
Non-perturbative 
Effects in Higher Spin 

Theories

Alejandra Castro
McGill University

R. Gopakumar, M. Gutperle, J. Raeymaekers, AC  arXiv 1111.3381
E. Hijano, A. Lepage-Jutier, A. Maloney, AC arXiv 1110.4117

1



Precision Holography

AdS 

Gauge 
symmetries

Global 
symmetries

CFT

Vasiliev’s Theory
Massless higher 

spin fields

Solvable theory:
Free, 

Minimal models 

2



�

γ∈Γc\SL(2,Z)

Zvac(γτ, γτ̄) �= Tr(e−βH)CFT (0.16)

ZGrav(τ) = ZGrav(−1/τ) = ZGrav(τ + 1) (0.17)

c =
3�

2GN

< 1 (0.18)

SCardy = 2π

�
c

6
E (0.19)

T = 0 T �= 0 (0.20)

SBH = SCardy (0.21)

ZGrav(τ, τ̄) =

�

∂M=T 2

Dg e−SGrav[g]

= Tr(e−βH−iθJ)CFT (0.22)

ZGrav(τ, τ̄) = Tr(e−βH−iθJ)CFT (0.23)

ZCFT(β) = TrH(e−βH) (0.24)

Reτ = θ Imτ = β (0.25)

c =
1

2
c =

7

10
(0.26)

� =
GN

3
� =

7GN

15
(0.27)

tE φ τ → −1

τ
(0.28)

A+A− (0.29)

c = 1− 6

p(p + 1)
p = 3, 4, . . . (0.30)

2

3



�

γ∈Γc\SL(2,Z)

Zvac(γτ, γτ̄) �= Tr(e−βH)CFT (0.16)

ZGrav(τ) = ZGrav(−1/τ) = ZGrav(τ + 1) (0.17)

c =
3�

2GN

< 1 (0.18)

SCardy = 2π

�
c

6
E (0.19)

T = 0 T �= 0 (0.20)

SBH = SCardy (0.21)

ZGrav(τ, τ̄) =

�

∂M=T 2

Dg e−SGrav[g]

= Tr(e−βH−iθJ)CFT (0.22)

ZGrav(τ, τ̄) = Tr(e−βH−iθJ)CFT (0.23)

ZCFT(β) = TrH(e−βH) (0.24)

Reτ = θ Imτ = β (0.25)

c =
1

2
c =

7

10
(0.26)

� =
GN

3
� =

7GN

15
(0.27)

tE φ τ → −1

τ
(0.28)

A+A− (0.29)

c = 1− 6

p(p + 1)
p = 3, 4, . . . (0.30)

2

�

γ∈Γc\SL(2,Z)

Zvac(γτ, γτ̄) �= Tr(e−βH)CFT (0.16)

ZGrav(τ) = ZGrav(−1/τ) = ZGrav(τ + 1) (0.17)

c =
3�

2GN

< 1 (0.18)

SCardy = 2π

�
c

6
E (0.19)

T = 0 T �= 0 (0.20)

SBH = SCardy (0.21)

ZGrav(τ, τ̄) =

�

∂M=T 2

Dg e−SGrav[g]

= Tr(e−βH−iθJ)CFT (0.22)

ZGrav(τ, τ̄) = Tr(e−βH−iθJ)CFT (0.23)

ZCFT(β) = TrH(e−βH) (0.24)

= ZHS(β)

=

�

∂M

[Dg · · · ] e−SE (0.25)

Reτ = θ Imτ = β (0.26)

c =
1

2
c =

7

10
(0.27)

� =
GN

3
� =

7GN

15
(0.28)

2

3



�

γ∈Γc\SL(2,Z)

Zvac(γτ, γτ̄) �= Tr(e−βH)CFT (0.16)

ZGrav(τ) = ZGrav(−1/τ) = ZGrav(τ + 1) (0.17)

c =
3�

2GN

< 1 (0.18)

