Statistical Physics of Active Particles: from effective
temperature to motility-induced phase separation

J. Tailleur

OnZ

.

PARIS
‘DIDEROT

Laboratoire MSC
CNRS - Université Paris Diderot

rsité

Active Matter: Cytoskeleton, Cells, Tissues and Flocks

J. Tailleur (CNRS-Univ Paris Diderot) 2/19/2014

1/34



Active Matter: a wide class of hon-eq. systems

“Soft active systems are exciting examples of a new type of condensed matter where
stored energy is continuously transformed into mechanical work at microscopic
length scales.” [Marchetti & Liverpool, PRL 97, 268101 (2006)]

Fish shoals Vibrated rods Birds flocks

@ Rich phenomenology
@ Simple models
@ Experimental realisations
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stored energy is continuously transformed into mechanical work at microscopic
length scales.” [Marchetti & Liverpool, PRL 97, 268101 (2006)]

Fish shoals Vibrated rods Birds flocks

@ Rich phenomenology
@ Simple models ———  Generic description?
@ Experimental realisations
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Outline

@ Run-and-Tumble Bacteria and Active Brownian Particles

@ External potential in dilute suspensions

@ Interacting particles: Motility-Induced Phase Separation
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Outline

@ Run-and-Tumble Bacteria and Active Brownian Particles
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Run-and-Tumble bacteria

@ Escherichia coli— Unicellular Organism (1um x 3um)
@ Flagella (few um long)

@ Electron microscopy

ASM MicrobeLbrary org © ASM Journals
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Run and Tumbles

@ All flagella rotate counter-clockwise — run (v ~ 20pum.s~1) e
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Run and Tumbles

@ All flagella rotate counter-clockwise — run (v ~ 20pum.s~1) e
@ 1+ flagella change direction —— tumble (a ~ 1Hz) o

@ Schematic trajectory

e Diffusion at large scale D = % ~ 100 pm?.s~1
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Self-propelled colloids

@ Colloids with asymmetric coating
@ Self [diffusio-] phoresis ’
\%

@ Self propulsion v

v 1,u/m.s_l; Dy ~ O.S,umz.s_l; Deg ~1— 4,u,m2.s_1

@ Rotational diffusion crucial
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Self-propelled colloids

@ Colloids with asymmetric coating
@ Self [diffusio-] phoresis ’
\%

@ Self propulsion v

v 1,u/m.8’1; Dy ~ O.3,um2.s_1; Deg ~1— 4,11,777/2.s’1

@ Rotational diffusion crucial

@ Light-controlled [Palacci et al. Science 339, 936 (2013)] ®
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Common large scales properties ?

@ ABP: vy, Dy, D,
@ RTP: vy, o

@ Hot colloids at temperature T': v
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@ Phenomenological coarse-graining

p=-V-J J=Vp—DVp+0O(V?
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Common large scales properties ?

@ ABP: vy, Dy, D,
@ RTP: vy, o
@ Hot colloids at temperature T': v
@ Phenomenological coarse-graining
p=-V-J J=Vp—DVp+0O(V?

@ Adjust v4, Dy, D,, vg, o, v so that D and V are the same ?
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Outline

@ External potential in dilute suspensions
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Microscopic Dynamics

vu
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Microscopic Dynamics

L4

vu

P(z,u) = — V- [P(z,u)v]
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Microscopic Dynamics

L4

vu

P(z,u) = — V- [P(z,u)v] — a(u)P(z,u) + é / du’a(u')P(z,u)

+D,AyP(z,u) + D/AP(x,u)
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Microscopic Dynamics

L4

vu

P(z,u) = — V- [P(z,u)v] — a(u)P(z,u) + é / du’a(u')P(z,u)

+D,AyP(z,u) + D/AP(x,u)

p(z) = /duP(m,u)
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Diffusive limit

@ All parameters constant and isotropic
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Diffusive limit

@ All parameters constant and isotropic

02

D
tt d+dd-1)D,

D _/P(:p, u)du ~ DyAp; Dy =
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Diffusive limit

