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low
er

value,

0.771
0.024,

33
8
s

=
(

)
w
hich

is
2.5

s
-

from
the

value
preferred

by
P
L
A
N
C
K
T
T
.A

s
a

result,
8
s

is
also

the
param

eter
that

show
s
the

m
ost

significant
shift

w
hen

adding
SPT

PO
L
to

the
P
L
A
N
C
K
T
T

data.
For

the
com

bined
data

set,the
preferred

8
s

value
shifts

dow
n
by

0.9
s

from
P
L
A
N
C
K
T
T
to

0.817
0.014.

34
8
s

=
(

)
L
ow

er
values

of
8
s

have
also

been
inferred

by
other

m
easurem

ents
of

large-scale
structure,

including
cosm

ic
shear

(e.g.,
H
ildebrandt

et
al.

2017;
Joudaki

et
al.

2017),
clusters

of
galaxies

(e.g.,
de

H
aan

et
al.

2016),
redshift

space
distortions

F
igure

11.Sum
m
ary

of
recentT

E
m
easurem

ents
(K

eck
A
rray

and
B
IC
E
P2

C
ollaborations

etal.2015;L
ouis

etal.2017;Planck
C
ollaboration

etal.2016c)
w
ith

the
results

ofthis
w
ork.T

he
spectrum

is
plotted

on
a
log

scale
at ℓ

30
<

(verticaldashed
line).In

both
panels

the
spectrum

is
scaled

by
ℓ

0.3.T
he

solid
gray

line
is
the

best-
fit

Λ
C
D
M

m
odel

to
the

P
lanck

PL
IK
H
M
_T

T
_
L
O
W
T
E
B
data

set.

F
igure

10.Sum
m
ary

of
recentE

E
m
easurem

ents
(K

eck
A
rray

and
B
IC
E
P2

C
ollaborations

etal.2015;L
ouis

etal.2017;Planck
C
ollaboration

etal.2016c)
w
ith

the
results

ofthis
w
ork.T

he
spectrum

is
plotted

on
a
log

scale
at ℓ

30
<

(verticaldashed
line)and

otherw
ise

scaled
by

ℓ
0.6.T

he
solid

gray
line

is
the

best-fit
Λ
C
D
M

m
odel

to
the

P
lanck

PL
IK
H
M
_T

T
_
L
O
W
T
E
B
data

set.D
ifferences

in
pow

er
athigh

ℓ
betw

een
A
C
T
Poland

SPT
poldata

are
caused

by
varying

levels
of

foreground
m
asking.

P
lanck

data
are

restricted
to

ℓ
1750

<
.

19
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rigin of cut-off: free-stream

ing

2320
M

.R
.Lovelletal.

Table
1.

B
asic

param
eters

of
the

sim
ulations

analysed
in

this
pa-

per.T
he

top
tw

o
sim

ulations
are

taken
from

the
A

quarius
sam

ple
of

C
D

M
dark

m
atter

haloes
published

in
Springel

et
al.

(2008).
T

he
sim

ulations
are

of
a

single
halo,A

q-A
,atdifferentnum

erical
resolutions.T

he
bottom

three
are

W
D

M
counterparts

to
the

C
D

M
sim

ulations,as
described

in
the

m
ain

text.C
olum

ns
2–5

give
the

particle
m

ass
(m

p ),the
radius

of
the

sphere
of

density
200

tim
es

the
critical

density
(r200 ),

the
halo

m
ass

w
ithin

r200
(M

200 )
and

the
num

ber
of

subhaloes
w

ithin
the

m
ain

halo
(N

s ).T
he

sm
allest

subhaloes,determ
ined

by
SU

B
FIN

D,contain
20

particles.

N
am

e
m

p
(M

⊙
)

r200
(kpc)

M
200

(M
⊙

)
N

s

A
q-A

2
1.370

×
10

4
245.88

1.842
×

10
12

30177
A

q-A
3

4.911
×

10
4

245.64
1.836

×
10

12
9489

A
q-A

W
2

1.370
×

10
4

242.87
1.775

×
10

12
689

A
q-A

W
3

4.911
×

10
4

242.98
1.778

×
10

12
338

A
q-A

W
4

3.929
×

10
5

242.90
1.776

×
10

12
126

F
igure

1.
T

he
solid

lines
show

the
linear

pow
er

spectra
(from

C
M

B
FA

ST;
Seljak

&
Z

aldarriaga
1996)used

forthe
tw

o
sim

ulations.B
lack

is
the

origi-
nal,C

D
M

A
q-A

spectrum
,and

red
isthatofA

q-A
W

.T
he

verticaldashed
line

m
arks

the
peak

of
the

W
D

M
spectrum

peak.T
he

arrow
m

arks
the

N
yquist

frequency
of

the
level2

sim
ulations.T

he
dashed

red
curve

corresponds
to

the
M

2L
25

m
odel

of
(B

oyarsky
et

al.2009b)
w

hich
is

alm
ost

identical
to

the
solid

red
curve

forscales
below

k
∼

10
h

M
pc −

1.

