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ACTIVE DEFORMABLE MEDIA
ELECTRO-ACTIVE POLIMERS (EAP)

ELECTRO-ACTIVE POLYMER (EAP) ARE BASED ON  
ION-EXCHANGE PROPERTIES OF RESINS

EAP ARE USED IN SEVERAL CHEMICAL & ROBOTIC 
APPLICATIONS - ARTIFICIAL MUSCLES

Ion exchange resins

Robotic applications

Multiple materials



ACTIVE DEFORMABLE MEDIA
BIOLOGICAL TISSUES

BIOLOGICAL ACTIVE TISSUES: HEART, SKELETAL MUSCLE, GASTRO-INTESTINE, EYE’S IRIS…

SHOW THE ABILITY TO DEVELOP CONTRACTIONS, PRODUCING THE MECHANICAL FORCES 
NECESSARY TO THE ORGAN’S FUNCTION. 

CONTRACTIONS ORIGINATED BY AN ELECTRIC POTENTIAL DUE TO TRANSMEMBRANE (K-, 
NA-) AND INTRACELLULAR IONS (CA++)

Skeletal Muscles Heart Intestines

Stomach

Eye’s Iris



EXCITATION-CONTRACTION
MACROSCOPIC CORRELATION BETWEEN:

THE 5 ECG PHASES

THE TRANSMEMBRANE POTENTIAL

THE CONTRACTION WAVE FOR A MUSCULAR FIBER (CALCIUM)

MICROSCOPIC RELATION BETWEEN: ACTIVE - PASSIVE CONTRIBUTIONS

Biophysical Motivation



ATRIAL MEF

ROLE OF MECHANO-ELECTRIC FEEDBACK (MEF) IN ARRHYTHMOGENESIS

STRETCH CONTRIBUTES TO:

1) FOCAL ARRHYTHMIAS BY INDUCING EARLY AFTER-DEPOLARIZATIONS

2) REENTRANT ARRHYTHMIAS BY 

SHORTENING THE  CONDUCTION VELOCITY

SHORTENING REFRACTORY PERIOD INCREASING SPATIAL DISPERSION

RAVELLI 2003

Biophysical Motivation



ATRIAL MEF
MECHANICAL LOADING CHANGES THE ELECTROPHYSIOLOGICAL PROPERTIES OF TISSUE

ATRIAL FIBRILLATION FREQUENTLY OCCURS UNDER ATRIAL DILATATION

TOTALLY REVERSIBLE SYSTEM

RAVELLI 2003

Biophysical Motivation



ATRIAL MEF

RAVELLI 2003

Complex Problem



ACTIVE ELECTRO-MECHANICS (EM)
ELECTRO-ACTIVE SYSTEMS’ CHARACTERS:

DEFORMATIONS MAY INDUCE A CHANGE OF THE EVENTUAL INITIAL ISOTROPY 
OF A BODY

AN INTERMEDIATE NON COMPATIBLE CONFIGURATION IS USUALLY 
ACCOUNTED FOR (MULTIPLICATIVE DECOMPOSITION)

GENERALIZED CONSTITUTIVE EQUATIONS USUALLY IMPLY MULTIPLE PHYSICAL 
COUPLINGS (VISCOSITY, DAMAGE, GROWTH, TEMPERATURE)

ELECTRO-ACTIVE BIOLOGICAL SYSTEMS’ CHARACTERS:

THE INTERNAL ACTIN-MYOSIN BINDING (EXCITATION-CONTRACTION - MEF) 
CAN BE CONSIDERED AS A MICRO-STRUCTURAL ALTERATION OF THE 
INTERNAL KINEMATIC STATE OF THE MUSCLE FIBRE, WHICH LEADS TO 
CHANGES IN THE MACROSCOPIC BEHAVIOR

YANG ET AL. 2006
GIZZI ET AL. 2015



ACTIVE ELECTRO-MECHANICS (EM)
ACTIVE STRESS (NASH & PANFILOV 2004)

MOST USED APPROACH IN CARDIAC ELECTRO-MECHANICS

ACTIVE STRAIN (CHERUBINI ET AL. 2008, AMBROSI ET AL. 2011, RUIZ-BAIER ET AL. 2012)

REPRESENTS AN EIGENDEFORMATION APPROACH WELL ESTABLISHED FOR REALISTIC CARDIAC 
ELECTRO-MECHANICAL APPLICATIONS

MULTIPLICATIVE DECOMPOSITION OF THE DEFORMATION GRADIENT TENSOR

THERMODYNAMIC APPROACH (GIZZI ET AL. 2015)

RELATES THE CONCEPTS OF ACTIVE DEFORMATION & ACTIVE STRESS THROUGH 
THERMODYNAMICAL ARGUMENTS

ADDITIVE DECOMPOSITION OF THE STRAIN ENERGY 

MAXWELL ELECTRO-STATICS

Proof of 
Concept

Active Stress 
Approach

P = Pp +Pa

Passive 
Stress

Active 
Stress

LIMITATION

The active stress model does 
not derive from 

thermodynamical arguments

ADVANTAGES

Easy to implement in numerical 
codes for a proof of concept 

theoretical study



DIFFUSION IN SOLIDS
INFINITESIMAL ELECTRO-DYNAMICS

RATIONALIZE DIFFUSION IN SOLIDS BASED ON 
CONSERVATION OF MOMENTUM FOR THE DIFFUSING SPECIES

THE BALANCE EQUATION CONTAINS:

STRESS SUPPORTED BY THE DIFFUSING SPECIES

DIFFUSIVE FORCE VECTOR FOR THE EXCHANGE OF 
MOMENTUM BETWEEN THE DIFFUSING SPECIES AND THE SOLID 
MATRIX

INTERDIFFUSING MATERIALS ARE ACCOUNTED FOR BY THE 
CONSTITUTIVE PRESCRIPTIONS  
(APPLIED TO METALLURGY, POLYMER PHYSICS, GEOPHYSICS)

THESE TWO QUANTITIES ARE NOT IDENTIFIED IN THE CLASSICAL 
DIFFUSION INTERPRETATION

Homemade
Proof of 
Concept

COTTRELL, FLYNN

LANDAU, LIFSHITZ



STRETCHED VENTRICLES
Pig Right Ventricle
Proof of Concept

No stretch H stretch V stretch
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STRESS-ASSISTED DIFFUSION ‘SAD’ 
THE BASIC PHENOMENOLOGY IS THE SAME EITHER IF 
“MICROPOROSITY” OR “MACROPOROSITY” IS INVOLVED.

