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What is a star?

self-gravitating, supported by 
nuclear energy 
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How does energy get out?
1. Radiation
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How does energy get out?
1. Radiation

2. Convection
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How does energy get out?

2 Transport Mechanisms

1. Radiation
2. Convection

dT

dr
= � 3⇢L

16⇡acr2T 3

ds

dr
= 0

dT

dr
= � g

cp



Diagram by Ben Brown

3⇢L

16⇡acr2T 3
>

����
dT

dr

����
ad

convective if:



13

Mixing in Convection Zone
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Mixing in Convection Zone

u ·rc = DTr2c DT =
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Good approximation?
NO! But doesn’t really 
matter — diffusion fast
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Convective Overshoot
What happens past convection zone?

Convection

Stably stratified
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Convective Overshoot
Why is it important?

1. Changes amount of fuel if burning in 
convection zone

2. Changes Li abundance in solar-type 
stars

3. Can be seen in asteroseismology



17

Convective Overshoot
How far does thermal penetrate?
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Convective Overshoot
How far does thermal penetrate?
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Convective Overshoot
How far does thermal penetrate?

Seems like a small amount, but even 
small ellov can be important:

Pe ⇠ 1010

likely underestimate`
ov

H
⇠ 10�3
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Convective Overshoot
How far does thermal penetrate?
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Convective Overshoot
How far does thermal penetrate?
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Convective Overshoot
How far does thermal penetrate?
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Convective Overshoot
How far does thermal penetrate?

What sets N2 near rad-conv boundary?
Probably opacity or geometric effects
Not studied carefully yet 
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Convective Overshoot
How to model?

Pedersen et al 2018

M. G. Pedersen et al.: The shape of convective core overshooting from gravity-mode period spacings
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Fig. 1: Di↵erent shapes of internal mixing profiles. Grey marks the convective core, blue the overshooting region and green the extra
di↵usive mixing in the radiative envelope. Panel (a) to (c) has been zoomed in on the near core region while panel (d) shows the
mixing profile from center to the surface of the star. In both panel (a) and (b) the extra di↵usive mixing in the radiative envelope
has been set constant. Panel (a): step overshoot. Panel (b): exponential overshooting. Panel (c): Extended exponential overshoot
where the extension replaces the constant di↵usive envelope mixing in panels (a) and (b). Panel (d): Exponential overshoot coupled
to an extra di↵using mixing profile Dext(r) from Rogers & McElwaine (2017) instead of a constant mixing (green dashed line).

Such a decrease in mixing e�ciency was motivated by Freytag
et al. (1996), whose 2D hydrodynamical simulations of surface
convection in A-type stars and white dwarfs showed an expo-
nential decay with distance from the convective boundary in the
vertical velocities of the convective cells. The parameters of ex-
ponential di↵usive mixing used in MESA are described by Her-
wig (2000), who follow the prescription of the time-dependent
overshoot mixing given by Freytag et al. (1996). Herwig (2000)
used this description of the overshooting to study its e↵ect on
the evolution of Asymptotic giant branch (AGB) stars, showing
a clear e↵ect on, e.g., the third dredge-up. In this sense, it con-
cerns convective undershooting towards the interior of the star.

For an exponential overshoot, the di↵usion coe�cient in the
overshoot region is given as

DOV = D0 exp
 �2 (r � r0)

fovHp,cc

!
. (2)

The shape of the exponential overshooting is illustrated in Fig.
1 (b). As in the case of step overshooting, the switch from con-
vection to overshooting is set to occur at r0. To take into account
the step taken inside the convective region, we e↵ectively use
( f0 + fov)Hp,cc in Eq. (2) instead of just fovHp,cc. In MESA, the
parameters f0 and fov can be varied.

2.3. Extended exponential overshooting

Through 2D and 3D hydrodynamical simulations of He-shell
flash convection in AGB stars, Herwig et al. (2007) found that
the convective boundary mixing at the bottom of the convective
envelope is best described by two exponential terms. This double
exponential overshooting is thereby an extension of the exponen-
tial di↵usive overshooting described above and is illustrated in
Fig. 1 (c). Battino et al. (2016) interpreted the mixing from the
first exponential term to arise from Kelvin-Helmhotz instabili-
ties, and the second term as being due to internal gravity waves
generated at the convective boundary. The parameterised version

of this extended exponential overshooting was described and ap-
plied by Battino et al. (2016) to study s-process nucleonsynthesis
in AGB stars. Here, we test this description for overshooting at
the core, rather than undershooting at the envelope.