SCardy = 2π

�
c

6
E (0.19)

T = 0 T �= 0 (0.20)

SBH = SCardy (0.21)

ZGrav(τ, τ̄) =

�

∂M=T 2

Dg e−SGrav[g]

= Tr(e−βH−iθJ)CFT (0.22)

ZGrav(τ, τ̄) = Tr(e−βH−iθJ)CFT (0.23)

ZCFT(β) = TrH(e−βH) (0.24)

Reτ = θ Imτ = β (0.25)

c =
1

2
c =

7

10
(0.26)

� =
GN

3
� =

7GN

15
(0.27)

tE φ τ → −1

τ
(0.28)

A+A− (0.29)

c = 1− 6

p(p + 1)
p = 3, 4, . . . (0.30)

2

Can we re-write the partition function as a sum 
over geometries?
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Does a higher spin theory resemble at all Einstein gravity?
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What do we expect (assume) a 
gravitational path integral looks like?
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✦ Include changes in topology
✦ Admit a saddle point approximation

Non-perturbative
(e.g. black holes) 

Loop corrections
(field fluctuations)
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Overview

AdS3 CFT2
state duality
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Spectrum 
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Chern-Simons and Higher Spin 

why is it easy to construct hs 
thys in 3d?
Eqns are bacground independent
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Linearized eom’s 
describe spin-s fields
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A generalization to include infinite number of fields
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Can also add propagating d.o.f. : massive scalar field 
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AdS3/CFT2

Gaberdiel, Gopakumar 1011.2986 & 1205.2472

Vasiliev’s theory

to the SL(N) constraint on the determinant of the holonomy matrix. This implies that the

sum λi vanishes and hence

m =

�

i

mi . (4.21)

When the eigenvalues (4.20) are nondegenerate, the connection can be brought to a gauge

where it satisfies (4.3) and therefore is of the form (4.11). The remaining computation of the

higher spin charges goes through in the same way with the replacement of ni by n�
i. Notice

that because of the absence of the constraint (4.8), the odd spin charges w(s)
0 no longer vanish

for a generic smooth configuration.

Summarizing, for the Euclidean theory we have additional smooth solutions in the spec-

trum coming from the non-trivial center of SL(N, C) and the absence of the reality condition

(4.8). The spacetime interpretation of these solutions is also modified. Because the eigen-

values are not necessarily paired up, in general they cannot be brought to a block diagonal

form as in (3.7). This implies that those SL(N, C) solutions that do not satisfy (4.8) are not

conical defects.

5 Relation to the light primaries in the WN CFT

The smooth configurations in the previous section seem to be configurations one would not

want to include in the description of the SL(N) higher spin theories because their energy is

unbounded from below. However, we will propose an intriguing role for them in the analytic

continuation of the dual to the WN minimal model CFTs. We will see that the smooth

solutions are related by this analytic continuation to an interesting class of primaries in the

WN minimal models – the so-called light primaries – which become arbitrarily light in the

large N limit. We find that the discrete spectrum of these primaries matches with those of

the surpluses, and their Euclidean generalizations, even at finite N . We will also check that

the spin 3 as well as spin 4 charges also agree in a very nontrivial way.

The duality of [1] relates the ’t Hooft limit of the k-thWN minimal model to the Vasiliev

higher spin theory hs[λ] with two complex scalars. An important aspect of this proposal is

the implementation of the ’t Hooft limit. Recall that the limit is given by N, k → ∞ while

the coupling

λ =
N

k + N
≤ 1 , (5.1)

is fixed. This limiting procedure was crucial for subsequent checks of the duality, and it

affects the finite N realization of it. This is an essential point which we will now review.