DIFFUSION OF A DILUTE SOLUTE IN A SOLID MATRIX.

GENERALIZE THE THEORETICAL WORK OF FICK  
(A PHENOMENOLOGICAL DESCRIPTION OF DIFFUSION THAT PRECEDES ANY 
EXPERIMENTAL WORK) WHICH IS CURRENTLY APPLIED IN ANY 
ELECTROPHYSIOLOGICAL MODELING (CABLE EQUATION).

THE THEORY OF CONTINUOUSLY DISTRIBUTED MATTER 
(EULER’S AXIOMS) LEADS TO THE BALANCE OF MOMENTUM.

CONSTITUTIVE EQUATIONS WILL DIFFERENTIATE BETWEEN:

DIFFUSION IN STRESSED SOLIDS

DIFFUSION OF VISCOUS SOLUTE

DIFFUSION IN ELASTIC & INELASTIC MATERIALS

FRAMED WITHIN THE THEORY OF MIXTURES:  
ATKIN & CRAINE, BOWEN, TRUSDELL, MAXWELL’S GASES THEORY

Voltage Membrane 
as 

“continuum”

Slow diffusion

Matrix macroscopically rigid

Macroscopic response independent 
on the diffusion process 

Diffusion process strongly 
dependent on the mechanical state



‘SAD’ THEORETICAL DERIVATION

⇢t + div(⇢v) = q

divT+ b+ p = ⇢[vt + (gradv)v]

Density
(mass of diffusing substance)

Velocity
(average mobility) Mass supply

(rate of mass creation)

Local form of Mass and Momentum balances

Universal 
restrictions to 
ALL diffusion 

processes

Stress of the diffusing 
substance on itself 

(Symmetric - no body couples) Diffusive forse
(volume-distributed force 

exerted by the solid on the 
diffusing species)External body forces (gravity)

Acceleration
(material time derivative 

of the velocity)



‘SAD’ THEORETICAL DERIVATION

Nonlinear 
Stress (S)

in the solid

�i = �i1(⇢, J1, J2, J3)I+ �i2(⇢, J1, J2, J3)S+ �i3(⇢, J1, J2, J3)S
2

J1, J2, J3 The principal invariants of the stress tensor S in the solid (frame indifferent)

Hp.1 Diffusive species do not support shear stress

Hp.2 Only the hydrostatic component of the stress affects the stress of the diffusing species

Hp.3 Incompressibility

j = �(�0I+ �1B+ ��1B
�1)grad⇢

j = �(↵0I+ ↵1S+ ↵2S
2)grad⇢+ (↵⇤

0I+ ↵⇤
1S+ ↵⇤

2S
2)grad(trS)

B = FFT

j = �(↵0I+ ↵1S+ ↵2S
2)grad⇢+ (↵⇤

0I+ ↵⇤
1S+ ↵⇤

2S
2)grad(trS)

Representation theorems for non-linear isotropic or anisotropic vector and tensor functions (Spencer)

Strain measure

⇢t + div(j) = 0

divT+ p = 0

⇢t + div(⇢v) = q

divT+ b+ p = ⇢[vt + (gradv)v]

Named in the Literature:  
“Stress-Assisted Diffusion Equation”



EM-SAD: A MINIMAL MODEL

@V

@t
=

@

@xi
dij(�ij)

@V

@xj
+ Iion(V, r)

@Ta

@t
= ✏(V )(kTaV � Ta)

@�ij

@xi
= 0

Iion = �kV (V � a)(V � 1)� rV

f(V, r) =

✓
"+

µ1r

µ2 + V

◆
(�r � kV (V � b� 1))

�ij = 2c1bij � 2c2b
�1
ij � p�ij + Ta�ij

dij(�ij) = D0 (�ij +D1�ij +D2�ik�kj)

2v Reaction-Diffusion (RD) Model (Nash & Panfilov 2004)

Active Stress Formulation  
(Nash & Panfilov 2004)

Equilibrium

RD Constitutive Equations

Isotropic Stress-Assisted Diffusion Model

Classical cubic 
“Bistable” function

Nonlinear 
“Recovery” dynamics

�ij = �passive
ij + �active

ij

Two additional 
Material Parameters

Passive Neo-Hookean material with ISOTROPIC diffusion & ACTIVE stress

Representation Formula for 
2nd Order Isotropic Tensors

NO SACdr

dt
= f(V, r)

J = 1



EM-SAD: PARAMETER SPACE
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EM-SAD: PARAMETER SPACE
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1. Calculate the Conduction Velocity of the Excitation Wave 
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EM-SAD: PARAMETER SPACE

-1 -0.5 0 0.5 1
-1

-0.5

0

0.5

1

D
1

D2

-4 -2 0 2 4

-4

-2

0

2

4

D
1
D2

X0
X1

Y0Y1

0.3 0.5 0.80.00 1.00

.

0.3 0.5 0.80.00 1.00

. .