@ All parameters constant and isotropic

,02

D
tt d+dd-1)D,

D _/P(:p, u)du ~ DyAp; Dy =

@ Equivalence ABP - RTP - Hot colloids

J. Tailleur (CNRS-Univ Paris Diderot) External Potentials 2/19/2014 11/34



External potential V_,.(z)

® v(u) =vu+v, with Vi = —uV Vert
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External potential V_,.(z)

® v(u) =vu+v; with vy = —uV Vet
@ Colloids at equilibrium P o< exp|—Veqt /KT

@ Bacteria? ABP?
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Sedimentation RTP (D; = D, = 0)

@ Exact solution for v(u) = vu + v, V= —[0mg uy
[Tailleur & Cates EPL 2009]
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Sedimentation RTP (D; = D, = 0)

@ Exact solution for v(u) = vu + v,
[Tailleur & Cates EPL 2009]

P(z > v/a) x e
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Sedimentation RTP (D; = D, = 0)
@ Exact solution for v(u) = vu + v, vV, =—pudmgu,

[Tailleur & Cates EPL 2009]

P(z>v/a) xe % —=In
a
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Sedimentation RTP (D; = D, = 0)

@ Exact solution for v(u) = vu + v, V= —[0mg uy
[Tailleur & Cates EPL 2009]

P(z > v/a) x e 2w _ ()WU)H)‘)
(0%

® lfv, /v < l— A= %

P ~ exp(—pdmgz/Dy)
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Sedimentation RTP (D; = D, = 0)

@ Exact solution for v(u) = vu + v, vV, =—pudmgu,
[Tailleur & Cates EPL 2009]

_ 2\v Avr +v)+
P A2 (22—
(z>v/a) x e . n()\(vTv)+a>

o lfv. /v < l—— A= F

Do

P~ exp(—,u 6mg z/DO) = eXp(—ﬁcffVext(Z))

@ Effective Temperature for v, < v kTerr =
Holds for generic potential

70 (Einstein)
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Sedimentation: experiments (o« = 0)

@ Active colloids [Palacci et al. PRL 105, 088304 (2010)]

A 4
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Trapping bacteria (1d)
@ Quadratic potential —— vy, r = v+ A\

22\ |2t

v2

Psg(x) ‘1 -
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Trapping bacteria (1d)
@ Quadratic potential —— vy, r = v+ A\

2232|231

V2

Psg(x) ‘1 -

@ a> N5 —> Py(r) oc exp (7012);}3;2) = exp (—PesfVeut)
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Trapping bacteria (1d)

@ Quadratic potential =——> vy p = v + Az

2232|231

V2

Psg(x) ‘1 -

@ a> N5 —> Py(r) oc exp (7012);}3;2) = exp (—PesfVeut)

Ma =001 v/A=100

— numerics

— &R app.

J. Tailleur (CNRS-Univ Paris Diderot) External Potentials 2/19/2014 15/34



Trapping bacteria (1d)
@ Quadratic potential —— vy, r = v+ A\

2232|231

V2

Psg(x) ‘1 -

@ a> N5 —> Py(r) oc exp (7012);}3;2) = exp (—PesfVeut)
ANa=05 v/A=2

— numerics
— exact
L

0.50

2025

0.00,
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Trapping bacteria (1d)

@ Quadratic potential =——> vy p = v + Az

2232|231

V2

Psg(x) ‘1 =

@ a> N5 —> Py(r) oc exp (7012);}3;2) = exp (—PesfVeut)

J. Tailleur (CNRS-Univ Paris Diderot)

ANa=07 v/A=142

— numerics
— exact

External Potentials
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Harmonic trap in 3d

@ Quadratic potential V' = —A% e U(F,d) = vd — AT

o T2
e Effective temperature: P(r) oc r2e™ 208
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Harmonic trap in 3d
@ Quadratic potential V' = —A%

o(7, @)
) 9 73&/\7“2
@ Effective temperature: P(r)

X ree 202

Aa=001 v/XA=100

- Q#P'lerics

app.

