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Large-N operator algebras

Identity coefficient  and 2-pt functions encode interesting bulk info.Fij[Ψ]

[Leutheusser and Liu ’21

Chandrasekaran, Penington& Witten ’22, …]

         [δ𝒪(x), δ𝒪(y)] = Fij[Ψ] 𝕀 +
1
Nc ∑

k

Fk
ij[Ψ] δ𝒪k +

1
N2

c ∑
k,k′ 

Fkk′ 

ij [Ψ] δ𝒪kδ𝒪k′ 
+ …

Consider a large-N theory in a classical state :  .Ψ 𝒪 = ⟨𝒪⟩Ψ + δ𝒪

The effective OPE for small fluctuations is state-dependent:

∼ Nc
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Reveals bulk geometry very straightforwardly.

bulk scattering amplitudes 
near edge of causal wedge≃today:

double-trace coefficient 
F𝒪(z)𝒪(w)

𝒪(x)𝒪(y) [Ψ]
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Figure 1: Two models of holographic cameras. In both, an energetic projectile is fired from

a boundary point xµ with initial momentum p
µ
x. The plane represents the R

1,d�1 boundary

spacetime in which we can do measurements, and the thick blue paths are null geodesics in

the (arbitrary) bulk metric. (a) In the radar camera (??), one sends a pulse from a point z

and records at y its reflection o↵ the projectile. (b) In the active camera (0.1), one records

how the projectile interferes with the reverse time evolution of a second one reaching y with

momentum py. In a theory with local bulk dynamics, this signal will be sharply peaked

around vanishing bulk impact parameter bbulk.

The holographic “active camera” instead uses two pairs of nearly coincident points, ar-

ranged in an out-of-time-order fashion that combines a cannon and its time-reversed version.

It is defined mathematically by the following correlator:

camera: G(x, px, Lx; y, py, Ly) ⌘

Z

�x,�y

 px,Lx(�x) py ,Ly(�y)

⇥ h | O0(y+1
2�y) O(x+1

2�x) O
0(y�1

2�y) O(x�1
2�x) | i .

(0.1)

We imagine that y is in the future of x (y�x), as depicted in figure 1b. The out-of-time-

ordering of operators (“yxyx”) in (0.1) is unusual but crucial to this device. It means that

an excitation created near x by the rightmost O is first time-evolved to y, where a second

excitation is produced with O
0. However, the two excitations are then evolved backward to

the original time x
0! This yields a ket O0

O| i at x0 which is then compared with a second

ket (OO
0
| i)†, in which O

0 was applied first. In words, eq. (0.1) measures how creating O

interferes with one’s ability to evolve O
0 backward in time.

The smoking gun that O and O
0 produce point-like bulk objects is a sharp peak around

shooting angles where their trajectories intersect (bbulk ! 0 in figure 1b). Tracking this peak
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1. Motivation


2.  Four-point correlators in excited states

       -Eikonal approximation & conformal Regge theory


3.  Sample images:

       - planar black holes

       - non-holographic theories



« CFT with large N & large     Einstein+matter+small »Δhigher−spin
gap ⟶ Sbulk =

Now relatively understood for <TTTT> in AdS vacuum.


It would be nice to get full nonlinear theory (black holes, …)


First step: what’s bulk geometry in boundary language?

CT?

[Heemskerk,Penedones,Polchinski& Sully ’09]



« CFT with large N & large     Einstein+matter+small »Δhigher−spin
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Now relatively understood for <TTTT> in AdS vacuum.


It would be nice to get full nonlinear theory (black holes, …)


First step: what’s bulk geometry in boundary language?

CT?

[Heemskerk,Penedones,Polchinski& Sully ’09]

(of course, integrating bulk EOMs can ‘reconstruct’ bulk metric from . 
 but we would prefer to measure the metric, not calculate it.)

⟨Tμν(x)⟩Ψ

 situations where we’re not sure about bulk EFT?


 finite-coupling QFTs whose duals we don’t know?

→
→



Desirably, measure ‘bulk metric’:

- using simple observables 
 *that satisfy linear consistency conditions (positive OPE, crossing, etc.)


- from large signal ~1/N, not exponentially small


- with high spatial resolution (ie. to string length << RAdS)


- only when a metric exists (ie. not for 3d Ising)


- in state&theory-independent way, and fun.

proposal:  ⟨𝒪𝒪𝒪𝒪⟩Ψ



EFT constraints in vacuum AdS:

If , expect gradient expansion to hold for . 
To bound coefficients, scatter gravitons with energies  (<<Mpl).

g3 ∼ 1/M4 ∂ ≪ M
Δgap/L ∼ M

Schematic sum rules, valid for any  :p ≤ Δgap

Example results:

[Camanho,  Edelstein, Maldacena& Zhiboedov ’14] 
…[SCH,Mazac,Rastelli&Simmons-Duffin ’21] 

…[SCH,Li,Parra-Martinez&Simmons-Duffin ’22]2

Sbulk =
1

16πG ∫ (R + Λ + λGBRiem2 + g3Riem3 + g4Riem4 + …)

GN

p2 + d2

4

= ∑
J,Δ≥Δgap

c2
J,ΔPJ(1 − 2p2/Δ2), GNg2

3 = ∑
J,Δ>Δgap

similar
Δ6

g2
3 ≤

25 log Δgap

Δ8
gap

c − a
c

≤
∼23
Δ2

gap
in AdS4, in AdS5xX.