particles
are

only
a

few
tens

of
m

s −
1.T

his
im

plies
that

the
parti-

cles
ceased

to
be

relativistic
aftera

redshiftof
z∼

10
7,w

ellbefore
the

end
of

the
radiation-dom

inated
era,as

suggested
by

the
w

ord
‘w

arm
’.Fig.2

illustrates
the

free
stream

ing
ofa

typicalW
D

M
par-

ticle
over

cosm
ic

tim
e.T

he
area

under
the

curve
is

the
com

oving
distance

travelled.It
is

evident
that

the
W

D
M

particle
travels

the
greatestcom

oving
distance

during
the

radiation-dom
inated

era
after

ithas
becom

e
non-relativistic

(B
ode

etal.2001).O
verthe

duration
of

the
N

-body
sim

ulation,w
hich

starts
atz=

127,a
particle

typi-
cally

travels
a

distance
of

around
14

kpc,w
hich

is
sm

allcom
pared

to
the

totaldistance
from

early
tim

es
of

400
kpc.For

com
parison,

the
m

ean
interparticle

separation
for

the
high-resolution

region
in

our
highest

resolution
sim

ulation
is

7.4
kpc,

sim
ilar

to
the

free-
stream

ing
distance

travelled
by

the
particles

after
z

=
127.

T
his

m
eans

thatthe
effects

ofstream
ing

during
the

sim
ulation

are
sm

all,
and

only
affect

scales
that

are
barely

resolved
in

our
sim

ulations.
For

this
reason

w
e

chose
to

set
the

particle
velocities

in
the

sam
e

w
ay

as
in

the
C

D
M

case,w
here

the
particle

velocity
is

a
function

of

F
igure

2.
T

he
free-stream

ing
com

oving
distance

travelled
per

log
interval

of1
+

z,w
here

z
is

redshift,fora
W

D
M

particle
w

ith
a

fiducialvelocity
of

24
m

s −
1

atthe
presentday.T

he
dashed

verticalline
m

arks
the

redshiftof
m

atter–radiation
equality.T

he
dotted

verticalline
indicates

the
startredshift

ofthe
W

D
M

sim
ulations.

the
unperturbed

com
oving

position
of

a
particle

and
is

determ
ined

solely
by

the
m

atterfluctuations.
T

he
W

D
M

m
atterpow

erspectrum
w

e
assum

e
hasa

shape
charac-

teristic
ofa

‘therm
alrelic’(B

ode
etal.2001).H

ow
ever,ourW

D
M

m
atter

pow
er

spectrum
is

also
an

excellentfitfor
scales

below
k

∼
10

h
M

pc −
1,to

the
m

atter
pow

er
spectrum

of
the

M
2L

25
m

odelof
B

oyarsky
etal.(2009b),w

hich
is

show
n

as
a

dashed
line

in
Fig.1.

A
t

k
=

10
h

M
pc −

1,the
pow

er
in

both
W

D
M

curves
is

a
factor

3
below

thatofC
D

M
and

falls
aw

ay
very

rapidly
beyond

here
in

both
m

odels.T
he

M
2L

25
m

odel
corresponds

to
a

resonantly
produced

2-keV
sterile

neutrino
w

ith
a

highly
non-equilibrium

spectrum
of

prim
ordial

velocities.
T

he
m

odel
is

only
just

consistent
w

ith
as-

trophysical
constraints

(B
oyarsky

et
al.2009b)

and
so

m
axim

izes
the

differences
betw

een
the

substructures
in

the
C

D
M

and
W

D
M

haloes,both
in

theirinternalstructure
and

in
theirabundance.

Forw
avenum

bersbelow
the

peak
at4.5

h
M

pc −
1,the

linearW
D

M
pow

er
spectrum

is
w

ellapproxim
ated

by
the

productof
the

linear
C

D
M

pow
er

spectrum
tim

es
the

square
ofthe

Fouriertransform
of

a
spherical

top-hat
filter

of
unit

am
plitude

and
radius

320
kpc,

or
equivalently,containing

a
m

ass
of5

×
10

9M
⊙

atthe
m

ean
density.