L
200

L n
600 800
2
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Harmonic trap in 3d

. . 2 o =
@ Quadratic potential V- = A% —» (7, @) = vl — AT
. 9 73&/\7“2
@ Effective temperature: P(r) ocre” 202
MNa=2 v/A=.5
o
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Harmonic trap in 3d

. . 2 o =
@ Quadratic potential V- = A% —» (7, @) = vl — AT
. 9 73&/\7“2
@ Effective temperature: P(r) ocre” 202
MNao=2 v/A=.5

@ Strong non-perturbative effects o
J. Tailleur (CNRS-Univ Paris Diderot)

External Potentials
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Fishing lobsters at the micrometer scale

VAVAVAVAVAVAVAVAVAVAVAVAN

[P. Galajda, J. Keymer, P. Chaikin, R. Austin, J. Bacteriol. 189, 8704 (2007)]
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Fishing lobsters at the micrometer scale

Colloids
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Fishing lobsters at the micrometer scale

Bacteria
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Where does the ratchet effect come from ?

<

@ Bacteria align with walls upon collisions ee
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Where does the ratchet effect come from ?
@ Bacteria align with walls upon collisions ee

@ Asymmetric walls — no left-right symmetry

@ Interactions with walls =—» no time-reversal "é

symmetry
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Where does the ratchet effect come from ?
@ Bacteria align with walls upon collisions ee

@ Asymmetric walls — no left-right symmetry

@ Interactions with walls =—» no time-reversal ¢ é

symmetry

@ Elastic collisions ——> No ratchet effect

T T
7k -
‘g: ;;ﬁ;;?
P2 4F == 7
3k -
p1 21;’ ]
1| ommeoes o o o o o o o o

0 1 1 1 L 1 1

0 10 20 30 40 50 6

v
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Summary

@ Effective temperature perturbatively

@ Strong non-thermal effects otherwise

@ Local order — Hydrodynamics matter

@ Non-equilibrium effects do NOT come the active random-walk
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Outline

@ Interacting particles: Motility-Induced Phase Separation
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Motility induced phase separation
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Motility induced phase separation

@ Non-uniform speed v(r)
P(r,0) = —V[u(r)P(r,0)] + (tumbles, rotational diff., etc.)

@ Stationnary distribution P(r, ) o 1/v(r) [Schnitzer PRE 1993]
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Motility induced phase separation

@ Non-uniform speed v(r)
P(r,0) = —V[u(r)P(r,0)] + (tumbles, rotational diff., etc.)

@ Stationnary distribution P(r, ) o< 1/v(r) [Schnitzer PRE 1993]
° IF v'(p) < 0 — Feedback loop
Po

v(po)

+—
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Motility induced phase separation
@ Non-uniform speed v(r)
P(r,0) = —V[u(r)P(r,0)] + (tumbles, rotational diff., etc.)
@ Stationnary distribution P(r, ) o< 1/v(r) [Schnitzer PRE 1993]
° IF v'(p) < 0 — Feedback loop

1 ~ 7,
po+9p " WG PO P00
v(po) + v'(po)dp
x

/

@ Linear instability if v < ! — MIPS
v p
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Why use v(p) ?
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Why use v(p) ?

@ Because it’s simple !
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Why use v(p) ?

@ Because it’s biologically motivated (e.g. quorum sensing)
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Why use v(p) ?

@ Because it’s biologically motivated (e.g. quorum sensing)
@ Because it's a mean-field approximation of steric interactions
o TASEP: J(p) = pp(1 — £) = pu(p)

< One active particle in a density p of other particles

r(t) with proba pp

—_— = 1—
r(t) + vodt with proba (1 — pup) (v) = vo(1— pp)

r(t+dt) = {
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Why use v(p) ?

@ Because it’s biologically motivated (e.g. quorum sensing)
@ Because it's a mean-field approximation of steric interactions
o TASEP: J(p) = pp(1 — £) = pv(p)

< One active particle in a density p of other particles

r(t) with proba pp

—_— = 1—
r(t) + vodt with proba (1 — pup) (v) = vo(1—pp)

r(t+dt) = {

@ More serious derivations [Stenhammar et al. 2013, Bialké et al. 2013]
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Mesoscopic description

@ Start from microscopic master equation

@ Gradient expansion + ¢t > D! o1
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Mesoscopic description