holographic cannon

Q:  « add an energetic  excitation and measure energy density. »𝒪
Start with  = arbitrary state of boundary QFT|Ψ⟩



holographic cannon

Q:  « add an energetic  excitation and measure energy density. »𝒪
Start with  = arbitrary state of boundary QFT|Ψ⟩

|Ψ⟩ ↦ ∫ ddx ψp,L(x) 𝒪(x) |Ψ⟩ ψp,L(x) ∼ eiωt−i ⃗p⋅ ⃗x− |x |2

2L2

plane wave with 
  Gaussian envelope

⟨T⟩𝒪|Ψ⟩ = ∫x′ ,x
ψ*p (x′ )ψp(x) ⟨Ψ |𝒪(x′ )Tμν(y)𝒪(x) |Ψ⟩

A:   excite:

…then take expectation value:

cf: [Hoffman& Maldacena ’08] 
[Arnold, Vaman ’11]
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(1.1)

The AdS/CFT or gauge-gravity correspondence shows that the dynamics of certain

strongly interacting quantum systems may be better understood in terms of a dual “bulk”

system, which enjoys one additional dimension of space and dynamical gravity [1]. Gravity is

not part of the original system but only emerges in the bulk. The new coordinate is loosely

correlated with the size of an excitation, but, remarkably, small relative changes in it can rep-

resent sharply distinct bulk points: the bulk dynamics is local down to scales much shorter

than its curvature radius. There has been much progress in understanding which quantum

systems admit local duals (building on the celebrated large-N large-gap criterion [2]) and on

how to reconstruct various aspects of the bulk. Yet, the emergence of a bulk and its associ-

ated entanglement structure from the boundary dynamics remain largely mysterious. Most

basically, if a system holographically encodes a bulk universe, why should it hide it?

The purpose of this note is to explore a decoding tool which comes with any holographic

system: its own Hamiltonian. A straightforward Fourier transform applied to four-point

correlators will produce easily-interpretable images of point particles moving in a non-trivial

bulk geometry. We dub the resulting devices holographic cameras.

Since the cameras are relatively straightforward to describe (theoretically), let us intro-

duce them immediately and give more context below. Half of the device is an “holographic

canon” which shoots a particle into the bulk. Starting from an arbitrary state | i, we perturb

it by acting with a local operator O integrated against a wavepacket

cannon: | i 7!

Z

x
 ⇤

p,L(x)O(x)| i with  p,L(x) ⇠ eipµxµ
�|�x|

2/(2L2
). (1.2)

The wavepacket will be assumed to create high-energy excitations with relatively well-defined

energy and momenta (p0L � 1); the position uncertainty L should be small compared with

intrinsic timescales and lengthscales of the state. If the field theory admits long-lived quasi-

particles with momentum near pµ, eq. (1.1) would be a familiar way to excite them by driving

them at resonance. Rather, we will consider momenta pµ that do not correspond to boundary

quasi-particles. If the system admits a dual description in terms of bulk quasi-particles,

eq. (1.1) will instead excite them.

Concretely, we will mostly study relativistic conformal field theories, where pµ is a timelike

vector. We will imagine that O(x) is a simple operator like the electromagnetic current Jµ(x)

or the stress tensor Tµ⌫(x) and treat it as a light scalar for simplicity.

To confirm that a projectile has indeed been fired, one could measure one-point functions

in the state (1.1). Removing an inessential integration, this boils down to three-point functions
Z

�x
 p,L(�x) h | O(x+1

2
�x) O

0(y) O(x�
1

2
�x) | i. (1.3)
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⟨Ψ | 𝒪(x + δx) Tμν(y) 𝒪(x) |Ψ⟩

notice operator ordering:

excitation can’t go directly from  to : 
first it must exit past lightcone of , then come back.

x x + δx
y



p timelike&large*  follows bulk null geodesic


p controls shooting direction precisely:

        one bulk null geodesic


 displays an expanding shell of energy.


⇒ 𝒪

𝒪𝒪 ≃

⟨T⟩𝒪|Ψ⟩

t
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*compared with |x-y| and bulk features
cf: [Hoffman& Maldacena ’08] 

[Arnold, Vaman ’11]
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*compared with |x-y| and bulk features
cf: [Hoffman& Maldacena ’08] 

[Arnold, Vaman ’11]

We’ll now improve the ‘camera’ part.



a. Radar camera:

⟨Ψ |𝒪(x + δx) 𝒪′ (y)𝒪′ (z) 𝒪(x) |Ψ⟩∫δx
ψp,L(δx)

• Send pulse from z, record reflection off P at y
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Figure 1: Two models of holographic cameras. In both, an energetic projectile is fired from

a boundary point xµ with initial momentum pµx. The plane represents the R1,d�1 boundary

spacetime in which we can do measurements, and the thick blue paths are null geodesics in

the (arbitrary) bulk metric. (a) In the radar camera (1.3), one sends a pulse from a point z

and records at y its reflection o↵ the projectile. (b) In the active camera (??), one records

how the projectile interferes with the reverse time evolution of a second one reaching y with

momentum py. In a theory with local bulk dynamics, this signal will be sharply peaked

around vanishing bulk impact parameter bbulk.
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⟨Ψ |𝒪(x + δx) 𝒪′ (y)𝒪′ (z) 𝒪(x) |Ψ⟩∫δx
ψp,L(δx)

[Maldacena,Simmons-Duffin&Zhiboedov’15]

• Send pulse from z, record reflection off P at y 

• Ideal regime: three null geodesics

• Signal = singularity as y  lightcone of P

• Similar to ‘bulk point’ but we don’t track ’s future

→
𝒪
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a. Radar camera:

*need  or heavy AdSD≥3 𝒪 [Engelhardt& Horowitz ’16]



b. Active camera:

⟨Ψ |𝒪′ (y + δy) 𝒪(x + δx) 𝒪′ (y) 𝒪(x) |Ψ⟩

∫δx
ψpx,Lx

(δx) ∫δy
ψpy,Ly

(δy)

• OTOC with high energy, early times

• Ideal regime: two null geodesics
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1,d�1 boundary
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The holographic “active camera” instead uses two pairs of nearly coincident points, ar-

ranged in an out-of-time-order fashion that combines a cannon and its time-reversed version.