Im
ages

of
the

C
D

M
and

W
D

M
haloes

are
show

n
in

Fig.3.A
s

show
n

in
Table

1,
the

m
ass

of
the

m
ain

halo
in

the
W

D
M

sim
u-

lation
is

very
sim

ilar
to

thatof
the

C
D

M
halo,justa

few
per

cent
lighter.H

ow
ever,the

num
ber

of
substructures

in
the

W
D

M
case

is
m

uch
low

er,reflecting
the

factthatthe
sm

all-scale
pow

er
in

these
sim

ulations
is

greatly
reduced.Som

e
of

the
largest

subhaloes
can

be
m

atched
by

eye
in

the
im

ages
ofthe

tw
o

sim
ulations.

Springel
et

al.
(2008)

show
ed

that
it

is
possible

to
m

ake
pre-

cise
m

atches
betw

een
substructures

atdifferentresolutions
for

the
A

q-A
halo,

allow
ing

the
num

erical
convergence

of
properties

of
substructures

to
be

checked
for

individual
substructures.

For
this

paper,w
e

have
found

m
atches

betw
een

subhaloes
in

the
A

q-A
W

2,
A

q-A
W

3
and

A
q-A

W
4

sim
ulations.W

e
m

ake
these

m
atches

atthe
epoch

w
hen

the
subhaloes

firsthave
a

m
ass

w
hich

is
m

ore
than

half

C ⃝
2012

T
he

A
uthors,M

N
R

A
S

420,2318–2324
M

onthly
N

otices
ofthe

R
oyalA

stronom
icalSociety

C ⃝
2012

R
A

S

TCM
B (z=

0)∼
2.5×

10 −4eV

m
∼

Tatz∼
10 7(form

∼
2keV)

Lovell et al. 2012

v(z=
0)∼

25m
s −1(form

∼
2keV)
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Sim
ulating W

arm
 Dark M

atter

Satellite
galaxies

in
W

D
M

2321

F
igure

3.
Im

ages
of

the
C

D
M

(left)
and

W
D

M
(right)

level2
haloes

atz=
0.Intensity

indicates
the

line-of-sightprojected
square

of
the

density
and

hue
the

projected
density-w

eighted
velocity

dispersion,ranging
from

blue
(low

velocity
dispersion)

to
yellow

(high
velocity

dispersion).E
ach

box
is

1.5
M

pc
on

a
side.N

ote
the

sharp
caustics

visible
atlarge

radiiin
the

W
D

M
im

age,severalofw
hich

are
also

present,although
less

w
elldefined,in

the
C

D
M

case.

the
m

ass
they

have
atthe

tim
e

w
hen

they
firstinfallinto

the
m

ain
halo

(w
hich

is
very

close
to

the
m

axim
um

m
ass

they
ever

attain).
A

tthis
epoch

itis
relatively

easy
to

m
atch

the
largestsubstructures

in
these

three
sim

ulations
as

the
corresponding

objects
have

very
sim

ilarpositions,velocities
and

m
asses.

T
he

num
ber

of
subhaloes

thatcan
be

m
atched

betw
een

the
tw

o
W

D
M

sim
ulations

is
m

uch
sm

aller
than

that
betw

een
the

corre-
sponding

C
D

M
sim

ulations,and
is

also
a

m
uch

sm
aller

fraction
of

the
total

num
ber

of
subhaloes

identified
by

SU
B

FIN
D.T

he
m

ajority
of

substructures
identified

in
the

W
D

M
sim

ulations
form

through
fragm

entation
of

the
sharply

delineated
filam

ents
characteristic

of
W

D
M

sim
ulations

and
do

nothave
counterparts

in
the

sim
ulations

of
differentresolution.T

he
sam

e
phenom

enon
is

seen
in

hotdark
m

atter
sim

ulations
and

is
num

ericalin
origin,occurring

along
the

filam
ents

on
a

scale
m

atching
the

interparticle
separation

(W
ang

&
W

hite
2007).T

his
artificialfragm

entation
is

apparentin
Fig.3.

W
e

w
ill

present
a

detailed
description

of
subhalo

m
atching

in
a

subsequent
paper

but,
in

essence,
w

e
have

found
that

m
atching

subhaloes
w

orks
best

w
hen

com
paring

the
L

agrangian
regions

of
the

initial
conditions

from
w

hich
the

subhaloes
form

,
rather

than
the

subhaloes
them

selves.W
e

use
a

sam
ple

of
the

particles
present

in
a

subhalo
atthe

epoch
w

hen
ithad

halfofthe
m

ass
atinfallto

de-
fine

the
L

agrangian
region

from
w

hich
itform

ed.W
e

have
devised

a
quantitative

m
easure

of
how

w
ell

the
L

agrangian
regions

of
the

substructures
overlap

betw
een

the
sim

ulations
of

different
resolu-

tion,and
selectasgenuine

only
those

subhaloesw
ith

strong
m

atches
betw

een
allthree

resolutions.W
e

find
thatthese

criteria
identify

a
sam

ple
of15

relatively
m

assive
subhaloesw

ith
m

assatinfallgreater
than

2
×

10
9M

⊙
,together

w
ith

a
few

m
ore

subhaloes
w

ith
infall

m
ass

below
10

9M
⊙

.T
his

sam
ple

of
15

subhaloes
includes

all
of

the
subhaloes

w
ith

infallm
asses

greater10
9M

⊙
.

