Ṗ (r, θ) = −∇[v(r)P (r, θ)] + (tumbles, rotational diff., etc.)

Stationnary distribution P (r, θ) ∝ 1/v(r) [Schnitzer PRE 1993]

IF v′(ρ) < 0 Feedback loop

x

ρ0

v(ρ0)

ρ0 + δρ

v(ρ0) + v′(ρ0)δρ

1
v(ρ0)+v′(ρ0)δρ ' ρ0 − ρ0

v′
v δρ

Linear instability if
v′

v
≤ −1

ρ
MIPS
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Ṗ (r, θ) = −∇[v(r)P (r, θ)] + (tumbles, rotational diff., etc.)

Stationnary distribution P (r, θ) ∝ 1/v(r) [Schnitzer PRE 1993]

IF v′(ρ) < 0 Feedback loop

x

ρ0

v(ρ0)

ρ0 + δρ

v(ρ0) + v′(ρ0)δρ

1
v(ρ0)+v′(ρ0)δρ ' ρ0 − ρ0

v′
v δρ

Linear instability if
v′

v
≤ −1

ρ
MIPS

J. Tailleur (CNRS-Univ Paris Diderot) MIPS 2/19/2014 21 / 34



Motility induced phase separation

Non-uniform speed v(r)
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Why use v(ρ) ?

Because it’s a mean-field approximation of steric interactions

� TASEP: J(ρ) = pρ(1− ρ
ρ0

) ≡ ρ v(ρ)

� One active particle in a density ρ of other particles

r(t+dt) =

{
r(t) with proba µρ
r(t) + v0dt with proba (1− µρ)

〈v〉 = v0(1−µρ)

More serious derivations [Stenhammar et al. 2013, Bialké et al. 2013]
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Mesoscopic description

Start from microscopic master equation

Gradient expansion + t� D−1
r , α−1

ρ̇ = −∇J

J = −
(
Dt +

v2

Drd(d− 1) + dα

)
∇ρ− ρv

Drd(d− 1) + dα
∇v

RTP (α) ABP ((d− 1)Dr) Hot eq. colloids

D and V mapped at the same time
[Cates, Tailleur, EPL 101, 20010 (2013)]
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Effective free energy v[ρ(r)]

ρ̇ = −∇J; J = −v
2

A
∇ρ− ρ v

A
∇v

= −ρv
2

A

(∇ρ
ρ

+
∇v
v

)

A = Drd(d− 1) (ABP) or A = dα (RTP)

Effective free energy

J = −ρv
2

A
∇δF
δρ

F [ρ(x)] =

∫
ddr
[
ρ(log ρ− 1) +

∫ ρ

dρ log[v(ρ)]
]
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F [ρ(x)] =

∫
ddr
[
ρ(log ρ− 1) +

∫ ρ

dρ log[v(ρ)]
]

Spinodal decomp. v′(ρ) ≤ −v(ρ)
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Coarsening: be wise, discretize!

Lattice-gas model of run-and-tumble bacteria

Excluded volume interactions (ASEP-like) MIPS

Coarsening & Phase separation
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Experiments and perspective

Active colloids (LPMCN, Lyon ; NYU •)

Simulations [Thompson et al. 2011, Fily et al. 2012, Redner et al. 2012+2013, ...]

Our theory:
Mean-field based
Equilibirum-like Steady-states
No attractive interactions

Random words

Lots of things missing!
Coarsening dynamics
Higher order gradient terms
Beyond mean-field
Consider all interactions
Dense phases
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Bacterial pattern formation

Synthetic biology drop of motility at large ρ •

[Liu et al. Science 334 238 (2011)]

A different mechanism ?
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Finite duration tumbles

Tumble duration τ

D =
v2

dα(1 + ατ)
; V = − v

dα
∇ v

1 + ατ

The motility can decrease for many reasons

v′(ρ) < 0 or α′(ρ) > 0 or τ ′(ρ) > 0

J(ρ) = −D∇ρ+ ρV = −D
(

1 + ρ
v′

v
− ρ (ατ)′

1 + ατ

)
︸ ︷︷ ︸

Deff(ρ)

∇ρ

All can lead to MIPS when Deff.(ρ) < 0
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Cells division and death

Logistic growth

ρ̇ = ∇[Deff(ρ)∇ρ] +αρ(1 − ρ/ρ0)

ρ ≤ ρ0 division dominates (ρ̇ > 0)

ρ ≥ ρ0 death dominates (ρ̇ < 0)
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Birth-death vs phase separation

D′(ρ0) < 0 Deff [ρ0] < 0 phase separation

ρlow ≤ ρ0 division; ρhigh ≥ ρ0 death

Patterns found in liquid suspensions for E. coli or S.
Typhimurium.
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Semi-solid-agar: central inocculum as a seed

Reproduce experimental results qualitatively

J. Tailleur (CNRS-Univ Paris Diderot) MIPS 2/19/2014 32 / 34



Conclusion

Classes of active particles allow for common large-scale
description

Some generic features

Effective temperature perturbatively

Motility-Induced Phase Separation

Lots of open questions
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Mesoscopic description

Spherical harmonics expansion

P (r,u, t) = ϕ(r) + p(r).u + Q(r) : (uu− I/d) + . . .

ϕ(r) ' ρ0

Ω p(r) ' 0 Q(r) ' 0
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Mesoscopic equations

Allow for spatial variations of v, α,Dr, Dt

ϕ̇ = −1

d
∇(vp) +∇(Dt∇ϕ)

v2

Drd(d− 1) + dα

ṗa = −∇a(vϕ)−
(
Dr(d− 1) + α

)
pa +∇(Dt∇pa)−Babcd∇b(vQcd)

− 1

Dr(d− 1) + α

Q̇ab = −d+ 2

2
Babcd∇c(vpd)−∇cχabc−(2dDr + α)Qab +∇Dt∇Qab

Gradient expansion + t� D−1
r , α−1

p and Q are fast variables
Q ∼ ∇
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