The global (or rigid) symmetry of the WN minimal model, i.e. the wedge algebra that

generates WN , is SL(N, R) in Lorentzian signature (SL(N, C) in Euclidean signature). In

the duality, this global symmetry is mapped to the gauge group of the bulk.
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The analysis in [11, 12] showed that in the ’t Hooft limit the spectrum of theWN minimal

model instead falls into representations of W∞[λ], and hence the gauge group in the bulk

is its wedge algebra, hs[λ]. This is seemingly different from the large N limit of SL(N).

However, a key observation in [12] was to interpret this in terms of the level-rank duality of

the coset description of the CFT in the ’t Hooft limit. More precisely, it is believed that

SU(N)k ⊗ SU(N)1

SU(N)k+1
≡ SU(M)k� ⊗ SU(M)1

SU(M)k�+1
, (5.2)

and the dual rank and level is given by

M =
N

N + k
, k� =

M

N
−M , (5.3)

which are not integers in general. On the right-hand side of (5.2), taking the ’t Hooft limit

corresponds to an analytic continuation of M → λ with 0 ≤ M ≤ 1. The central charge is

the same on both sides of (5.2). This is an indication that the relevant global symmetry of

the right-hand side is the extension of SL(M) to non-integer value λ, i.e. hs[λ]. It was also

shown that the spectrum of a large class of primaries on both sides of (5.2) matched under

the continuation N → −λ.

We now review the analysis of the spectrum of the CFT and its relation to the bulk

excitations. The primaries in the WN CFT are labelled by two representations (Λ+, Λ−) of

SU(N). It is easy to identify the states (0, Λ) and (Λ, 0) with various perturbative multi-

particle excitations of the scalars in the bulk theory. However, the states (Λ, Λ) are more

puzzling. For small representations Λ these primaries have a dimension ∼ 1
N (see below) and

are therefore very light states in the bulk. It was argued in [12] that these light states become

null in the strict N =∞ limit and decouple from the spectrum. However at large but finite

N this is not so and evidence was presented [16] from computation of the four point function

that these states do appear even in tree level diagrams to leading non vanishing order in 1
N .

More generally, the (not necessarily light) states of the form (Λ, Λ) form a discretuum in the

large N limit which has exponential degeneracy, though the majority of them decouple from

perturbative correlators due to fusion rules of the CFT.

Thus it is important to understand what these puzzling light states are from the bulk

point of view. The discretuum of conical defects we have found in the SL(N) theories

(for large N) seems to have a similar flavor. Below we will argue that a generalization of

the analytic continuation of [12] relates the puzzling ”light primaries” to conical surpluses

(and their generalizations in the Euclidean SL(N, C) theory). The spectra as well as the

spin 3 and 4 charges, of the two sides match precisely even at finite N! While the analytic

continuation between the two sides remains somewhat mysterious, we take the non-trivial
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Evidence... so far... 

Asymptotic symmetries
Henneaux, Rey 1008.4579
Campoleoni, Fredenhagen, Pfenninger, Theisen 1008.744
Gaberdiel, Hartman 1101.2910
Campoleoni, Fredenhagen, Pfenninger 1107.0290

Correlation functions
Chang, Yin 1106.2580, 1112.5459
Papadodimas, Raju 1108.3077
Ammon, Kraus, Perlmutter 1111.3926

HS black holes
Gutperle, Kraus 1103.4304
Kraus, Perlmutter 1108.2567
Gaberdiel, Hartman, Jin 1203.0015

Perturbative spectrum
Gaberdiel, Gopakumar, Hartman, Raju 1101.2910
Gaberdiel, Gopakumar, Saha 1009.6087
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What is the bulk 
interpretation? 