It is defined mathematically by the following correlator:

camera: G(x, px, Lx; y, py, Ly) ⌘

Z

�x,�y

 px,Lx(�x) py ,Ly(�y)

⇥ h | O0(y+1
2�y) O(x+1

2�x) O
0(y�1

2�y) O(x�1
2�x) | i .

(0.1)

We imagine that y is in the future of x (y�x), as depicted in figure 2b. The out-of-time-

ordering of operators (“yxyx”) in (0.1) is unusual but crucial to this device. It means that

an excitation created near x by the rightmost O is first time-evolved to y, where a second

excitation is produced with O
0. However, the two excitations are then evolved backward to

the original time x
0! This yields a ket O0

O| i at x0 which is then compared with a second

ket (OO
0
| i)†, in which O

0 was applied first. In words, eq. (0.1) measures how creating O

interferes with one’s ability to evolve O
0 backward in time.

The smoking gun that O and O
0 produce point-like bulk objects is a sharp peak around

shooting angles where their trajectories intersect (bbulk ! 0 in figure 2b). Tracking this peak
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• Signal = singularity as bbulk  0

• Knobs:  = spacetime shooting points 

             = shooting directions+energies 
             = Gaussian widths

→
xμ, yμ

pμ
x , pμ

y
Lx, Ly (optics: )δθ ∼ 1/(pxLx)

b. Active camera:
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Folded OPE:

leading eikonal approximation: 
OTOC  graviton exchange between bulk null geodesics≃

[Cornalba, Costa& Penedones ’06] 
[Costa, Goncalves& Penedones ’12]

𝒪2(δx) 𝒪1(0) ∼ (free) + ∫Hd−1

# dd−1θ
(−θ ⋅ δx−)2Δ+1

Lθ[δguu] + …

bulk light-transformbulk shooting angle

✓x

✓y

x

x+�x

y+�yy

Figure 3: Graviton exchange contribution to the out-of-time-order correlator in the eikonal

limit �x, �y ! 0.

The retarded propagator depends only on the bulk geometry dual to the state  and is

insensitive to the presence of bulk gravitons (which could come, for example, from Hawking

radiation if there is a black hole in the bulk). It is useful to define a shorthand for its integral

against null geodesics:

⇧ (x, px; y, py) ⌘ �2ihLx,p[huu]L0

y,p0 [hvv]iC = 2

Z u0

�1

du

Z
1

v0

dvhhuu(X)hvv(Y )i ,ret . (2.41)

The normalization choice will become clear below. The OPE (2.29) thus gives us a formula

for the OTOC at tree-level in a general geometry

h | O
0(y+1

2
�y) O(x+1

2
�x) O

0(y�
1

2
�y) O(x�

1

2
�x) | i

⇡
1

(�x�)2�(�y�)2�0
� 4⇡iG

Z
dd�1✓ C̃�

(�✓·�x�)2�+1

Z
dd�1✓0 C̃�0

(�✓0·�y�)2�0+1
⇧ (x, ✓x; y, ✓y).

(2.42)

Equivalently, its Fourier transform (1.4) using the wavepacket normalized precisely in (2.35)

gives, in the geometrical optics regime,

G (x, px; y, py) � 1 = �4⇡iG(d+1)

N ⇧ (x, px; y, py) + . . . (|pi|Li ⌧ 1), (2.43)

as quoted in (2.1). Optical limitations at finite |p|L can be accounted for by a convolution as

discussed below (2.36).

Eq. (2.42) and (2.43) are the main results of this section. For conformal field theories in

the vacuum state, (2.42) is essentially equivalent to eq. (1.5) of [17] and (2.43) to the impact

parameter representation of [35] (see also [36, 37]). The propagator ⇧ entering (2.42) was

– 19 –

beyond (strings etc): exchange CFT Regge trajectories
*exploit Lorentz sym. of tangent space, not conformal sym.
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(c) OTOC

Figure 4: Geometric interpretation of the equivalence between three CFT correlators in the

vacuum. The diamond is a Poincaré patch. For ease of drawing, we display the Lorentzian

cylinder in 1+1 spacetime dimension, with vertical dashed lines identified. (More generally,

the left- and right- halves of each pictures should be identified, with an Sd�2 sitting atop each

point.) (a) In the Regge limit, highly boosted operators approach null infinity and create

the thick blue shockwaves. (b) A shockwave at null infinity is an asymptotic measurement

or “detector”. The picture is obtained from the first by translating northwest by a bit more

than half a Poincaré patch, then folding. (c) The out-of-time correlator is obtained by further

translating the detector southwest by half a Poincaré patch, and folding again. Layers follow

the Schwinger-Keldysh folds in (??) from bottom to top.