@ Start from microscopic master equation

@ Gradient expansion + ¢t > D! o1

)9~
D,d(d— 1) + da D,d(d— 1) + da

Vv
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Mesoscopic description

@ Start from microscopic master equation

@ Gradient expansion +t > D!, o

p=-V3

v? pv

J=- (Dt - D,d(d—1)+ da)vﬂ "~ Dyd(d—1) +da

@ RTP (o) «— ABP ((d — 1)D,) +>< Hot eq. colloids

D and V mapped at the same time
[Cates, Tailleur, EPL 101, 20010 (2013)]
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Effective free energy v[p(r)]

2

p=—VI; J:—%Vp—p%Vv

® A= D,d(d—1) (ABP) or A = da (RTP)
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Effective free energy v[p(r)]

. v
p=—VJ; J:——Vp—pZsz—pZ(

A )

@ A= D,d(d—1) (ABP)or A =da (RTP)
@ Effective free energy

J= —,oAV(j;Z
Flo@) = [ atr[otiosp—1)+ [ aptogtu(s]

J. Tailleur (CNRS-Univ Paris Diderot) MIPS 2/19/2014
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=

f(p)
Fip@) = [ atr[ptogp—1)+ [ aprogtuts]

@ Spinodal decomp.é= v/(p) < _U(pp) L pL p2 P
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5.0
2.5
0.0
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f(p)
Fip@) = [ atr[ptogn—1)+ [ dptoglut]

@ Spinodal decomp.<= v/(p) < _u(p) L

25.0
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f(p)
Fip@) = [ atr[ptogn—1)+ [ dptoglut]

@ Spinodal decomp.4= v/(p) < — 22

P pL p2 P

25.0 40 25.0
22.5 22.5
20.0 20.0

30
175 175
15.0 15.0
12.5 20 12.5
10.0 10.0
7.5 7.5

10
5.0 5.0
2.5 2.5
0.0 0 0.0
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Fip@) = [ atr[ptogn—1)+ [ dptoglut]

@ Spinodal decomp.<=> v/(p)

J. Tailleur (CNRS-Univ Paris Diderot)
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MIPS
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Coarsening: be wise, discretize!

@ Lattice-gas model of run-and-tumble bacteria

@ Excluded volume interactions (ASEP-like) — MIPS
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Coarsening: be wise, discretize!

@ Lattice-gas model of run-and-tumble bacteria

@ Excluded volume interactions (ASEP-like) — MIPS
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Coarsening: be wise, discretize!

@ Lattice-gas model of run-and-tumble bacteria

@ Excluded volume interactions (ASEP-like) — MIPS

—— Coarsening & Phase separation
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Experiments and perspective

@ Active colloids (LPMCN, Lyon ; NYU e)

. "
*1‘& J,' B s d%’.
" doh '.?'.c
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Experiments and perspective

@ Active colloids (LPMCN, Lyon ; NYU e)

. B Ty e &'
~tv- J .ﬁe.
’.‘ doh 'o.‘..g

@ Simulations [Thompson et al. 2011, Fily et al. 2012, Redner et al. 2012+2013, ...]

Our theory: Lots of things missing!
Mean-field based Coarsening dynamics
Equilibirum-like Steady-states Higher order gradient terms
No attractive interactions Beyond mean-field

Consider all interactions
Dense phases
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Bacterial pattern formation

@ Synthetic biology — drop of motility at large p e

L/ .
A Stop Move B, '-'. AHL
» - > 7 Density-sensing J Motility-control
]
A

) 2 ;
\ <>
a1
[" d 1 *R i *l 1 heZ
High density  Low density — X : L_Lc (L
A 1
'

_Poon Pluxl PA(R-O12)

C 310 100 D 3

B |[= chez z ) p

< e cl 4 °

g 3 S

e 1 10 2 %

E's > £03

S g = [= ceaFP

B 0.1 L *!|[-== CL4(cn)

i

051 2 4 8 16 051 2 4 8 16
Cell density (108 cells mi") Cell density (108 cells mI™")

[Liu et al. Science 334 238 (2011)]
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Bacterial pattern formation

@ Synthetic biology — drop of motility at large p e

.
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[Liu et al. Science 334 238 (2011)]
@ A different mechanism ?