As in the case of the standard exponential overshoot, r0 gives
the position at which the switch from convection to overshooting
defined by f0 · Hp,cc occurs, and D0 is the di↵usion coe�cient at
r0. Two length scales occur: 1) f1·Hp,cc, which corresponds to the
description in Eq. (2), and 2) f2 ·Hp,cc, which takes e↵ect for r >
r2. The location of r2 is determined by the choice of D2. In other
words, when the di↵usive mixing coe�cient in the overshooting
region decreases below D2, the overshooting region is extended
by a second exponential term.

The mathematical description of the extended exponential
overshooting is:

For r  r2:

DOV = D0 exp
 �2 (r � r0)

f1 · Hp,cc

!
(3)

For r � r2:

DOV = D2 exp
 �2 (r � r2)

f2 · Hp,cc

!
. (4)

When using the extended exponential overshoot, the parameters
to be varied in MESA are: f0, f1, f2 and D2. In all cases, it is
required that f2 > f1 > f0. If f2 = f1, one simply reproduces
the single exponential overshooting. If f2 < f1, the ’extension’
cuts o↵ the single exponential overshooting and causes it to go
to zero faster. To take into account the step f0Hp,cc taken inside
the convective core, we e↵ectively use ( f0 + f1)Hp,cc in Eq. (3)
and ( f0 + f2)Hp,cc in Eq. (4).

Article number, page 3 of 17



A near-core convective shell in sdB models 7

Figure 8. Similar to Fig 6 but for a model with very small overshooting for points A3, B3 and C3 on the Fig. 5.

Figure 9. Period spacing of the model with moderate overshooting for six points indicated in Fig. 3

MNRAS 000, 1–15 (2016)
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Convective Overshoot

Ghasemi et al 2017

exponential 
overshoot



26

Convective Overshoot
ABL

Direct numerical simulation of free convection over a heated plate 423
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FIGURE 1. Visualization inside a vertical plane at the final time t2: (a) scaled buoyancy b/bs;
(b) vertical velocity w+; (c) vertical flux w+b+; (d) logarithm of the local dissipation rate
log10 ✏+

b . The bars in the bottom-left corner indicate, from long to short: convection length z⇤,
(3.5); height of the inner layer, 0.4z⇤; thickness of the wall diffusive layer, 10 wall units.

3. Results

Figure 1 depicts the turbulent boundary layer inside a vertical plane in terms of the
buoyancy b, the vertical velocity w, the vertical buoyancy flux wb and the local rate
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log(dissipation rate)

heated

Ṁ ⇠ Ria

Ri =
N2

(dU/dz)2

Mellado 2012
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Diffusion Approximation

Oxygen burning in 
massive star

~10 days before SN

Jones et al 2016
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Diffusion Approximation

Jones et al 2016

conv @tc = DTr2c

DT =
�c

r2c
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Diffusion Approximation

Jones et al 2016

@tc = DTr2c

DT =
�c

r2c
conv

rad

need to check intermediate times
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Is Diffusion Model Even
Applicable??
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Diffusion Approximation
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Ansatz:

Diffusion Approximation



Solve: 

Does it 
work?

Diffusion Approximation
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Is Diffusion Model Even
Applicable??

Yes!
(At least for current parameters)



c(x, y, z, t) = c(z, t) + c̃(x, y, z, t)

Why Turbulent Diffusivity?

@tc�D@2
z c̄ = �hr · (uc̃)i = �@z hwc̃i

@tc̃�Dr2c̃ = �w@zc� @z (wc̃� hwc̃i)
“pain in the neck”



Why Turbulent Diffusivity?
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Physical Model of Overshoot
Kelvin-Helmholtz 

instability?

Ri =
N2

(dU/dz)2

Ri ⇠ 103

Woodward et al 2014



Physical Model of Overshoot

Miles instability

U(z0) = cp

resonance



Physical Model of Overshoot

Herault et al 2018

XXIV ICTAM, 21-26 August 2016, Montreal, Canada

A NEW MODEL OF TURBULENT MIXING BY A JET IMPACTING A STRATIFIED
INTERFACE

Johann Herault ⇤1,2, Giulio Facchini2, and Michael LeBars2
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Summary We investigate experimentally the mechanism of erosion by a turbulent jet impinging a density interface with moderate Reynolds
numbers and low Froude numbers. From our measurements, we present a new scenario of turbulent mixing. The turbulent eddies contribute
indirectly to the mixing by generating surface gravity waves. The waves are then amplified by a mechanism similar to the Miles instability
characterized by the presence of a critical layer, where the phase velocity of the waves matches the velocity of the mean flow. This
amplification leads to the breaking of the wave, which mixes efficiently both fluids.