The dynamics of these limits are clearly similar: in all cases, the Landau singularities

populate a complete null cone. In the folded OPE of section 2, the two tips of the cone are at

the same “point” but on di↵erent Schwinger-Keldysh timefolds. In the Regge limit, rather,

the two tips are at the “same” point at past and future null infinity, respectively. The limit

creates a shockwave on the x� = 0 null sheet, with excitations moving at di↵erent transverse

positions x? 2 Rd�2; this null sheet is nothing but (a stereographic projection) of the null

cone from infinity.

The correlators dubbed “detectors” in [? ] combine these limits: operators created at

the origin cross a shockwave at I+, and are then absorbed back near the origin on the second

Schwinger-Keldysh branch. The shock represents physically di↵erent ways to weight final

states at infinity (for example, energy flux measurement), while the two branches respectively

compute the amplitude and its complex conjugate entering a cross-section. In all cases, where

lines intersect is where particles can collide.

The relation between the Regge limit and detectors are relatively well explored, since

perhaps the work of [? ] on conformal collider physics. In perturbative QCD, it is sometimes

called timelike-spacelike correspondence, see for example [? ? ? ? ]. The relation between

OTOCs and the Regge limit was noted in the context of the bound on chaos [? ? ]. It will

be further explored in this section.

– 23 –

[leaving Poincaré patches: Kravchuk& Simmons-Duffin ’18]

In CFT vacuum state, OTOC is equivalent to Regge limit and to detectors.

in general, these limits are still structurally similar, but distinct in details.
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Figure 1: Two models of holographic cameras. In both, an energetic projectile is fired from

a boundary point xµ with initial momentum pµx. The plane represents the R1,d�1 boundary

spacetime in which we can do measurements, and the thick blue paths are null geodesics in

the (arbitrary) bulk metric. (a) In the radar camera (1.3), one sends a pulse from a point z

and records at y its reflection o↵ the projectile. (b) In the active camera (??), one records

how the projectile interferes with the reverse time evolution of a second one reaching y with

momentum py. In a theory with local bulk dynamics, this signal will be sharply peaked

around vanishing bulk impact parameter bbulk.
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the (arbitrary) bulk metric. (a) In the radar camera (1.3), one sends a pulse from a point z

and records at y its reflection o↵ the projectile. (b) In the active camera (??), one records

how the projectile interferes with the reverse time evolution of a second one reaching y with

momentum py. In a theory with local bulk dynamics, this signal will be sharply peaked

around vanishing bulk impact parameter bbulk.
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Q: fix shooting angle, vary p. 
how does peak move with ?Δt



Thermal state in CFT2

with d = 3. This is shown in figure. . . The focusing power is terrible. . .

4 Fun with geometrical optics

. . . Let us review the limitations:

We stress that (??) is just a simple perturbative approximation to a correlator which is

nonperturbatively defined. The approximation is subject to the following limitations:

1. Eq. (??): if pL is not small, the shooting angle will not be precise (�✓ ⇠ 1/(pL))

2. Eq. (??): If the wavelength 1/p is not small compared with typical bulk structures,

waves of di↵erent frequencies will disperse

3. If the energies are too high and the bulk center-of-mass energies approach the Planck

scale, scrambling occurs and we can no longer ignore higher-order terms in (??)

4. If the momentum transfer gets large compared with the bulk high scale, (??) [stringy

excitations]

The first two are standard limits of geometrical optics that would apply to any camera-like

device, and are generally alleviated by using shorter wavelengths. The last two are dynamical

limits on the usefulness of short wavelengths, which fundamentally limit the resolving power

of the AdS camera.

4.1 Thermal state in CFT2 and BTZ black hole geometry

Consider a (spatially infinite) thermal state in a two-dimensional CFT. The Euclidean CFT is

defined on a spacetime with the topology of a cylinder S1
⇥R where the circle has circumfer-

ence 1/T . In two dimensions, this geometry can be conformally mapped to the plane, which

allows to write thermal correlators in terms of vacuum ones [35]. The same apply to a general

boosted state, which is conventionally described with left- and right-moving temperatures

If the rest temperature is T =
p

TLTR, the conformal transformation is

zi = exp
�
2⇡TR(x1

i � x0

i )
�
, zi = exp

�
2⇡TL(x1

i + x0

i )
�

, (4.1)

where T =
p

TLTR is the temperature in the rest frame. We are interested in the OTOC

configuration similar to (3.3):

xµ

1,2
= ⌥

1

2
|�x|(cosh 'x, sinh 'x), xµ

3,4
= (�t, y) ⌥

1

2
|�y|(cosh 'y, sinh 'y), (4.2)

where the cross ratios go to, as �x, �y ! 0:

p
zz !

⇡2TRTL �x�y

sinh(⇡TR(�t � y) sinh(⇡TL(�t + y))
,

r
z

z
! e�'x�'y

TR sinh(⇡TL(�t + y))

TL sinh(⇡TR(�t � y))
.

(4.3)
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defined on a spacetime with the topology of a cylinder S1
⇥R where the circle has circumfer-

ence 1/T . In two dimensions, this geometry can be conformally mapped to the plane, which

allows to write thermal correlators in terms of vacuum ones [35]. The same apply to a general

boosted state, which is conventionally described with left- and right-moving temperatures

If the rest temperature is T =
p
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�
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�
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�
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�
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where T =
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⇡2TRTL �x�y
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,
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Metric ansatz: ds2 =
R2

AdS

r2 (−A(r)2dt2 +
dr2

B(r)
+ dx2)

r(Δt) ∝
I(Δt)

Ξ(Δt)3−d

dΞ(Δt)
dΔt

A(Δt)/r(Δt) = Ξ(Δt)/I(Δt)

A(r)B(r) = 2
dr

dΔt

Bulk metric from 4pt function

geometrical 
optics

⇒
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plot of BTZ black hole metric! 
A(r) = B(r) = 1 − (2πTr)2
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For thermal states in CFTd, OTOC data (intensity& parallax ) 
very literally measure the bulk metric.