1.000.00 0.80.50.3

Theoretical Normalized Case Computed Stress Numerical-Physical CV

   

Electrical 
Stimulation

Propagating Wave

D1 = 0, D2 = 0 D1 = �0.01, D2 = 0.01 D1 = �0.25, D2 = 0.25

Electrical 
Stimulation

Propagating Wave

Electrical 
Stimulation

Propagating Wave



EM-SAD: PARAMETER SPACE
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EM-SAD: INDUCED SPIRAL DRIFT
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Nash & Panfilov 2004
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Novel 
Stress-Assisted Diffusion 

DIRECTIONAL SPIRAL DRIFT
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Novel 
Stress-Assisted Diffusion 

UNEXPECTED 
DISTORTED EXCITATION

D1 = 0.15, D2 = 0.015



EM-SAD: ENHANCED MEANDERING

u =
h
50 sin2

⇣ ⇡

50
[t� t⇤]

⌘
, 0
iT
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EM - SAD & SAC (MINIMAL)

Iion = �kV (V � a)(V � 1)� rV

f(V, r) =

✓
"+

µ1r

µ2 + V

◆
(�r � kV (V � b� 1))

2v Reaction-Diffusion (RD) Model

RD Constitutive Equations

dij(�ij) = D0 (�ij +D1�ij +D2�ik�kj)

Isotropic Stress-Assisted Diffusion Model

dr

dt
= f(V, r)

@Ta

@t
= ✏(V )(kTaV � Ta)

Active Stress Formulation

@�ij

@xi
= 0

�ij = 2c1bij � 2c2b
�1
ij � p�ij + Ta�ij

Equilibrium

J = 1

YES SACIsac(�, V ) = GsHsac(�� 1)(Vsac � V )

@V

@t
=

@

@xi
dij(�ij)

@V

@xj
+ Iion(V, r) +Isac(�, V )

Minimal model of  
Stretch-Activated Currents



EM - SAD & SAC

Conduction Velocity Analysis
(planar wave)

dij(�ij) = D0 (�ij +D1�ij +D2�ik�kj)

Isac(�, V ) = GsHsac(�� 1)(Vsac � V )

Importance of “Mechanical”
Boundary Conditions

Static/Dynamic & Displacement/
Traction Boundary Conditions

greatly affects the emerging dynamics

Two Competing 
Effects

fixed



EM - SAD & SAC
Spiral Tip Meandering

SAD stabilizes meandering

SAC generates irregular behavior 

Static/Dynamic & 
Displacement/Traction BCs 

conduct to different scenarios
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Modify the “Diffusion”

@V

@t
=

@

@xi
dij(�ij)

@V

@xj
+ Iion(V, r) +ISAC(�)

Modify the 
“Reaction”

Anisotropy  
&  

Conduction Block

Extra Activations
&

Hyperpolarization

Wave break  
&  

Arrhythmias Onset

Ectopic beats
&

Arrhythmias Onset

EM - SAD & SAC … ?

SAD SAC

GENERALIZED ELECTRO-MECHANICAL FRAMEWORK  
WITH  
MULTIPLE MEF EFFECTS

Homogenized Local

Complex Problem



LIMITATIONS…

GENERALIZED ELECTRO-MECHANICAL FRAMEWORK  

STRESS-ASSISTED DIFFUSION 

SAC VS. SAD 

ISOTROPIC HYPERELASTIC MATERIALS CAN UNDERGO  
ANISOTROPIC REACTION-DIFFUSION DYNAMICS 

MINIMAL PROOF OF CONCEPT



OPEN QUESTIONS…
MULTISCALE MODELING  

FROM CELL-CELL COUPLING TO TISSUE SCALE  
(EMERGENT PHENOMENA) 

PHYSIOLOGICAL MODELING (ROLE OF CALCIUM) 