W
e

have
also

found
that

the
shapes

of
the

L
agrangian

regions
of

spurious
haloes

in
our

W
D

M
sim

ulations
are

typically
very

as-
pherical.

W
e

have
therefore

devised
a

second
m

easure
based

on

sphericity
as

an
independentw

ay
to

rejectspurious
haloes.A

ll15
of

the
m

assive
subhaloes

identified
by

the
first

criterion
pass

our
shape

test,butallbutone
subhalo

w
ith

an
infallm

assbelow
10

9M
⊙

are
excluded.For

the
purposes

of
this

paper
w

e
need

only
the

12
m

ost
m

assive
subhaloes

at
infall

to
m

ake
com

parisons
w

ith
the

M
ilky

W
ay

satellites.
For

both
our

W
D

M
and

C
D

M
catalogues,

w
e

select
a

sam
ple

m
ade

up
of

the
12

m
ost

m
assive

subhaloes
at

infall
found

today
w

ithin
300

kpc
ofthe

m
ain

halo
centre.In

the
A

q-A
W

2
sim

ulation,
these

subhaloes
are

resolved
w

ith
betw

een
about2

and
0.23

m
illion

particles
at

their
m

axim
um

m
ass.

W
e

use
the

particle
nearest

the
centre

of
the

gravitational
potential

to
define

the
centre

of
each

subhalo
and

hence
determ

ine
the

values
ofV

m
ax

and
r

m
ax

defined
in

Section
1.

3
R

E
S

U
L

T
S

In
this

section,
w

e
study

the
central

m
asses

of
the

substructures
found

w
ithin

300
kpc

of
the

centres
of

the
C

D
M

and
W

D
M

M
ilky

W
ay

like
haloes.T

hese
results

are
com

pared
w

ith
the

m
asses

w
ithin

the
half-lightradii,inferred

by
W

alkeretal.(2009,2010)and
W

olf
etal.(2010)from

kinem
atic

m
easurem

ents,forthe
nine

bright(L
V

>

10
5L⊙

)M
ilky

W
ay

dw
arfspheroidalgalaxies.

Follow
ing

the
study

by
B

oylan-K
olchin

et
al.(2011),in

Fig.4
w

e
plot

the
correlation

betw
een

V
m

ax
and

r
m

ax
for

the
subhaloes

in
A

q-A
W

2
and

A
q-A

2
that

lie
w

ithin
300

kpc
of

the
centre

of
the

m
ain

halo.
O

nly
those

W
D

M
subhaloes

selected
using

our
m

atching
schem

e
are

included,
w

hereas
all

A
q-A

2
subhaloes

are
show

n.T
he

C
D

M
subhaloes

are
a

subsetofthose
show

n
in

fig.2
of

B
oylan-K

olchin
etal.(2011),and

show
V

m
ax

values
thatare

typi-
cally

∼
50

percentlargerthan
those

ofW
D

M
haloes

w
ith

a
sim

ilar
r

m
ax .B

y
assum

ing
thatthe

m
ass

density
in

the
subhaloes

containing
the

observed
dw

arf
spheroidals

follow
s

an
N

FW
profile

(N
avarro,

Frenk
&

W
hite

1996b,1997),B
oylan-K

olchin
etal.(2011)

found

C ⃝
2012

T
he

A
uthors,M

N
R

A
S

420,2318–2324
M

onthly
N

otices
ofthe

R
oyalA

stronom
icalSociety

C ⃝
2012

R
A

S

CDM
W

DM
 (~2 keV)

Lovell et al. 2012
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Identifying spurious halos

P
roperties

ofW
D

M
haloes

305

Table
2.

Properties
of

the
m

ain
friends-of-friends

halo
in

each
H

R
S.