I(Δt), Ξ(Δt)

Einstein’s equations OTOC data satisfies  :∀r ⇔ ∀t

what do these mean, from the CFT perspective?

I(Δt)Ξ(Δt)d−4 dΞ(Δt)
dt

= Constant

Ξ(Δt)−d (2
dΞ(Δt)

dΔt
− 1) = Constant



To probe small scales, we need large bulk momentum.

Resolution is limited by  (~ ).Δhigher−spin

gap α′ 

−1 1 2 3 4 5

0.5

1

1.5

2

2.5

3

�

� ⌧ 1

� � 1

j

Figure 2: Schematic form of the � � j relation for � ⌧ 1 and � � 1. The dashed lines

show the � = 0 DGLAP branch (slope 1), BFKL branch (slope 0), and inverted DGLAP

branch (slope �1). Note that the curves pass through the points (4,2) and (0,2) where the

anomalous dimension must vanish. This curve is often plotted in terms of � � j instead

of �, but this obscures the inversion symmetry � ! 4 � �.

The DGLAP dimensions and BFKL exponent are still determined by the same

vertex operator, so the relation discussed in the previous section should hold for all

�, consistent with the weak coupling result. That is, j0 is determined by �(j0) = 2.
In the large-� limit we have studied the �-j relation only near j = 2, where it takes

the form (3.40).

In the weakly coupled limit the (�, j) locus has a complicated structure [45]. In

the normal operator analysis one has � = 2 + j + O(g2), i.e. twist two in the free

limit. BFKL identify another branch to the solution, where j = 1 + O(g2). The

inversion symmetry � ! 4 � � implies a third branch � = 2 � j + O(g2). It follows

that at zero coupling the Pomeron physical state condition must be

(� � 2 � j)(� � 2 + j)(j � 1) = 0 (3.49)

in order to capture all three branches of the solution. At one loop we would expect

a correction

(� � 2 � j)(� � 2 + j)(j � 1) = a(�, j)g2 . (3.50)

Let us analyze the solution near the point (�, j) = (3, 1) where the BFKL and
DGLAP lines meet. We assume that a(�, j) is nonsingular there and approximate it

by a constant a ⌘ a(3, 1); we can also approximate � � 2 + j = 2. The intersection

of the BFKL and DGLAP lines is then resolved into a smooth hyperbola, one branch

of which is shown in Fig. 2.

If we approach this point along the BFKL branch, the physical state condi-
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Figure 7: Qualitative features of the leading Regge trajectory in planar gauge theory in d = 4

(from [? ]). All trajectories pass through the point (�, J) = (4, 2) and are symmetrical under

the shadow reflection � 7! d��. At weak coupling, the trajectory is approximatively flat in

the center but bends rapidly near the intersection with the twist 2 trajectories ��J ⇡ 2. At

strong coupling, the curvature is small and inversely proportional to the scaling dimension

�higher�spin
gap of the first single-trace spin-4 operator, through which the curve must pass. The

horizontal axis is related to the transverse momentum ⌫ of bulk excitations as � = d
2

+ i⌫.

we will attempt here a reasonable approximation using the "-expansion of the Wilson-Fisher

theory.

There are in fact two nearby trajectories. In the free theory these are the leading-twist

trajectory and its shadow, which intersect at ⌫ = 0. At small but finite coupling they mix,

and the intersection is resolved, as detailed recently [? ]:

JW�F

± (⌫) ⇡
"
2

±

q
⌫2

0
� ⌫2 + O("2), ⌫0 =

p
2

3
" . (3.30)

Here " = 4 � d and we take ⌫ ⇠ ". Of course, one can cannot really trust this formula when

" = 1. For modelling purposes, we will simply set " ! 0.8 in (??), which we find to be

reasonably close to the numerical curve in figure ??.

Ref. [? ] gave operator representations which in principle enable to calculate the residue

↵(⌫). We take a shortcut. From the Lorentzian inversion formula, ↵ is the residue of a

coe�cient function c(�, J) with poles at (??). Using known OPE coe�cients along the leading

trajectory away from the intercept, we can deduce the fist few orders in the "-expansion near

the intercept, as detailed in (??). The Regge limit of correlators may then be obtained by

plugging into (??). Further simplifications arise because the trajectories have a large slope

away from the intercept. The steepest descent method then reduces the total contribution to
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∼ iν AdS momentum

Δhigher spin
gap

∼ α′ ∼ 1/Δhigher spin
gap

curvature

[Brower,Polchinski,Strasser& Tan ’06]
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Figure 4: Out-of-time-ordered correlator (1.3) as a function of relative shooting angles in

planar N = 4 sYM theory, for di↵erent optical parameters |p|L and coupling constants g. The

ratios (px, py)/p0 are mapped to the unit circle. The sharp peak on the lower right requires

good optics and strong coupling. Above the diagonal, angular resolution is limited by optics;

below the diagonal, by dynamics. Values were chosen so that these limitations are roughly

commensurate along the diagonal.

of local bulk dynamics. The two most important parameters are the optical quality |px|Lx =

|py|Ly = |p|L ⇠ 1/
p

e↵ and coupling g2
⌘

�

16⇡2 .