MODEL VALIDATION: SAC & SAD LIMITS 

…

HURTADO, CASTRO, AG 2016

NONLINEAR 
PROTEIC GAP JUNCTION

NONLINEAR 
MECHANICAL CONTACT MEMBRANE

EXTRACELLULAR MATRIX CONNECTIONS

NONLINEAR INTERFACE ELEMENT

V1

V2

TN
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<latexit sha1_base64="phpK5QZMQYNzA3YY0Rq+oiBIsG4=">AAAB9XicbVC7TsNAEFyHVwivABINzYkIiSqyaaCgiERDhYIgDymxwvmyCaecH7pbE0VWPoEWKjpEy/dQ8C/YDgUkTDWa2dXOjhcpaci2P63C0vLK6lpxvbSxubW9U97da5ow1gIbIlShbnvcoJIBNkiSwnakkfuewpY3usz81iNqI8PgjiYRuj4fBnIgBadUuh32rnvlil21c7BF4vyQSu2gOb4HgHqv/NXthyL2MSChuDEdx47ITbgmKRROS93YYMTFiA+xk9KA+2jcJI86Zcex4RSyCDWTiuUi/t5IuG/MxPfSSZ/Tg5n3MvE/rxPT4NxNZBDFhIHIDpFUmB8yQsu0A2R9qZGIZ8mRyYAJrjkRasm4EKkYp6WU0j6c+e8XSfO06thV5yYt5gJmKMIhHMEJOHAGNbiCOjRAwBCe4BlerLH1ar1Z77PRgvWzsw9/YH18A9znk6o=</latexit><latexit sha1_base64="ADRRyRrnciQRuU5BGe7zg52BWNM=">AAAB9XicbVC7TsNAEDyHVwivABINzYkIiSqyaaCgiERDhYIgDymxovNlY04526e7NVFk5RNooUI0iJbvoaDkP7CdFJAw1WhmVzs7npLCoG1/WoWl5ZXVteJ6aWNza3unvLvXNFGsOTR4JCPd9pgBKUJooEAJbaWBBZ6Elje8zPzWA2gjovAOxwrcgPmhGAjOMJVu/d51r1yxq3YOukicGanUDpojNf5+rffKX91+xOMAQuSSGdNxbIVuwjQKLmFS6sYGFOND5kMnpSELwLhJHnVCj2PDMKIKNBWS5iL83khYYMw48NLJgOG9mfcy8T+vE+Pg3E1EqGKEkGeHUEjIDxmuRdoB0L7QgMiy5EBFSDnTDBG0oIzzVIzTUkppH87894ukeVp17KpzkxZzQaYokkNyRE6IQ85IjVyROmkQTnzySJ7IszWyXqw36306WrBmO/vkD6yPH7D7lbc=</latexit><latexit sha1_base64="ADRRyRrnciQRuU5BGe7zg52BWNM=">AAAB9XicbVC7TsNAEDyHVwivABINzYkIiSqyaaCgiERDhYIgDymxovNlY04526e7NVFk5RNooUI0iJbvoaDkP7CdFJAw1WhmVzs7npLCoG1/WoWl5ZXVteJ6aWNza3unvLvXNFGsOTR4JCPd9pgBKUJooEAJbaWBBZ6Elje8zPzWA2gjovAOxwrcgPmhGAjOMJVu/d51r1yxq3YOukicGanUDpojNf5+rffKX91+xOMAQuSSGdNxbIVuwjQKLmFS6sYGFOND5kMnpSELwLhJHnVCj2PDMKIKNBWS5iL83khYYMw48NLJgOG9mfcy8T+vE+Pg3E1EqGKEkGeHUEjIDxmuRdoB0L7QgMiy5EBFSDnTDBG0oIzzVIzTUkppH87894ukeVp17KpzkxZzQaYokkNyRE6IQ85IjVyROmkQTnzySJ7IszWyXqw36306WrBmO/vkD6yPH7D7lbc=</latexit><latexit sha1_base64="Vn2eNTLKNP5zdHR3nBVmsX7LLWQ=">AAAB9XicbVC7TsNAEFzzDOEVoKQ5ESFRRTYNFBSRaKhQEOQhJVZ0vmzMKeeH7tagyMon0EJFh2j5Hgr+Bdu4gISpRjO72tnxYiUN2fantbS8srq2Xtmobm5t7+zW9vY7Jkq0wLaIVKR7HjeoZIhtkqSwF2vkgaew600uc7/7gNrIKLyjaYxuwP1QjqXglEm3/vB6WKvbDbsAWyROSepQojWsfQ1GkUgCDEkobkzfsWNyU65JCoWz6iAxGHMx4T72MxryAI2bFlFn7DgxnCIWo2ZSsULE3xspD4yZBl42GXC6N/NeLv7n9RMan7upDOOEMBT5IZIKi0NGaJl1gGwkNRLxPDkyGTLBNSdCLRkXIhOTrJRq1ocz//0i6Zw2HLvh3Nj15kXZTAUO4QhOwIEzaMIVtKANAnx4gmd4sR6tV+vNev8ZXbLKnQP4A+vjG8G7kic=</latexit>

DN
<latexit sha1_base64="IcFym2QeDsCrgaAjutQI5180W3s=">AAAB9XicbVC7TgJBFL2LL8QXaEkzkZhYkV0bLSxItLAyGOWRwIbMDhecMPvIzF0NIXyCrVZ2xtbvsTDxU9xdKBQ81ck59+aee7xISUO2/WnlVlbX1jfym4Wt7Z3dvWJpv2nCWAtsiFCFuu1xg0oG2CBJCtuRRu57Clve6CL1Ww+ojQyDOxpH6Pp8GMiBFJwS6fayd90rVuyqnYEtE2dOKrVSt/wNAPVe8avbD0XsY0BCcWM6jh2RO+GapFA4LXRjgxEXIz7ETkID7qNxJ1nUKTuKDaeQRaiZVCwT8ffGhPvGjH0vmfQ53ZtFLxX/8zoxDc7ciQyimDAQ6SGSCrNDRmiZdICsLzUS8TQ5MhkwwTUnQi0ZFyIR46SUQtKHs/j9MmmeVB276twkxZzDDHkowyEcgwOnUIMrqEMDBAzhCZ7hxXq0Xq036302mrPmOwfwB9bHD9kEk6w=</latexit><latexit sha1_base64="8iTKuwGih823Zg7G+HYP4U0W3+Q=">AAAB9XicbVC7TsNAEDyHVwivBCqU5kSERBXZNFBQRIKCCiWCPKTEis6XTTjlfLbu1qDIyifQQkWHaPkTepD4F2yHAhKmGs3samfHC6UwaNsfVm5peWV1Lb9e2Njc2t4plnZbJog0hyYPZKA7HjMghYImCpTQCTUw35PQ9sbnqd++A21EoG5wEoLrs5ESQ8EZJtL1Rf+qX6zYVTsDXSTOD6nUSr3yZ2P/vd4vfvUGAY98UMglM6br2CG6MdMouIRpoRcZCBkfsxF0E6qYD8aNs6hTehgZhgENQVMhaSbC742Y+cZMfC+Z9BnemnkvFf/zuhEOT91YqDBCUDw9hEJCdshwLZIOgA6EBkSWJgcqFOVMM0TQgjLOEzFKSikkfTjz3y+S1nHVsatOIynmjMyQJ2VyQI6IQ05IjVySOmkSTkbkgTySJ+veerZerNfZaM762dkjf2C9fQN+i5Te</latexit><latexit sha1_base64="8iTKuwGih823Zg7G+HYP4U0W3+Q=">AAAB9XicbVC7TsNAEDyHVwivBCqU5kSERBXZNFBQRIKCCiWCPKTEis6XTTjlfLbu1qDIyifQQkWHaPkTepD4F2yHAhKmGs3samfHC6UwaNsfVm5peWV1Lb9e2Njc2t4plnZbJog0hyYPZKA7HjMghYImCpTQCTUw35PQ9sbnqd++A21EoG5wEoLrs5ESQ8EZJtL1Rf+qX6zYVTsDXSTOD6nUSr3yZ2P/vd4vfvUGAY98UMglM6br2CG6MdMouIRpoRcZCBkfsxF0E6qYD8aNs6hTehgZhgENQVMhaSbC742Y+cZMfC+Z9BnemnkvFf/zuhEOT91YqDBCUDw9hEJCdshwLZIOgA6EBkSWJgcqFOVMM0TQgjLOEzFKSikkfTjz3y+S1nHVsatOIynmjMyQJ2VyQI6IQ05IjVySOmkSTkbkgTySJ+veerZerNfZaM762dkjf2C9fQN+i5Te</latexit><latexit sha1_base64="QmqK/RzHMvRiWEErMEa4n00sJbU=">AAAB9XicbVC7TsNAEFyHVwivACXNiQiJKrJpoKCIBAUVCoI8pMSKzpdNOOX80N0aFFn5BFqo6BAt30PBv2AbF5Aw1WhmVzs7XqSkIdv+tEpLyyura+X1ysbm1vZOdXevbcJYC2yJUIW663GDSgbYIkkKu5FG7nsKO97kIvM7D6iNDIM7mkbo+nwcyJEUnFLp9nJwPajW7Lqdgy0SpyA1KNAcVL/6w1DEPgYkFDem59gRuQnXJIXCWaUfG4y4mPAx9lIacB+Nm+RRZ+woNpxCFqFmUrFcxN8bCfeNmfpeOulzujfzXib+5/ViGp25iQyimDAQ2SGSCvNDRmiZdoBsKDUS8Sw5MhkwwTUnQi0ZFyIV47SUStqHM//9Immf1B277tzYtcZ50UwZDuAQjsGBU2jAFTShBQLG8ATP8GI9Wq/Wm/X+M1qyip19+APr4xuK6JIE</latexit>