T
he

radiir200
and

r200b
enclose

regions
w

ithin
w

hich
the

m
ean

density
is

200
tim

es
the

critical
and

background
density,

respectively.
T

he
m

asses
M

200
and

M
200b

are
those

contained
w

ithin
these

radii.W
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F
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10.
D

ot
plots
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s

and
M

M
ax

for
subhaloes

in
the

four
different

W
D

M
m

odels
athigh

resolution.T
he

horizontal,dashed
line

is
scut and

the
vertical

line
is

M
m

in .
A

ll
subhaloes

are
w

ithin
r200b

of
the

m
ain

subhalo
centre

atredshiftzero.

the
uncertainty

in
R

m
in .Forsim

plicity,w
e

w
illadoptκ

=
0.5;w
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find
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value

provides
a

good
com

prom
ise

betw
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low

m
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genuine
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and
including

high
m

ass
spurious
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in

allfourm
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arying
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m
in and

κ
in

the
range

stated
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a
difference
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the
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ber

of
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returned
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m

1.5
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∼

5
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the
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1.5
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×
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×
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×
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1.6

and
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L
R
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R
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⊙
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R

S.W
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results
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Fig.10.
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R
S
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conclusions.In

w
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s
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e
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in
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panels.
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S
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S

4.1
T

he
subhalo

m
ass

and
V

m
ax

functions

In
Fig.11

w
e

presentthe
cum

ulative
distributions

ofsubhalo
m

ass,
M

sub ,and
V

m
ax

atz=
0,w

here
V

m
ax

isdefined
asthe

peak
am

plitude
of

the
circular

velocity
profile

V
circ =

√
G

M
(<

r)/r,w
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G
being

the
gravitationalconstantand

M
(<

r)
the

m
ass

enclosed
w

ithin
ra-

dius
r.
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his

is
a

useful
proxy

for
m

ass
that

is
insensitive

to
the

definition
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edge
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subhalo.T
he

figure
includes

both
gen-

uine
(solid

lines)and
spurious(dashed

lines)subhaloes.O
verall,the

spurious
subhaloes
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ber

the
genuine

ones
by

a
factor

of
10.

H
ow

ever,the
m

assfunction
isdom

inated
by

genuine
haloesbeyond

M
sub ∼

(1–3)×
10

7M
⊙

,corresponding
to

V
m

ax ∼
(4−

6)km
s −

1,for
the

differentm
odels.T

he
differentialm

ass
function

(relative
to

the

F
igure

11.
C

um
ulative

subhalo
m

ass,M
sub ,(top

panel)
and

V
m

ax
(bottom

panel)
functions

of
subhaloes

w
ithin

r
<

r200b
of

the
m

ain
halo

centre
in

the
H

R
S

at
z

=
0.Solid

lines
correspond

to
genuine

subhaloes
and

dashed
lines

to
spurious

subhaloes.T
he

black
line

show
s

results
forC

D
M

-W
7

and
the

coloured
lines

forthe
W

D
M

m
odels,as

in
Fig.1.T

he
black

cross
in

the
low

erpanelindicatesthe
expected

num
berofsatellitesofV

m
ax

>
5.7

km
s −

1

as
derived

in
the

text.

C
D

M
m

ass
function)

for
genuine

haloes
in

the
m

2.3
case

can
be

fitted
w

ith
the

functionalform
given

by
Schneideretal.(2012):

n
W

D
M
/n

C
D

M
=

(1
+

M
hm

M
−

1)
β
,

(7)

w
here

M
hm

is
the

m
ass

associated
w

ith
the

scale
atw

hich
the

W
D

M
m

atter
pow

er
spectrum

is
suppressed

by
50

per
centrelative

to
the

C
D

M
pow

erspectrum
,M

is
subhalo

m
ass

and
β

is
a

free
param

eter.
T

he
best-fitting

value
is

β
of

1.3,slightly
higher

than
the

value
of

1.16
found

by
Schneider

etal.(2012)
for

friends-of-friends
haloes

(rather
than

SU
B

FIN
D

subhaloes
as

in
our

case).A
slightly

better
fit

is
obtained

by
introducing

an
additionalparam

eter,
γ

,such
that

n
W

D
M
/n

C
D

M
=

(1
+

γ
M

hm
M

−
1)

β
,

(8)

w
ith

γ
=

2.7
and

β
=

0.99.H
ow

ever,better
statistics

are
required

to
probe

the
subhalo

m
ass

function
m

ore
precisely.

In
principle,com

parison
of

the
abundance

of
subhaloes

show
n

in
Fig.

11
w

ith
the

population
of

satellite
galaxies

observed
in

the
M

ilky
W

ay
can

set
a

strong
constraint

on
the

m
ass

of
viable

W
D

M
particle

candidates.A
ssum

ing
thatevery

satellite
possesses

its
ow

n
dark

m
atterhalo

and
thatthe

parenthalo
in

oursim
ulations

has
a

m
ass

com
parable

to
thatof

the
M

ilky
W

ay
halo,a

m
inim

um
requirem

entisthatthe
num

berofsubhaloesin
the

sim
ulationsabove

M
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Sim
ulating ultra-light axions

•
Basic idea: different regim

es for dark m
atter 

•
if dark m

atter is m
ade of particles w

ith very low
 m

ass, get quantum
 

behavior on astrophysical scales

λ=
hm
v

≈
4kpc(

m
10 −22eV )

−1(
v

30km
s −1)

−1

Hu et al. 2000, along w
ith other earlier w

ork. Discussion here follow
s M

ocz et al. 2018 and Hui et al. 2017
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m
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it
w
ould

not
be

as
light

as
described

above). 5
H
ow

ever,
a
num

ber
of

proposals
for

direct,
or

at
least

m
ore

direct,
observation

of
ultralight

axionlike
particles

have
been

m
ade

in
[23].

