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Conventional and Unconventional Quantum Critical points

Outline:

1, Conventional QCP within GL formalism
Basics of scaling, dynamical scaling, QCP with Fermi liquid,

QCP with superfluid, scaling and hyperscaling, classical phase
transition dipole interaction.

2, Unconventional QCP,

confine-deconfine transition, Z2, U(1), deconfined criticality
and beyond, QCP between spin liquid and metal



Conventional

and Unconventional Quantum Critical points

Quantum Phase Transitions:

http://en.wikipedia.org/wiki/Quantum_critical point
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basics about scaling and RG
L= (0:¢)* + (3:ip)* + 1¢" + g¢'
Usually scaling laws are characterized by the following equations:

(HO6D) ~ gz €~

6] = (d+ 2 — 2+ 7)/2 (69 = d+ 2 — 1/v

For a large class of critical points, all the scaling exponents ONLY
depend on two numbers, # and v, these systems satisfy “hyperscaling”.
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L= (0,0)*+ (0;¢0)* + r¢* + g¢"

If there are two relevant perturbations, say T and r, then these two
relevant perturbations compete when &7 ~ &
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Scaling and hyperscaling:

For a large class of critical point, all the scaling functions ONLY
depend on two numbers, # and v, these systems satisfy “hyperscaling”.

0] =(d+ 2 —2+n)/2 r]=1/v
5 do —(2—1
((’,D} -~ Tﬂ{d-f-h—?ﬂ-fj}f? Y = {E} ~ T (2—n)

Equations with equal scaling dimensions on both sides.

We can always do this when d+z < 4, however, when d+z > 4, we
lose this kind of beauty.
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L= (0:0)"+ (0,0)* + r¢" + go'

We want to consider the scaling between T, and r.

Without hyperscaling,

) L A
iIrrelevant parameter g 5
should enter scaling: m 0y ;
g \h /
£ b \quelirjtum,,-'
ddzo2 w ‘critical /
Teff =T+ gT z \ /

T, ~ e

D -
control parameter
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Quantum Wilson-Fisher fixed point

Now let us take d=2, z=1. g iIs relevant, and the system is no
longer described by the Gaussian theory. Instead, it is described
by a Wilson-Fisher fixed point.

L= (36" +(0:6") +1(6") +g| Y _ (")

N I n

1 FDexp [13] 0.6303(8) 0.0335(25)
€ exp [13] 0.6305(25) 0.0365(50)
HT exp [14] 0.63012(16) 0.03639(15)
MC [15] 0.6297(5) 0.0362(8)

N=occ,v=11n=0 2 FD exp |13] 0.6703(15)  0.0354(25)
eexp [13]  0.6680(35)  0.0380(50)
HT exp [16] 0.67155(27) 0.0380(4)

MC [16] 0.6716(5)  0.0380(5)
Calabrese et.al. 3 FDexp [13] 0.7073(35)  0.0355(25)
Condmat/0306273 eexp [[3]  0.7045(55)  0.0375(45)

HT exp [I7] 0.7112(5)  0.0375(5)
MC [17] 0.7113(11)  0.0378(6)
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Realize O(3) Wilson-Fisher fixed point:

S R
=
A\, > A

H = Z )&I‘i . ..(_:}1:{4_.]-; -+ Z ’rq.l ) Q*j

icodd L

Staggered VBS, not O(3) Wilson-Fisher fixed point.
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Dynamical scaling exponent

Quantum critical points are described by quantum field theories. In
condensed matter, no guarantee to have relativistic field theories.

L= (0,0)*+ (0;¢0)* + r¢* + g¢'

Quantum Ising transition, z=1. ¢d,¢ Vvanishes, but....

Transverse field quantum Ising model.

Hg 4= E : I{gizf}'; +hof, He g = E Koio?,
€1, 2> <, >
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4 glft oo

L= a(y*0) + |04 + |y

z = 2, Bose Hubbard model away from the tip of the MI lobe:

Fisher et al, PRB (1989)

SF

f=3 H=—t Z (.5;.53- + b;bi) + %Z (s — 1) —pd m
(1,3} i i

2.0

n=2

1.0 Emergent PH symmetry at low

—M:fl},/ fi=1 energy at tip. No o term, but
,..% maybe w3 term.
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L=1v¢"00+ |0+ gly|*

!

L=§x 0,6+ 0P +7I3F + gld"

Describes Larmor precession of XY spin in magnetic field.