�V
<latexit sha1_base64="iL5S4nM8Aa9H8XmYk8i5RMBnkjQ=">AAAB+nicbVC7SgNREJ31GeMramlzMQhWYddGC8GAFpYRzAOSEGZvJvGSuw/unRVCTOkP2GplJ7b+gJ9h4Rf4E24ehSae6nDODHPm+LFWll3301lYXFpeWc2sZdc3Nre2czu7FRslRlJZRjoyNR8taRVSmRVrqsWGMPA1Vf3exciv3pGxKgpvuB9TM8BuqDpKIqdSrXFJmlFUWrm8W3DHEPPEm5L8+cf3gwCAUiv31WhHMgkoZKnR2rrnxtwcoGElNQ2zjcRSjLKHXaqnNMSAbHMwzjsUh4lFjkRMRigtxiL93hhgYG0/8NPJAPnWznoj8T+vnnDntDlQYZwwhXJ0iJWm8SErjUqLINFWhphxlJyECoVEg8xklEApUzFJm8mmfXiz38+TynHBcwvetZsvnsEEGdiHAzgCD06gCFdQgjJI0PAIT/Ds3DsvzqvzNhldcKY7e/AHzvsPq++WkQ==</latexit><latexit sha1_base64="a92+NkiywCpM6p76bMC46DiEmhU=">AAAB+nicbVC7SgNBFJ2NrxhfUUtBBoNgFXZttBAMaGGZgHlAsoS7k5s4ZPbBzF0hrCn9AVut7MTWwtbPsPAL9CPcPAqNnupwzr3cc48XKWnItt+tzNz8wuJSdjm3srq2vpHf3KqZMNYCqyJUoW54YFDJAKskSWEj0gi+p7Du9c9Gfv0atZFhcEmDCF0feoHsSgGUSo3WOSoCXmvnC3bRHoP/Jc6UFE7fPm93Xytf5Xb+o9UJRexjQEKBMU3HjshNQJMUCoe5VmwwAtGHHjZTGoCPxk3GeYd8PzZAIY9Qc6n4WMSfGwn4xgx8L530ga7MrDcS//OaMXWP3UQGUUwYiNEhkgrHh4zQMi0CeUdqJIJRcuQy4AI0EKGWHIRIxThtJpf24cx+/5fUDouOXXQqdqF0wibIsh22xw6Yw45YiV2wMqsywRS7Y/fswbqxHq0n63kymrGmO9vsF6yXb1v3mIQ=</latexit><latexit sha1_base64="a92+NkiywCpM6p76bMC46DiEmhU=">AAAB+nicbVC7SgNBFJ2NrxhfUUtBBoNgFXZttBAMaGGZgHlAsoS7k5s4ZPbBzF0hrCn9AVut7MTWwtbPsPAL9CPcPAqNnupwzr3cc48XKWnItt+tzNz8wuJSdjm3srq2vpHf3KqZMNYCqyJUoW54YFDJAKskSWEj0gi+p7Du9c9Gfv0atZFhcEmDCF0feoHsSgGUSo3WOSoCXmvnC3bRHoP/Jc6UFE7fPm93Xytf5Xb+o9UJRexjQEKBMU3HjshNQJMUCoe5VmwwAtGHHjZTGoCPxk3GeYd8PzZAIY9Qc6n4WMSfGwn4xgx8L530ga7MrDcS//OaMXWP3UQGUUwYiNEhkgrHh4zQMi0CeUdqJIJRcuQy4AI0EKGWHIRIxThtJpf24cx+/5fUDouOXXQqdqF0wibIsh22xw6Yw45YiV2wMqsywRS7Y/fswbqxHq0n63kymrGmO9vsF6yXb1v3mIQ=</latexit><latexit sha1_base64="20Zy4k0uoiXy0Ja1PPcdRqepZIk=">AAAB+nicbVC7TsNAEDyHVwivACXNiQiJKrJpoKCIBAVlkMhDSqxofdmEU85n626NFJn8BC1UdIiWn6HgX3CMC0iYajSzq52dIFbSkut+OqWV1bX1jfJmZWt7Z3evun/QtlFiBLZEpCLTDcCikhpbJElhNzYIYaCwE0yu5n7nAY2Vkb6jaYx+CGMtR1IAZVK3f42KgLcH1Zpbd3PwZeIVpMYKNAfVr/4wEkmImoQCa3ueG5OfgiEpFM4q/cRiDGICY+xlVEOI1k/zvDN+kligiMdouFQ8F/H3RgqhtdMwyCZDoHu76M3F/7xeQqMLP5U6Tgi1mB8iqTA/ZIWRWRHIh9IgEcyTI5eaCzBAhEZyECITk6yZStaHt/j9Mmmf1T237t26tcZl0UyZHbFjdso8ds4a7IY1WYsJptgTe2YvzqPz6rw57z+jJafYOWR/4Hx8Axh4lAE=</latexit>