T
he

value
m
∼
1
0
−
2
2–
1
0
−
2
1
eV

is
not

optim
al

for
m
ost

of
these

proposals,
but

is
at

the
edge

of
w
hat

m
ight

be
detected

by
observing

certain
effects

involving
superm

assive
black

holes.
It
has

been
suggested

(in
[32]

and
by

P.
G
raham

,
private

com
m
unication)

thatthe
C
A
SPE

r-W
ind

version
of

the
C
A
SPE

r
axion

experim
ent

m
ight

ultim
ately

have
the

sensitivity
to

observe
FD

M
.T

his
experim

entis
described,

though
notby

thatnam
e,in

Sec.5
A

of
[34].FD

M
m
ight

also
be

eventually
detectable

less
directly

by
pulsar

tim
ing

observations
[35].B

.F
D
M

as
a
superfluid

From
the

above
discussion,w

e
see

thatforthe
purpose

of
studying

structures
on

galactic
scales

and
above,

w
e
can

ignore
the

self-interaction
ofthe

axionlike
particle.In

other
w
ords,letus

consider
the

follow
ing

action
for

a
scalar 6

ϕ
,

m
inim

ally
coupled

to
the

m
etric

g
μν :

S
¼

Z
d
4x

ℏc
2

ffiffiffiffiffiffi
−
g

p
"
12
g
μν∂

μ ϕ∂
ν ϕ

−
12

m
2c

2

ℏ
2

ϕ
2 #;

ð17Þ

w
here

w
e

have
restored

factors
of

c
and

ℏ,
w
ith

ϕ
having

energy
units.

W
e
are

interested
in

a
m
ass

m
that

corresponds
to

an
astronom

ically
relevant

de
B
roglie

w
avelength:

λ2π
¼

ℏm
v
¼

1.9
2
kpc $

1
0
−
2
2
eV

m

%
$
1
0
km

s −
1

v

%
ð18Þ

w
here

v
is
the

velocity.A
collection

of
a
large

num
ber

of
such

particles
in

the
sam

e
state

can
be

described
by

a
classicalscalarfield.In

the
nonrelativistic

lim
it,itis

helpful
to

express
ϕ
in

term
s
of

a
com

plex
scalar

ψ
:

ϕ
¼

ffiffiffiffiffiffiffiffi
ℏ
3c
2m

r
ðψ

e
−
im

c
2t=ℏþ

ψ
%e

im
c
2t=ℏÞ:

ð19Þ

A
s

is
w
ell

know
n,

the
equation

of
m
otion

for
ψ

takes
the

form
of

the
Schrödinger

equation,
assum

ing
jψ̈j≪

m
c
2j _ψj=ℏ:

iℏ $
_ψ
þ
32
H
ψ %

¼
$
−

ℏ
2

2m
R
2 ∇

2þ
m
Φ
%
ψ
;

ð20Þ

w
here

Φ
ðr;tÞ

is
the

gravitational
potential

and
w
e
have

adopted
the

perturbed
FR

W
m
etric,

ds
2¼

$
1
þ
2Φc
2 %

c
2dt 2−

R
2ðtÞ $

1
−
2Φc
2 %

dr
2:

ð21Þ

For
m
any

G
alactic

dynam
ics

applications
itis

sufficientto
setthe

scale
factorRðtÞ

to
unity,and

the
H
ubble

param
eter

H
≡

_R=R
to

zero.T
he

scalar
ψ
should

be
interpreted

as
a

classical
field,

quantum
fluctuations

around
w
hich

are
sm

all.
T
he

situation
is

analogous
to

using
the

M
axw

ell
equations

to
describe

configurations
involving

a
large

num
ber

of
photons

(see
[36]

for
a
discussion;

see
also

[37,38]forthe
use

ofthe
Schrödingerequation

in
m
odeling

large-scale
structure).