[rename �e↵ above, to �optics.]

Evidently, if �e↵ is large, the camera’s optics is poor and a point particle in the bulk

will appear as blurred, even if it exists. This is the familiar uncertainty relation: if a wave is

observed in a small region, then its momentum (angle of arrival) cannot be known precisely.

This e↵ect can be mitigated by increasing the energies px, py or by making the wavepackets

wider (within the constraint that Lx, Ly ⌧ |x � y|). The next obstruction comes from the

theory’s own dynamics. At strong coupling, the main e↵ect is the transverse broadening baked

into the Veneziano-Shapiro amplitude: �b2
⇠ ↵0 log s. A crude approximation is that the

observed signal is a Gaussian with width obtained by adding these two e↵ects in quadrature:

�2

e↵
⇡

1

|px|2L2
x

+
1

|py|2L2
y

+
log |px||py ||x�y|

2

4⇡g

4⇡g
. (3.23)

This means that even if we use energies above the string scale, the camera can never probe

impact parameters shorter than the string scale. (The last term is only correct for energies

above the string scale, where the logarithm is positive. For energies below the string scale,

the first two terms dominate anyway, since we must have Lx, Ly ⌧ |x � y|.)
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Finer 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Summary
• Four-point correlators  local bulk metric.


• Works in arbitrary states; images only sharp in holographic states & theories.

↔

Many open questions…
• Other bulk fields?


• More interesting/extreme geometries: when/how does it break?


• Bootstrap: 
 - derive finite-T metric from consistency of  ? 
 - what to do at largeish  ?


• Flat space version: image asymptotically flat geometries?


• Add ‘modular’ lenses to image behind causal horizons?

⟨TTTT⟩β
N, λ



Geometry of radar camera

Out[]=

Figure 10: Geometry of the holographic radar: a pulse sent from a point z reflects o↵ an

object (following the thick blue geodesic) at a point P and is later recorded at y. This is

shown here in the geometry surrounding a BTZ black hole (the inner cylinder), while all

measurements are done within the finite-temperature system at the outer boundary of the

cylinder. The yellow surface displays null geodesics from P that reach the boundary. Any

points z and y at the intersection of this surface and the boundary would probe the same

bulk point P .

It is very surprising to find the bulk dynamics expressed by a di↵erential equation on

boundary observables. This could happen because the parallax ⌅(�t) is a quantitatively

accurate radial coordinate, not simply a qualitative measure of size or renormalization scale.15

It is an important open question to interpret eqs. (??) from the boundary perspective.

In figure ?? we describe the working of the radar camera in the BTZ black hole geometry,

with TL = TR = 1.1/(2⇡) and x-period 2⇡, ie. just above the Hawking-Page temperature.

After Fourier transforming with respect to �x (which singles out a projectile geodesic (x, px)),

the correlator displays a singularity at the conformally transformed version of (??).

The bulk picture is that the forward lightcone from the pulse z intersects the geodesic

(x, px) at a bulk point P . Holding this data fixed, the reflected pulse can be observed at any

point y along the future lightcone of P . Conversely, fixing (x, px) and y, we would observe a

singularity at any z on the past lightcone of P . The microscopic process is graviton exchange

in the bulk as discussed below (??). (The point z shouldn’t be too close to x, to avoid signal

loss by Doppler redshift.) Note that the projectile does not need to be recovered after the

experiment, its position is not observed beyond the point P .

The same construction works in any spacetime dimension and only requires four-point

correlators. Any bulk point P whose past and future lightcone reach the boundary in some

15Entanglement surfaces and Euclidean geodesics can also accurately resolve bulk coordinates, see for ex-

ample [? ? ].
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a bulk point P can be probed using:

-Any point y on its future lightcone

-Any points x,z on its past lightcone


use parallax from x,y or z to get depth.


Particle sent from x isn’t recovered:

 easy to access near-horizon region.

lightcone cuts: [Engelhardt& Horowitz ’16]



Figure 13: The interpolation of data points and their fit for two sets of points considered

in fig. 12 is given. The analytic continuation is obtained once the fit is found. The ✏ and its

shadow are represented by the two red dots. We see the prediction for �✏ by looking at the

intersection of the curves and the � axis.

shadow. As an example the fit of data obtained from ✏ + T at z = 10�4 gives the following

estimates :

�✏ = 1.11752 �✏̃ = 1.868 (3.16)

These values are not close to ✏ operator. However the analysis predict their existence as was

seen before in perturbation theory. Note that a slight shift in the vertical axis of this curve

can land us on a curve which includes ✏. However it should be obvious that using this method

to determine quantitative properties of ✏ would be numerically unstable.

4 Leading Z2-odd twist family

In this section we study the low spin operators in [�✏]0 family by analysing the correlator

h�✏✏�i, which in our notation corresponds to �1 = �� and �2 = �✏. According to our previ-

ous discussion this correlator leads to data about the [�✏]0 family. The operators exchanged

in the t-channel, where we fuse � with � and ✏ with ✏ are ✏ and the families [��]0, [��]1, [✏✏]0.

The u-channel involves the same fusion as the s-channel, � with ✏ so � and the [�✏]0 family

are exchanged. We will use data provided in [5] for the dimensions and OPE coe�cients.

There are many interesting physical facts about 3D Ising model that one can understand

by studying this family of operators. For instance, the absence of a global conserved current

with spin 1. According to the unitarity bound in eq. 3.1, this spin one operator, if existed,

must have scaling dimension 2 and thus, must belong to [�✏]0 family. Our goal is to verify

this fact analytically by extending the inversion formula to conformal dimension of order ⇠ 3

and observe its prediction.