gN
<latexit sha1_base64="phpK5QZMQYNzA3YY0Rq+oiBIsG4=">AAAB9XicbVC7TsNAEFyHVwivABINzYkIiSqyaaCgiERDhYIgDymxwvmyCaecH7pbE0VWPoEWKjpEy/dQ8C/YDgUkTDWa2dXOjhcpaci2P63C0vLK6lpxvbSxubW9U97da5ow1gIbIlShbnvcoJIBNkiSwnakkfuewpY3usz81iNqI8PgjiYRuj4fBnIgBadUuh32rnvlil21c7BF4vyQSu2gOb4HgHqv/NXthyL2MSChuDEdx47ITbgmKRROS93YYMTFiA+xk9KA+2jcJI86Zcex4RSyCDWTiuUi/t5IuG/MxPfSSZ/Tg5n3MvE/rxPT4NxNZBDFhIHIDpFUmB8yQsu0A2R9qZGIZ8mRyYAJrjkRasm4EKkYp6WU0j6c+e8XSfO06thV5yYt5gJmKMIhHMEJOHAGNbiCOjRAwBCe4BlerLH1ar1Z77PRgvWzsw9/YH18A9znk6o=</latexit><latexit sha1_base64="ADRRyRrnciQRuU5BGe7zg52BWNM=">AAAB9XicbVC7TsNAEDyHVwivABINzYkIiSqyaaCgiERDhYIgDymxovNlY04526e7NVFk5RNooUI0iJbvoaDkP7CdFJAw1WhmVzs7npLCoG1/WoWl5ZXVteJ6aWNza3unvLvXNFGsOTR4JCPd9pgBKUJooEAJbaWBBZ6Elje8zPzWA2gjovAOxwrcgPmhGAjOMJVu/d51r1yxq3YOukicGanUDpojNf5+rffKX91+xOMAQuSSGdNxbIVuwjQKLmFS6sYGFOND5kMnpSELwLhJHnVCj2PDMKIKNBWS5iL83khYYMw48NLJgOG9mfcy8T+vE+Pg3E1EqGKEkGeHUEjIDxmuRdoB0L7QgMiy5EBFSDnTDBG0oIzzVIzTUkppH87894ukeVp17KpzkxZzQaYokkNyRE6IQ85IjVyROmkQTnzySJ7IszWyXqw36306WrBmO/vkD6yPH7D7lbc=</latexit><latexit sha1_base64="ADRRyRrnciQRuU5BGe7zg52BWNM=">AAAB9XicbVC7TsNAEDyHVwivABINzYkIiSqyaaCgiERDhYIgDymxovNlY04526e7NVFk5RNooUI0iJbvoaDkP7CdFJAw1WhmVzs7npLCoG1/WoWl5ZXVteJ6aWNza3unvLvXNFGsOTR4JCPd9pgBKUJooEAJbaWBBZ6Elje8zPzWA2gjovAOxwrcgPmhGAjOMJVu/d51r1yxq3YOukicGanUDpojNf5+rffKX91+xOMAQuSSGdNxbIVuwjQKLmFS6sYGFOND5kMnpSELwLhJHnVCj2PDMKIKNBWS5iL83khYYMw48NLJgOG9mfcy8T+vE+Pg3E1EqGKEkGeHUEjIDxmuRdoB0L7QgMiy5EBFSDnTDBG0oIzzVIzTUkppH87894ukeVp17KpzkxZzQaYokkNyRE6IQ85IjVyROmkQTnzySJ7IszWyXqw36306WrBmO/vkD6yPH7D7lbc=</latexit><latexit sha1_base64="Vn2eNTLKNP5zdHR3nBVmsX7LLWQ=">AAAB9XicbVC7TsNAEFzzDOEVoKQ5ESFRRTYNFBSRaKhQEOQhJVZ0vmzMKeeH7tagyMon0EJFh2j5Hgr+Bdu4gISpRjO72tnxYiUN2fantbS8srq2Xtmobm5t7+zW9vY7Jkq0wLaIVKR7HjeoZIhtkqSwF2vkgaew600uc7/7gNrIKLyjaYxuwP1QjqXglEm3/vB6WKvbDbsAWyROSepQojWsfQ1GkUgCDEkobkzfsWNyU65JCoWz6iAxGHMx4T72MxryAI2bFlFn7DgxnCIWo2ZSsULE3xspD4yZBl42GXC6N/NeLv7n9RMan7upDOOEMBT5IZIKi0NGaJl1gGwkNRLxPDkyGTLBNSdCLRkXIhOTrJRq1ocz//0i6Zw2HLvh3Nj15kXZTAUO4QhOwIEzaMIVtKANAnx4gmd4sR6tV+vNev8ZXbLKnQP4A+vjG8G7kic=</latexit>
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A. T. WINFREE, 2000  
PRINCETON GRADUATE SCHOOL CENTENNIAL

ANUBIS IN THE DESERT EST OF EGYPT - 3RD MILLENNIUM BCE

“Weighing the heart against the feather of Truth”

we are still trying...