It
is

som
etim

es
useful

to
think

of
the

dark
m
atter

as
a

fluid,a
superfluid

in
fact.W

e
define

the
fluid

density
ρ
and

velocity
v
by

ψ
≡

ffiffiffiffiρm

r
e
iθ;

v≡
ℏR
m
∇
θ
¼

ℏ
2m

iR

$
1ψ ∇

ψ
−

1ψ
% ∇

ψ
% %

:

ð22Þ

T
he

vorticity
of

the
flow

∇
×
v
vanishes,though

the
m
ore

physically
relevant

quantity
is

the
m
om

entum
density

w
hich

has
nonzero

curlin
general.T

he
follow

ing
equations

can
be

derived
from

the
ψ
equation

ofm
otion

in
com

oving
coordinates:

_ρþ
3H

ρ
þ

1R
∇
·ðρvÞ¼

0;
ð23Þ

_vþ
H
v
þ

1R
ðv

·∇Þv
¼

−
1R
∇
Φ
þ

ℏ
2

2R
3m

2 ∇ $∇
2

ffiffiffiρ
pffiffiffiρ

p
%
:ð24Þ

T
hese

are
know

n
as

the
M
adelung

equations,
slightly

generalized
to

an
expanding

universe
(see

the
Feynm

an
lectures

[39]
for

a
discussion,

and
also

[40–44]).
T
hey

strongly
resem

ble
the

continuity
and

E
uler

equations
of

classical
fluid

m
echanics

w
ith

the
addition

of
the

second
term

on
the

rightof
E
q.(24),com

m
only

referred
to

as
the

“quantum
pressure”

term
.T

he
quantum

pressure
gives

rise

5A
derivative

coupling
ofthe

axion
to
ferm

ions
isallow

ed,asis
a
coupling

aϵ
μναβf

μν f
αβ

w
here

f
μν

is
the

electrom
agnetic

field
strength.Such

couplings
w
illbe

proportionalto
1=F

in
the

sortof
m
odelassum

ed
above,w

hich
drastically

suppresses
theireffects.

6W
e
use

a
canonically

norm
alized

scalarfield
ϕ
,related

to
the

dim
ensionless

field
a
used

in
the

last
subsection

by
ϕ
¼

F
a.
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U
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O
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W
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A
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M
adelung Equations



Phenom
enology

to
a

certain
“stiffness”

of
the

FD
M

fluid
that

resists
com

pression.
M
ore

precisely,the
quantum

pressure
arises

from
a
stress

tensor
σ,_vþ

H
v
þ

1R
ðv

·∇Þv
¼

−
1R
∇
Φ
þ

1R
∇
·σ;

ð25Þ

w
here

σ
ij ¼

−
ℏ
2

4m
2R

2 !
1ρ ∂

ρ
∂x

i ∂
ρ

∂x
j −

∂
2ρ

∂x
i ∂x

j "
¼

ℏ
2ρ

4R
2m

2 ∂
2log

ρ
∂x

i ∂x
j
:

ð26Þ

A
n
equivalent

form
is

∂
t ðρv

i Þþ
4H

ρv
i þ

1R ∂
j Π

ij þ
1R
ρ∂

i Φ
¼

0
ð27Þ

w
here

the
m
om

entum
flux

density
tensor

is

Π
ij ¼

ρv
i v

j −
σ
ij

¼
ℏ
2

4m
R
2 ð∂

i ψ
%∂

j ψ
þ
∂
i ψ∂

j ψ
%−

ψ
%∂

i ∂
j ψ

−
ψ∂

i ∂
j ψ

%Þ

ð28Þ

up
to

the
addition

of
a
divergence-free

tensor.
T
he

M
adelung

equations
are

w
ell

suited
to

num
erical

sim
ulations,because

standard
hydrodynam

ics
codes

can
be

m
odified

to
incorporate

the
quantum

pressure
[16,45,46].

A
s
an

exam
ple

of
the

relation
betw

een
the

fluid
and

scalar
field

view
points,a

discussion
of

the
collision

of
stream

s
is

given
in

A
ppendix

E
.

To
m
inim

ize
confusion,w

e
w
ould

like
to

pointoutthat
despite

the
appearance

ofℏ
in

m
any

ofthe
above

form
ulas,

all
of

the
considerations

above
and

in
this

paper
can

be
understood

purely
in
term

s
ofclassicalfield

theory.Indeed,
ℏ
and

the
m
ass

m
appearonly

in
the

form
ofthe

ratio
ℏ=m

.
A
llof

our
form

ulas
can

be
expressed

in
term

s
of

this
ratio

w
ithout

ever
m
entioning

ℏ.