J. Tailleur (CNRS-Univ Paris Diderot) MIPS 2/19/2014 28/34



Finite duration tumbles

@ Tumble duration 7
’U2 v v

p=-—"2Y . —
da(l+ at)’ da 1+ ar
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Finite duration tumbles

@ Tumble duration 7

’02 v v

doz(1+oz7'); " da 1+tar

D = =

@ The motility can decrease for many reasons

v'(p) <0ora(p) >0o0r7(p) >0

/ /
® J(p)= —DVp+pV = fD(lerz _ pLor) )v,o
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Finite duration tumbles

@ Tumble duration 7

’02 v v

doz(1+oz7'); " da 1+tar

D = =

@ The motility can decrease for many reasons

v'(p) < 0ora(p) >00r7(p) >0

/ /
® J(p)= —DVp+pV = fD(lerz _ pLor) )v,o

@ All can lead to MIPS when D.g.(p) < 0
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Cells division and death

@ Logistic growth

p = V[Des(p)Vp| + ap(1 — p/po)

@ p<py — divisiondominates (p > 0)

@ p>p9g —> death dominates (p < 0)
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Birth-death vs phase separation

@ D'(py) <0=— Dcglpo] <0 —> phase separation
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Birth-death vs phase separation

@ D'(py) <0=— Dcglpo] <0 —> phase separation
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Birth-death vs phase separation

@ D'(py) <0=— Dcglpo] <0 —> micro-phase separation e

@ plow < po — division; Phigh = po —> death
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Birth-death vs phase separation

@ D'(py) <0=— Dcglpo] <0 —> micro-phase separation e

@ plow < po — division; Phigh = po —> death

@ Patterns found in liquid suspensions for E. coli or S.
Typhimurium.
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@ Semi-solid-agar: central inocculum as a seed

@ Reproduce experimental results qualitatively
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Conclusion

@ Classes of active particles allow for common large-scale
description

@ Some generic features
@ Effective temperature perturbatively
@ Motility-Induced Phase Separation

@ Lots of open questions
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Mesoscopic description
Spherical harmonics expansion

P(r,u,t) = p(r) +p(r)u+ Q(r): (uu—-1I/d)+...
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Mesoscopic description
Spherical harmonics expansion
P(r,u,t) = p(r) +p(r)u+ Q(r): (uu—-1I/d)+...
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Mesoscopic description
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Mesoscopic equations

@ Allow for spatial variations of v, a, D,., Dy
. 1
o= —8V(vp) + V(D:Vp)
pa = _va(U§0>_(Dr(d - 1) + Oé)pa + V(Dtha) - Babcdvb(vch)

. d+ 2
Qab = == BabeaVe(vPa) = VeXave— (24D + @)Qap + VDV Qap

@ Gradient expansion + ¢t > D! o1
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Mesoscopic equations

@ Allow for spatial variations of v, a, D,., Dy
. 1
$=—2V(p) + V(DiVy)
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. d+2
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@ Gradient expansion + ¢t > D! o1
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Mesoscopic equations
@ Allow for spatial variations of v, a, D,., Dy

—%ZV(vp) + V(DVo)

SD:

0= —Va(WP)—(Dr(d - 1) + a)pa + V(Dtha) - Babcdvb(vch>

d+2
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@ Gradient expansion + ¢t > D! a1
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Mesoscopic equations
@ Allow for spatial variations of v, a, D,., Dy

. 1
O = —EV(vp) + V(D:V)

0= —Va(WP)—(Dr(d - 1) + a)pa + V(Dtha) - Babcdvb(vch)

Qab’\‘ \Y

@ Gradient expansion + ¢t > D! a1
@ p and Q are fast variables
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Mesoscopic equations
@ Allow for spatial variations of v, a, D,., Dy

—éV(vp) + V(DV)

80:

1

Pa = —mva(mp) + O(VQ)

QabN \Y

@ Gradient expansion + ¢t > D! a1
@ p and Q are fast variables
e Q~V
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Mesoscopic equations

@ Allow for spatial variations of v, a, D,., Dy

> = V[ (D + v )V + - Vo]
S ' Ddd—1)+da’ P T Dydld—1) + da '

1

Pa = —mva(mp) + O(VQ)

Qab'\' \Y

@ Gradient expansion + ¢t > D! a1
@ p and Q are fast variables
eQ~V
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