EM-SAD: INDUCED ANISOTROPY
Tensorial Glyph representation with 

Pressure levels

Eigenvalue/Eigenvector rendering of the a  
Second Order Tensor in a two-dimensional view

Solve local eigenvalue problems using the tensor 
at hand and display an ellipsoid whose shape and 

size depend on the local eigendirection

12.717.074.25 9.89

.

1.43

Isotropic Diffusion

D0C
�1
IJ

<latexit sha1_base64="fUpjtUCP9DQmBhGX63xplnohbtA=">AAACAnicbVA9SwNBEJ3zM8avqKUWi0GwMdzZqJ0QC7WK4JlAEo+9zUQX9z7YnRXkSOmvsNXKSmz9IxaCP8XLxUKjr3q8N8O8eWGqpCHXfXcmJqemZ2ZLc+X5hcWl5crK6oVJrBboi0QluhVyg0rG6JMkha1UI49Chc3wpj70m7eojUzic7pLsRvxq1j2peCUS0Fl+ShwWT3ITk4Hl9mONwgqVbfmFmB/ifdNqocbL41PAGgElY9OLxE2wpiE4sa0PTelbsY1SaFwUO5YgykXN/wK2zmNeYSmmxXBB2zLGk4JS1EzqVgh4s+NjEfG3EVhPhlxujbj3lD8z2tb6u93MxmnljAWw0MkFRaHjNAybwRZT2ok4sPkyGTMBNecCLVkXIhctHlF5bwPb/z7v8TfrR3U3LO8l30YoQTrsAnb4MEeHMIxNMAHARYe4BGenHvn2XlxXkejE873zhr8gvP2BW1mmJw=</latexit><latexit sha1_base64="F6/+NEVczxCmpeGBXsU/NMnSmdg=">AAACAnicbVC7TgJBFJ3FF+ID1FKLicTERrJrI3YkWKgVJiIkgJvZ4YITZh+ZuWtCNpR+ha1WVsTW1o/QxMrE73B3oVD0VCfn3Jt77nECKTSa5puRmZtfWFzKLudWVtfW84WNzSvth4pDnfvSV02HaZDCgzoKlNAMFDDXkdBwBtXEb9yC0sL3LnEYQMdlfU/0BGcYS3Yhf2KbtGpHZ+ej6+jAGtmFolkyU9C/xJqSYmVnXHv//Hqt2YWPdtfnoQsecsm0bllmgJ2IKRRcwijXDjUEjA9YH1ox9ZgLuhOlwUd0L9QMfRqAokLSVISfGxFztR66TjzpMrzRs14i/ue1QuyVO5HwghDB48khFBLSQ5orETcCtCsUILIkOVDhUc4UQwQlKOM8FsO4olzchzX7/V9SPywdl8yLuJcymSBLtsku2ScWOSIVckpqpE44Cck9eSCPxp3xZIyN58loxpjubJFfMF6+AeilmyQ=</latexit><latexit sha1_base64="F6/+NEVczxCmpeGBXsU/NMnSmdg=">AAACAnicbVC7TgJBFJ3FF+ID1FKLicTERrJrI3YkWKgVJiIkgJvZ4YITZh+ZuWtCNpR+ha1WVsTW1o/QxMrE73B3oVD0VCfn3Jt77nECKTSa5puRmZtfWFzKLudWVtfW84WNzSvth4pDnfvSV02HaZDCgzoKlNAMFDDXkdBwBtXEb9yC0sL3LnEYQMdlfU/0BGcYS3Yhf2KbtGpHZ+ej6+jAGtmFolkyU9C/xJqSYmVnXHv//Hqt2YWPdtfnoQsecsm0bllmgJ2IKRRcwijXDjUEjA9YH1ox9ZgLuhOlwUd0L9QMfRqAokLSVISfGxFztR66TjzpMrzRs14i/ue1QuyVO5HwghDB48khFBLSQ5orETcCtCsUILIkOVDhUc4UQwQlKOM8FsO4olzchzX7/V9SPywdl8yLuJcymSBLtsku2ScWOSIVckpqpE44Cck9eSCPxp3xZIyN58loxpjubJFfMF6+AeilmyQ=</latexit>

12.717.074.25 9.89

.