Another compelling question is whether this family of operators contains a spin 0 operator

and if it does what is that operator. We try to answer this question by extending Ceven(z, �)
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(a)

Out[�]=

(b)

Figure 8: (a) Estimate of the leading Regge trajectory in the critical 3D Ising Model (from

[? ]), showing its two branches, the orange (outermost) curve being the preferred one. (b)

Angular dependence of the camera signal, similar to figure ??. The optical parameter (|p|L =

8 was used) has little influence on the plot.

4 More images: CFT2 thermal state and BTZ black hole

Before highlighting the qualities of the camera in a nontrivial state, let us summarize some

of its limitations we have seen so far:

1. If pL is not small, the shooting angle will not be precise (�✓ ⇠ 1/(pL))

2. If the wavelength 1/p is not small compared with typical bulk structures, waves of

di↵erent frequencies will disperse

3. If bulk center-of-mass energies overcome the Planck scale ⇠ 1/CT , we can no longer

ignore higher-order terms in (??) and scrambling may occur

4. Momentum transfers larger compared with the higher-spin scale �higher�spin
gap will be

damped by (??).

The first two are standard limits of geometrical optics: these would apply to any camera-

like device. They are generally alleviated by using shorter wavelengths. The last two are

dynamical limits which prevent access to short wavelengths, thus fundamentally limiting the

focusing power of holographic cameras.

Consider a (spatially infinite) thermal state in a two-dimensional CFT. The Euclidean

CFT is defined on a spacetime with the topology of a cylinder S1
⇥ R where the circle

has circumference 1/T . We work above the temperature of the Hawking-Page transition so

that 1/T is smaller than the circumference of a (possible compact) spacial circle. In two

dimensions, this geometry can be conformally mapped to the plane, which allows to write
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critical Wilson-Fisher theory / 3D Ising

leading Regge trajectory too steep to access to high momenta. 
No hint of local bulk physics.
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Figure 8: Chew-Frautschi plot of the leading Regge trajectory in Wilson-Fisher theory near
the intercept at O(✏4). This is same as figure 5, but zoomed in to show the location of the
�2 operator (more accurately, L[�2]).

is little more than a formal manipulation with known formulas. In particular, it does not give

insights into the question posed in section 2.4 on what is the explicit form of the Pomeron

operator in Wilson-Fisher theory or explain how mixing between di↵erent trajectories is

possible. We will answer both questions in section 4 by directly renormalizing the light-ray

operators for every point of the complex surface shown in figure 6. As a consistency check,

we will reproduce the leading correction term for the Regge intercept given in (2.29).

2.6 Horizontal trajectories

We have so far discussed Regge trajectories of local operators and their shadows. Is this a

complete picture of the Chew-Frautschi plot? It turns out it is not: we are missing more

trajectories. While the Pomeron dominates in the Regge limit, these extra trajectories can

give important subleading contributions.14

An important clue comes from gauge theories like N = 4 SYM, which possess the well-

known BFKL trajectory with J = 1 (in the free theory) but arbitrary � — i.e. a horizontal

line on the Chew-Frautschi plot. It is unlikely that horizontal trajectories exist at J > 0 in

the Wilson-Fisher theory, since the anomalous dimension �(J) does not have poles for J > 0

at any known order in perturbation theory. Furthermore, the construction of the BFKL

trajectory uses gauge fields in an essential way.

However, it turns out that we can construct many horizontal trajectories in the Wilson-

Fisher theory with J  �1. The first key idea is to consider products of light-transformed

14In fact, in other symmetry sectors they can be the leading contributions – see the discussion in section 6.
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Today we’ll treat bulk fields as interacting primarily via gravity.

This is certainly true for gravitons, but not necessarily for other fields.
[Apolo, Belin, Castro& Keller ’22]



‘Linear inverses' need exponential accuracy to detect local features:

KHKLL(x, r |y) ∝ ∫ dν Kν(x, r |y)

AdS momentum ∼ e+πν

[HKLL ’06: AdS-Rindler kernel]Figure 3. This is one of many null geodesics which passes through AdS-Rindler space without

reaching the AdS-Rindler boundary. The four highlighted points on the trajectory are (bottom

to top) its starting point on the near side of the global boundary, its intersection with the

past Rindler horizon, its intersection with the future Rindler horizon, and its endpoint on the

far side of the global boundary.

quite a bit more general than we have described here, applying to general second-order

hyperbolic partial di↵erential equations, and generalizing to nonlinear problems.)

We propose to extrapolate this condition to AdS and its asymptotic boundary, and

subregions thereof. The statement is that continuous reconstruction of a bulk subregion

is only possible if every null geodesic in that subregion reaches the asymptotic boundary

of that subregion. Applying this to a small diamond on the boundary, we conclude

that there is no bulk region for which boundary data on the small diamond can be

continuously mapped to a bulk field. As shown in Fig. 3, it is possible to find a null

geodesic through any bulk point that does not intersect a small diamond on the AdS

boundary.

A rigorous generalization of the null geodesic criterion to the case of AdS is desir-

able. In global AdS, at least for the special case of the conformally coupled scalar field,

the theorems of Ref. [19] are already strong enough in their current form to ensure

continuity. That is because the problem is equivalent to a particular wave equation in

a (spatially) compact region with boundary, i.e., the Penrose diagram. And indeed,

there we found that the reconstruction was continuous in the way predicted by the

theorems.