Easy to compute in the CFT dimensions of primaries
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Note: Gravity ≠ Chern-Simons 

Gravitational theory requires:

✦ Picking embedding of SL(2) in SL(N)

✦ Imposing boundary conditions

✦ Allowing the topology to vary

Asymptotic AdS
Exclude A=0

Black holes 
are welcomed
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Observable

Goal: To construct smooth solutions

What does that mean?
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A, Ā ∈ SL(N, R) (0.33)

Holγ(A) = P exp

��

γ

A

�
(0.34)

c = 1− 6

p(p + 1)
p = 3, 4, . . . (0.35)

3

tE φ τ → −1

τ
(0.29)

A+A− (0.30)

F = dA + A2
= 0

F̄ = dĀ + Ā2
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✦ Independent of metric

✦ Topological invariant

✦ Traces are gauge invariant!
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⇒ solution is smooth
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Bulk Spectrum

Consider the topology of a solid torus 
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Are there more smooth solutions? 
(with the same boundary conditions)
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= 0 (0.31)

A = ω +
1

�
e
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ZN center, the spectrum of admissible configurations is now considerably larger than in the

Lorentzian theory.

4.1 Falloff conditions and conical surpluses

First let’s recapitulate some of the properties of our smooth solutions. As explained in

section 2 and 3, after imposing suitable boundary – and gauge-fixing conditions – a general

flat Chern-Simons connection can be written as

A = b−1 a b + b−1 db , Ā = b ā b−1 + b db−1 , (4.2)

where b = eρL0 , a = a+dx+ and ā = ā−dx− are the SL(N, R) Lie algebra elements (3.20).

All of these solutions correspond to locally AdS3 metrics which automatically obey the

standard Brown-Henneaux asymptotic falloff conditions [46]. However, in the Chern-Simons

formulation of the theory, the falloff condition is to be imposed on the connection rather

than the metric. The standard falloff condition on the Chern-Simons connection is the one

proposed in [25]

(A− AAdS)|ρ→∞ = O(1) , (4.3)

with AAdS the connection (3.2) for global AdS. There is a similar condition for Ā as well.

The above constraint is the starting point for identifying the asymptotic symmetries of the

theory. It imposes a Drinfeld-Sokolov (DS) condition on the connection, and leads to the

identification of the asymptotic symmetry algebra as a WN -algebra.

One can easily see that our smooth solutions in the block-diagonal gauge (3.20) don’t lie

on the DS constraint surface (4.3). We will now investigate under what conditions they can

be brought into the form (4.3) by an SL(N, R) gauge transformation. We will not construct

the explicit gauge transformation. Instead we will re-visit the smoothness condition imposed

by the holonomy in the DS gauge and compare with the results in section 3.2. This will give

us a criterion for the block diagonal solutions to obey the DS boundary conditions. We will

see that this criterion is satisfied only for a special class of conical surpluses (and not the

deficits).

Using (3.2), the asymptotic condition (4.3) is equivalent to imposing

a+ = L1 + u , (4.4)

where u is an upper triangular matrix and similar for ā−. As explained in [47, 25], residual

gauge transformations allow us to further fix the form of u. A particularly useful gauge for

computations is the one where u has nonzero entries only in the first row. Making a further

change of basis, we can assume a+ to be of the form

a+ =





0 u1 u2 · · · 0 uN−1

−1 0 0 · · · 0 0
· · ·

0 0 0 · · · −1 0



 . (4.5)
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Ā = ω − 1

�
e (0.32)
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The fall off of the connection restricts eigenvalues to be 
non-degenerate. 

States     we throw.  States     we keep.
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Interpretation

Where does    fit in the CFT spectrum?

Compare with 
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SL(N) states map  via analytic continuation to light 
states of WN minimal model
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Unitary for central 
charge less than N
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What happens in this limit to the other primaries?
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(0.65)

SBH = SCardy (0.66)
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Bulk interpretation

Conical Scalar
Conical defect + 
sprinkle of scalar
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Is the black hole still the king (or queen)?  
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Is the black hole still the king (or queen)?  

“Typical”  gravity behavior: 
Hawking-Page transition

Black dominates at high temperature, 
but what are we counting?  
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Conclusions

RG flow equations in AdS/CFT

Are black holes truly big in HS thy?

What is Cardy’s formula counting?

Did we learn anything new?
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