1.43

Stress-Assisted Diffusion

DIJ
<latexit sha1_base64="yz1Gax6JLbSl7ccAMrgObXoGDRM=">AAAB93icbVC7TgJBFL3rE1EUtbSZSEysyK6N2JFooVaYyCOBDZkdLjgy+8jMXRPc8A+2WlkZW3/Bv7DwX1wWCgVPdXLOvbnnHi9S0pBtf1lLyyura+u5jfzmVmF7p7i71zBhrAXWRahC3fK4QSUDrJMkha1II/c9hU1veD7xmw+ojQyDWxpF6Pp8EMi+FJxSqXHRTa6ux91iyS7bGdgicWakVC18xgwAat3id6cXitjHgITixrQdOyI34ZqkUDjOd2KDERdDPsB2SgPuo3GTLO2YHcWGU8gi1Ewqlon4eyPhvjEj30snfU53Zt6biP957Zj6FTeRQRQTBmJyiKTC7JARWqY1IOtJjUR8khyZDJjgmhOhlowLkYpx2ks+7cOZ/36R1E/KZ2X7Ju2lAlPk4AAO4RgcOIUqXEIN6iDgHp7gGV6sR+vVerPep6NL1mxnH/7A+vgBmwuU0g==</latexit><latexit sha1_base64="zLsJkMdcJbdzcAQjRrurdCztOP0=">AAAB93icbVC7TgJBFJ3FF66iqKXNREJiRRYbsSPRGLXCxAUS2JDZ4YIjs4/M3DXBDf9gq5UVsfUX/AsL/8XdhULBU52cc2/uuccNpdBoWV9GbmV1bX0jv2lubRd2dot7+00dRIqDzQMZqLbLNEjhg40CJbRDBcxzJbTc0Xnqtx5BaRH4dzgOwfHY0BcDwRkmUvOiF1/fTHrFklWxMtBlUp2TUr3wGZUvzWmjV/zu9gMeeeAjl0zrTtUK0YmZQsElTMxupCFkfMSG0EmozzzQTpylndBypBkGNARFhaSZCL83YuZpPfbcZNJjeK8XvVT8z+tEOKg5sfDDCMHn6SEUErJDmiuR1AC0LxQgsjQ5UOFTzhRDBCUo4zwRo6QXM+mjuvj9MrFPKmcV6zbppUZmyJNDckSOSZWckjq5Ig1iE04eyDN5Ia/Gk/FmTI332WjOmO8ckD8wPn4A8+SVzQ==</latexit><latexit sha1_base64="zLsJkMdcJbdzcAQjRrurdCztOP0=">AAAB93icbVC7TgJBFJ3FF66iqKXNREJiRRYbsSPRGLXCxAUS2JDZ4YIjs4/M3DXBDf9gq5UVsfUX/AsL/8XdhULBU52cc2/uuccNpdBoWV9GbmV1bX0jv2lubRd2dot7+00dRIqDzQMZqLbLNEjhg40CJbRDBcxzJbTc0Xnqtx5BaRH4dzgOwfHY0BcDwRkmUvOiF1/fTHrFklWxMtBlUp2TUr3wGZUvzWmjV/zu9gMeeeAjl0zrTtUK0YmZQsElTMxupCFkfMSG0EmozzzQTpylndBypBkGNARFhaSZCL83YuZpPfbcZNJjeK8XvVT8z+tEOKg5sfDDCMHn6SEUErJDmiuR1AC0LxQgsjQ5UOFTzhRDBCUo4zwRo6QXM+mjuvj9MrFPKmcV6zbppUZmyJNDckSOSZWckjq5Ig1iE04eyDN5Ia/Gk/FmTI332WjOmO8ckD8wPn4A8+SVzQ==</latexit>

12.717.074.25 9.89

.

1.43

Stress tensor

SIJ
<latexit sha1_base64="UsiDpxqk3x44Q2P6fCn3EQxlCQE=">AAAB93icbVC7TgJBFL3rE1EUtbSZSEysyK6N2JHYqBVGF0hgQ2aHC47MPjJz1wQ3/IOtVlbG1l/wLyz8F5dHoeCpTs65N/fc48dKGrLtL2tpeWV1bT23kd/cKmzvFHf36iZKtEBXRCrSTZ8bVDJElyQpbMYaeeArbPiD87HfeEBtZBTe0jBGL+D9UPak4JRJ9ZtOenk16hRLdtmegC0SZ0ZK1cJnwgCg1il+t7uRSAIMSShuTMuxY/JSrkkKhaN8OzEYczHgfWxlNOQBGi+dpB2xo8RwiliMmknFJiL+3kh5YMww8LPJgNOdmffG4n9eK6FexUtlGCeEoRgfIqlwcsgILbMakHWlRiI+To5MhkxwzYlQS8aFyMQk6yWf9eHMf79I3JPyWdm+znqpwBQ5OIBDOAYHTqEKF1ADFwTcwxM8w4v1aL1ab9b7dHTJmu3swx9YHz+yqJTh</latexit><latexit sha1_base64="SnSiIPg65dTpPw/gw2VzLCpocpU=">AAAB93icbVC7TgJBFJ3FF66iqKXNREJiRRYbsSMxMWqF0QUS2JDZ4YIjs4/M3DXBDf9gq5UVsfUX/AsL/8XdhULBU52cc2/uuccNpdBoWV9GbmV1bX0jv2lubRd2dot7+00dRIqDzQMZqLbLNEjhg40CJbRDBcxzJbTc0Xnqtx5BaRH4dzgOwfHY0BcDwRkmUvO2F19dT3rFklWxMtBlUp2TUr3wGZUvzGmjV/zu9gMeeeAjl0zrTtUK0YmZQsElTMxupCFkfMSG0EmozzzQTpylndBypBkGNARFhaSZCL83YuZpPfbcZNJjeK8XvVT8z+tEOKg5sfDDCMHn6SEUErJDmiuR1AC0LxQgsjQ5UOFTzhRDBCUo4zwRo6QXM+mjuvj9MrFPKmcV6ybppUZmyJNDckSOSZWckjq5JA1iE04eyDN5Ia/Gk/FmTI332WjOmO8ckD8wPn4AC5CV3A==</latexit><latexit sha1_base64="SnSiIPg65dTpPw/gw2VzLCpocpU=">AAAB93icbVC7TgJBFJ3FF66iqKXNREJiRRYbsSMxMWqF0QUS2JDZ4YIjs4/M3DXBDf9gq5UVsfUX/AsL/8XdhULBU52cc2/uuccNpdBoWV9GbmV1bX0jv2lubRd2dot7+00dRIqDzQMZqLbLNEjhg40CJbRDBcxzJbTc0Xnqtx5BaRH4dzgOwfHY0BcDwRkmUvO2F19dT3rFklWxMtBlUp2TUr3wGZUvzGmjV/zu9gMeeeAjl0zrTtUK0YmZQsElTMxupCFkfMSG0EmozzzQTpylndBypBkGNARFhaSZCL83YuZpPfbcZNJjeK8XvVT8z+tEOKg5sfDDCMHn6SEUErJDmiuR1AC0LxQgsjQ5UOFTzhRDBCUo4zwRo6QXM+mjuvj9MrFPKmcV6ybppUZmyJNDckSOSZWckjq5JA1iE04eyDN5Ia/Gk/FmTI332WjOmO8ckD8wPn4AC5CV3A==</latexit>

dij(�ij) = D0 (�ij +D1�ij +D2�ik�kj)

�ij = 2c1bij � 2c2b
�1
ij � p�ij + Ta�ij