Example, quantum critical point in BaCuSi,Og

Nature, 441, 617
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L=¢x8:6+|00P +7|8P + g8/

Quantum
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Hertz-Millis theory of QCP in fermi liquid

Example: FM transition in fermi liquid
L =10:9" + |V,uo +rIg]" + glo[* + ¢ - vy
FM order parameter can decay into particle-hole pairs

S
1 Couples most strongly to the

B intersection, &, L § where
0] @"T ~—the particle-hole excitation is

softest.
Sa
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Hertz-Millis theory of QCP in fermi liquid

Example: FM transition in fermi liquid
L =10:9" + |V,uo +rIg]" + glo[* + ¢ - vy

FM order parameter can decay into particle-hole pairs, i.e. the
Imaginary part of the self-energy.

(0
d2 k
Im[¥4(w,q)] ~ fw[f(f»%q)—f(fk)] (5 ______ O ______
x O(w| — €ppq+ €x) (G0 Rs o b + @)
|w] (i

[

vrq
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|w|

9 -+ 9 >
L= [? +q + 1) dy|” + go 9]

—1

Conclusion: FM transition in ordinary fermi liquid has z = 3.
Perturbations of g does not lead to divergence, i.e. it is a mean field

transition.

Yy~ w3sgnfw] > w
- : - —

The self-energy dominates the fermi liquid behavior, at the quantum
critical point there is no well-defined QP.

Same analysis for all other orders at zero momentum.
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GRE=

AF transition, z =2. as long as the wave-vector connects two separate
points of the fermi surface. L = (|lw|+ ¢* + 7)|doof> z=2

Sy ~ |w|'?sgn(w] %
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Scaling and Harris criterion

Couple the Lagrangian to random potential V(r).
L=Ly+hV(r)e(r), (VV(E) ~ o' —1')
h|=d+ 2z —(3d/2+ 2z —1/v) = 1/v — d/2

This analysis implies that, when v > 2/d, the random potential is
irrelevant, when v < 2/d, the random potential is relevant. This is
called the Harris criterion.

2d quantum critical point is always instable against disorder.
3d classical critical point, depends on v.
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Phase transition with fermi surface

L= Ly + ho*lp

We integrate out the fermions, obtain the following term:

L~ Lo+ J(¢%) k. |w|(¢}2)k,w

ad
k

w

IS a singular momentum/frequency dependence, so it does not
renormalize. All the renormalizations come from ¢°

J=d+z-2(d+2—-1/v)=2/v —d— =z

Ford=2,z=1,forN>2, Jisirrelevant.
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SF-MI transition inside a fermi liquid:

L= a(¥*0:0) + 0,9 +r [P + glp]* +ulpf1f

2 |f*-’|

2 wk % Ew?—k

For 3d XY transition, v > 2/3, thus
for z = 1 points, irrelevant,
for z = 2 points, obviously irrelevant
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Phase transition with superfluid

L= Lo+ ho*on ~ Lo+ h¢*0.6

We integrate out the fermions, obtain the following term:

w?

L sy L{'} + r}-(é‘z)—k,—wr V2 + F?ﬁv?

(Qg)k,w

Vertex still has a singular momentum/frequency dependence, so
it does not renormalize. All the renormalizations come from ¢*

J=d+z-2(d+2—-1/v)=2/v —d— =z

Ford=2,z=1,forN>2, Jisirrelevant.
(Frey, Balents, PRB, 55, 1050)
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Classical phase transitions with “dynamical” scaling
Consider a classical Ising transition with Dipole interaction.

[ &'rd’r' o(r)¢(r') 3(r - ’-"E;)f_;(; —r')?

After Fourier transformation:

k? |
k2 + kz)wk |2 + o k] =2, [k,] = 1, [ky] =1

F=(
Now simplified as:

.2

ﬁ.’
F = : k2 4+ k2)|onl? + - -
(k%ﬁ:f o T ky) o[ +

Fisher, Aharony, late 70s, series of papers.
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Confine-deconfine transition:

Simplest example: Z2 gauge theory.
Define Ising variables on the links

of the lattice.
Constraint: H o =1 ‘
_|_

H = Z hgz a7 tr; t-l—'i'; T z—l—.;r WY Z h’gg N giz?;; — ”?iﬁf?“’f?iﬂ;
i
W ~ {‘,‘Xp(—ﬁ) W — {H {,}.z> ~ (‘:Xp(—A)
C
O >

3d Ising transition h/K
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W ~ exp(—L) W= (][ o*) ~ exp(-A)
C
O >
3d Ising transition h/K