– 18 –

[Bousso, Freivogel, Leichenauer, 
Rosenhaus, Zukowski ’12]

physical reason: one-particle states can have 
exponential small wavefunction near boundary.



Conformal Regge theory

1

4

3

2

x

y

Figure 3: The Regge limit and OTOC limits are qualitatively di↵erent around excited

states. (a) In vacuum AdS (the interior of the cylinder), null geodesics fired from x1 stay

on the shaded null sheet and converge onto a single point x2. But if the bulk contains a

macroscopic amount of matter, the pulse’s arrival near x2 can be delayed (if it arrives at all),

washing out the singularity at (x2 � x1)2 ! 0. (b) For the OTOC, even if the background

geometry is far from the vacuum, all null geodesics from x automatically return to x as long

as the perturbation from y is not too large.

limits: operators created at the origin cross a shockwave at I+, and are then absorbed back

at the origin on a second timefold. The shock represents physically di↵erent possible ways to

weight final states, while the two folds compute the amplitude and its complex conjugate in

a cross-section calculation.

The connections between the Regge limit and detectors are relatively well explored, since

perhaps the work of [2] on conformal collider physics. In perturbative QCD, it is sometimes

called timelike-spacelike correspondence, see for example [25? ? ]. The connection between

OTOCs and the Regge limit was noted in the “chaos limit” in appendix A of [5]. It will be

further explored in this section.

[add words on radar]

3.2 Conformal Regge Theory

Conformal Regge Theory describes the Regge limit of correlators in terms of exchanges of

Regge trajectories Ji(⌫). Assuming for notational simplicity that a single trajectory domi-

nates, its contribution takes the form [23]

G(z, z) � 1 ⇡ 2⇡i

Z
1

0

d⌫

2⇡
⇢(⌫)↵(⌫) (zz)

1�J(⌫)
2 P 2�d

2 +i⌫

✓
z + z

2
p

zz

◆
(z, z ! 0). (3.6)

The measure ⇢(⌫) and harmonic functions P are generic kinematical objects defined in ap-

pendix A.1. A specific formula for graviton exchange in AdS is obtained by inserting the
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J=2 for 
graviton

Crucial fact: . (Known in examples.) 
Integral commutes with Fourier transform.

α ≲ e−π|ν|

 ~ bbulk
δx ⋅ I ⋅ δy
|δx | |δy |

symmetries. Inserting (A.16)-(A.17) (twice) into (3.9) and reverting the n integral (A.11),

one thus obtains a concise formula for the contribution of a Regge trajectory to (1.3):

G(0, p, L; e, p0, L0)
��
CRT

⇡ 1 � i

Z
1

0

d⌫

2⇡
⇢(⌫)↵̃(⌫)

�
|p||p0|

�
J(⌫)�1

P d�2
2 +i⌫

(p̂·Ie·p̂
0)e�

⌫2

2 �
2
e↵ (3.10)

where

↵̃(⌫) = �↵(⌫)
2⇡

4J(⌫)�1

�(�)�(� �
d�2

2
)

�2�+J(⌫)�1(⌫)

�(�0)�(�0
�

d�2

2
)

�2�0+J(⌫)�1(⌫)
, (3.11)

�o
2 =

1

L2|p|2
+

1

L02|p0|2
. (3.12)

This is essentially the “impact parameter representation” of [? ? ], with an extra Gaussian

factor accounting for the angular resolution discussed in (2.37). The normalization of ↵̃ was

chosen to simplify its relation to a flat space scattering amplitude (see (3.17) below).

The main feature of (3.11) is that most factors in the gravity expression (3.7) neatly

cancel, in particular all the double-trace poles, leaving only the graviton exchange:

↵̃GR(⌫) =
4⇡G(d+1)

N
R1�d

AdS

⌫2 + d
2

4

. (3.13)

For gravity, the ⌫-integral in (3.10) can then be done analytically as it is merely a fancy way

of writing a propagator on the transverse hyperboloid Hd�1. Specifically, as L ! 1 one finds

simply the function ⇧d�1(p̂·Ie·p̂0) in (A.15), in precise agreement with section 2.6.

3.3 Connection with bulk S-matrix

To plot the singular behavior of correlators as realistically as possible, below we will account

for stringy corrections to pure gravity. This can be readily done by relating the OTOC to a

local scattering process in the bulk.

Intuitively, such a relation exists in a holographic theory in the approximation where

one neglects the interactions between the bulk particles created by O
0(x4)O(x1)|⌦i, up to

near the point marked as a “star” in figure 2. Then we have two “asymptotic” excitations

hitting each other in a locally flat region. This approximation is certainly valid at large-N .

More generally, it captures the local bulk interactions which we expect to be responsible for

small-angle singularities.

The bulk two-particle state is characterized by center-of-mass energy and impact param-

eter given in (2.49), namely:

sbulk =
|p||p0|

R2

AdS

,
bbulk

RAdS

= cosh�1

✓
p·Ie·p0

|p||p0|

◆
= small . (3.14)

After the collision, its products freely evolve back to the boundary of AdS. Notice from figure

?? that the scattering occurs backward in time since it is on the second timefold. Its amplitude

is thus given by the complex conjugate of the 2 ! 2 flat space S-matrix: S†
⇡ 1 � iM†.
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α̃ =
4πG(d+1)

N

ν2 + d2

4 optical limit on 
angular resolution

σeff ∼
1

|p |L

~flat space amplitude.
easy to add stringy effects.