INTRODUCTION

Mixing between fluids with different density occurs in geophysical, in astrophysical and in industrial context [1]. It relies
on a complex process where the kinetic energy is irreversibly converted into potential energy. Our work is motivated by the
industrial applications in the nuclear safety context, where a lighter fluid (hydrogen) must be mixed with the ambient fluid
(air) to avoid the ignition of explosive reactions [2]. We consider the case of a sharp density interface impinged by a turbulent
round jet. The turbulent jet of light fluid (water) of density ⇢1 impinges a volume of heavier fluid (salty water) of density
⇢2 > ⇢1, such that the outflow of the jet is orientated in the gravity direction and orthogonal to the density interface. The jet
is driven by an upstream pump and the buoyant effect are initially localized in the region of the impact (figure 1). The salty
water is progressively mixed with the fresh water until the gradients of concentration disappear. We investigate the mechanism
of erosion of the density interface by a turbulent jet for moderate Reynolds number Re = uibi/⌫ (Re 2 [2 � 3] ⇥ 103) and
low Froude number Fri = ui/

p
big0 (Fri < 2) with ui and bi the typical velocity and width of the jet at the interface

and g0 = g(⇢2 � ⇢1)/⇢1 the reduced gravity acceleration. The velocity field is measured by particle image velocimetry
(PIV) process in the vertical plane of the laser sheet, which crosses the nozzle of the jet. The density is measured by planar
laser-induced fluorescence (PLIF).

(a) (b)

Figure 1: (a) A schematic of the experimental set-up showing a rectangular tank (30x30x50cm) filled with water (h1) and a
saline solution (h2). The nozzle is located at a height h from the interface. (b) Streamlines (black curves) of the mean flow,
superimposed on the vertical component of the mean velocity field huzi (cm/s). The black dotted curve corresponds to the
time-averaged location of the interface separating both fluids.

AN NEW SCENARIO OF TURBULENT MIXING

The classical models of erosion (see e.g. [3, 4]) are commonly based on the mixing capacity of vortices, which engulf the
heavy fluid at the interface before being advected by the mean flow outside the impinged region. However no experimental
study has demonstrated quantitatively such mechanism in a non-buoyant jet. Our experimental results show that the mixing is

⇤Corresponding author. Email: herault@irphe.univ-mrs.fr

(a) (b)

Figure 2: (a) Mixing process induced by surface-gravity waves in the vicinity of the interface (15 ⇥ 20cm2 ) and (b) of the
dome head (15⇥ 8cm2 ). The heavy fluid has been dyed by rhodamine and corresponds to the bright region.

induced by the breaking of surface-gravity waves (figure 2.(a)) and the eddies play only the role of waves generator. We have
investigated in details the different steps of this process: the generation, the amplification and the breaking of the waves.

We draw a global picture of the mechanism of erosion. The jet impinges the interface between both fluids and the
time averaged impact describes a parabolic dome (figure 1.(b)). Inside the dome, the surface is convoluted by the turbulent
fluctuations of the jet. Our measurements shows that the Kelvin-Helmholtz instability is inefficient to trigger perturbations,
because the local shear is very weak in the vicinity of the dome head. The waves are rather generated by the turbulent
eddies coming from the jet. The vortices excite surface-gravity waves, which propagate outward the impinged region, but the
eddies do not contribute directly to a significant mixing as expected from the scenario of eddy engulfment. Theses waves are
identifiable on figures 2.(a) and 2.(b). During the propagation, the height of the waves increases until they breakdown close
to the border of the dome. This process is illustrated on the three successive pictures of the interface of the figure 2.(b), with
waves propagating from left to right. As the Kelvin-Helmholtz instability is not able to amplify the waves, an other mechanism
must transfer the energy to the waves.

For the first time, we show that the amplification of the waves is caused by an energy transfer from the mean flow via
a mechanism similar to the one described by Miles [5] in shear flows. Indeed, we observe a critical region where the phase
velocity of the waves matches the time-averaged tangential velocity following the interface. As described by Miles [5] , the
waves are amplified below the critical layer. Finally, the breaking of the waves induces a strong mixing due to the wrapping of
filaments. The heavy fluid is then transported in the bulk flow where the turbulence of the jet mixes both fluids (figure 2.(a)).

CONCLUSION

Our work shows the key role played by the waves in the erosion process at low Froude. The waves are amplified by
a mechanism involving a critical layer [5] and this amplification leads to the breaking of the waves, which is here the main
source of erosion. Waves being the primordial mechanism for mixing, we define a new scaling law for the entrainment rate as a
function of local Froude number, based on waves properties. This law is in good agreement with present and past experimental
measurements, hence solving a long standing problem [4]. This work is detailed in [1].
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Summary
1. Convection much weaker than 

stable stratification -> weak 
overshoot

2. Overshoot mixes like a diffusion — 
decreases rapidly with depth

3. May work via Miles instability??