Go to the dual picture, solve the

constraint: I B
¥ =17 e | | | |

L = lite—-3 it 45 F--rob-- e e r--
= _ T 1 1 1 1
O; 205 401y 20; =T; | | | |

(T B TI e B R
E z § T
H = —K (}' gi XY 1-|—tr; T i—l—.-r:,fy o h’gi,;f

i i
Hypal = Z — K7 Z hti 7y

[T

ity e il i il sl r--
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Modifications of the Z2
gauge theory:

Ha”’: —1
+
/
H = Z th:r (R “.‘,-I-J.'.'I" t—l—:;r*:.i Zh’gu;

i

MH

Hamiltonian dual to frustrated Ising model

W ~ exp(—L) VBS

O >
3d XY transition h/K
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Go to the dual picture, becomes the fully-frustrate-Quantum-Ising model

Solve the band structure of the FF-Ising |
model, the Ising spin will condense at RN RN .
two different points in the BZ.

T~ el 9T 4 pte T R

Lawa = |00 +rlel” +gle* +ulp* +¢™) [ T[T 7

3d XY transition with Z4 anisotropy, corresponding to four fold VBS
pattern.

Z4 anisotropy is irrelevant at the 3d XY universality class.
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Go to the dual picture, becomes the fully-frustrate-Quantum-Ising model

Solve the band structure of the FF-Ising
model, the Ising spin will condense at
two different points in the BZ.

Tz ~ @EEQ'T + flﬂsﬁ—zﬁr

Edﬂ.ﬂ.! — |8,';ffﬁ|? + T|ff§|2 + .f;"|‘1'§|‘;l + H-(fp‘; + @34)

3d XY transition with Z4 anisotropy, corresponding to four fold VBS
pattern.

Z4 anisotropy is irrelevant at the 3d XY universality class.
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Define odd Z2 gauge field on the

triangular lattice, dual to a FF-Ising . 666 .
model on the honeycomb lattice.

Four minima in the BZ.

The confine-deconfine transition of odd Z2 gauge field on the
triangular lattice is an O(4) transition. (Moessner, Sondhi, 2001)

Application: spin liquid — VBS transition of the triangular lattice
quantum dimer model is O(4) transition.
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Phase transitions of compact U(1) gauge field (sketch)

Compact U(1) gauge field, physically means introducing magnetic
monopoles or magnetic charges.

In 3+1d, EM field is self-dual. The condensation of magnetic
monopole is the confined phase for electric charge; while the
condensation of electric charge is a confined phase for magnetic
monopoles.

L= |0y —ian) el +rlel* +glof* + -
Coupled RG calculation -
for g and e yields a
“extremely” weak first
order transition, almost
mean field.

0.1

_0.1f

—(}.Eé
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Application: Coulomb (photon) phase to VBS transition for 3d
quantum dimer model:

H = —t (|:} (Il + h,c-.) + v (\:} (=|+ 1L ]\)

Photon phase

vit

\

=3 19 —ian)eal* +rleal + 93 lpal')* + -+
(1]

a
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Coulomb to VBS transition of classical dimer model

He.gs = —Z(ﬂ: +nyy -|—’-'“1||}
O

H
Z = Zexp(—?)
c

VBS Coulomb

L= Z (0, _’i”'*n)‘foaﬁ +7¢a |2 + Q(Z |0a |2)2 + o
i i

3d CP(1) model, (Gang Chen et.al. PRB, 80, 045112)

\
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Global phase diagram of 3d quantum dimer model

H = (19004 he) +o (I9E -+ 10 )

T N
Coulomb
phase

CP(1)
VBS

vit

\

Almost mean field
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Electric-magnetic duality:
L= Z (0, —1A,) 20 | + 72|20 + g(z 2. P)? + 2132, Neel

£ = Z |(8_u - ?Eﬂ.-;;)fl'ﬁﬂ. |«2 + T9’3|f15'n, |«2 + g(z |f15'ﬁ, |‘2)? + L. @TEH’J \;BS
“ a

Spinon condense, Neel order,
Monopole condense, VBS order,
Both gapped, photon phase
JoPPER. P P Neel order Photon phase
Both condense?
Direct transition?

Motrunich, Senthil 2004 ? VBS



Conventional and Unconventional Quantum Critical points

2d triangular lattice, spinon and vison also dual to each other:

2
L= Z (0 —iau)zal® + |(Oy — ib)va|* + —€upauBuby 414 20| + 7plval? + - -

=1

1k
47
O(4)
Spiral Z5
Order Spin Liquid
CP(1)
- ' G()
Nematic VBS
+ VBS
arP(1)

- Xu, Sachdev, 2008



Conventional and Unconventional Quantum Critical points

To Continue ......
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