III.
A
ST
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S
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N
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A
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Introductory

rem
arks

T
he

differences
betw

een
the

properties
of

a
standard

C
D
M

U
niverse

and
a
U
niverse

in
w
hich

the
dark

m
atter

is
dom

inated
by

FD
M

w
illbe

m
ostprom

inentin
dark-m

atter-
dom

inated
system

s
w
here

the
de

B
roglie

w
avelength

λ
¼

h=ðm
vÞ

is
com

parable
to

the
system

size
r.Since

the
virial

velocity
v
of

halos
or

subhalos
generally

decreases
as

r
decreases

this
condition

favors
sm

allsystem
s,both

because
r
is
sm

alland
because

λ
is
large.G

iven
the

sm
allscales,the

effects
of

FD
M

are
m
osteasily

studied
in

nearby
system

s,
so

m
ostof

the
tests

described
below

are
bestperform

ed
in

the
M
ilky

W
ay

orotherL
ocalG

roup
galaxies.O

n
the

other
hand,in

the
standard

Λ
C
D
M

m
odelofstructure

form
ation,

sm
all-scale

system
s

form
earliest,

so
the

differences
betw

een
galaxy

form
ation

in
C
D
M
-
and

FD
M
-dom

inated
universes

w
illbe

m
ostdram

atic
athigh

redshift.T
hus

the
very

near,in
thissection,and

the
very

far,in
Secs.IV

and
V
,

w
ill

be
the

foci
of

our
attention.

B
.M

inim
um

size
and

m
axim

um
density

T
he

de
B
roglie

w
avelength

forFD
M

isgiven
by

E
q.(18).

R
oughly

speaking,
λ=ð2πÞ

cannot
exceed

the
virial

radius
r≃

G
M
=v

2
of

an
equilibrium

self-gravitating
system

of
m
ass

M
.T

hus
r≳

ℏ
2=ðG

M
m

2Þ.A
m
ore

precise
statem

ent,
derived

in
A
ppendix

B
,is

thatthe
radius

containing
halfthe

m
ass

of
a
spherically

sym
m
etric,

tim
e-independent,

self-
gravitating

system
of

FD
M

m
ust

satisfy
the

inequality

r
1=
2 ≥

3.9
2
5

ℏ
2

G
M
m

2 ¼
0.3

3
5
kpc

1
0
9
M

⊙
M

!
1
0
−
2
2
eV

m

"
2:

ð29Þ

T
he

inequality
is
an

equality
ifthe

system
is
in

a
stationary

state
that

m
inim

izes
the

energy
7
this

state
is

som
etim

es
called

a
“soliton.”

Sim
ilarly,

the
central

density
satisfies

ρ
c ≤

0.0
0
4
4 !

G
m

2

ℏ
2

"
3M

4

¼
7.0

5
M

⊙
pc −

3 !
m

1
0
−
2
2
eV

"
6 !

M
1
0
9
M

⊙ "
4:

ð30Þ

T
his

upper
lim

it
to

the
density

can
be

com
pared

w
ith

the
observed

centraldensities
of

dw
arf

spheroidalgalaxies
in

the
L
ocalG

roup,w
hich

are
strongly

dom
inated

by
dark

m
atter

even
at

their
centers:

m
any

have
m
ass-to-light

ratios≳
1
0
0
M

⊙
=L

⊙
inside

their
half-light

radii.
A
m
ong

36
L
ocalG

roup
dw

arfspheroidalsthe
m
axim

um
,m

ean
and

m
edian

density
w
ithin

the
half-lightradius

are
5,0.5,and

0.1
M

⊙
pc −

3
[48],consistentw

ith
E
q.(30)ifm

≃
1
0
−
2
2
eV

and
the

ground-state
m
ass

exceeds
3
×
1
0
8
M

⊙
–1
0
9
M

⊙
.

W
ith

these
nom

inalvalues
the

halo
half-m

ass
radius

(29)is
sim

ilar
to

the
observed

half-lightradiiof
dw

arf
spheroidal

galaxies:
the

m
edian

and
quartiles

for
the

L
ocal

G
roup

sam
ple

are
0.2

5
þ
0.3

−
0.1

kpc.
Ifw

e
assum

e
thatthe

centralpartofthe
halo

isa
soliton

it
is

possible
to

fit
the

kinem
atics

of
the

stars
in

dw
arf

spheroidal
galaxies

to
determ

ine
the

FD
M

particle
m
ass.

7In
the

approxim
ation

of
the

Schrödinger-Poisson
equation

there
is

a
conserved

particle
num

ber,
and

the
soliton

solution
m
inim

izes
the

energy
for

a
given

particle
num

ber.T
his

particle
num

ber
is

not
conserved

in
the

full
equations

governing
a
real

scalar
field

interacting
w
ith

gravity,so
in

thatcontextthe
soliton

is
notabsolutely

stable,although
its

lifetim
e
is
m
uch

greaterthan
the

H
ubble

tim
e
[47].
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λ≲
R

vir =
G

M
/V

2

Stationary solution, spherical sym
m

etry:

to
a

certain
“stiffness”

of
the

FD
M

fluid
that

resists
com

pression.
M
ore

precisely,the
quantum

pressure
arises

from
a
stress

tensor
σ,_vþ

H
v
þ

1R
ðv

·∇Þv
¼

−
1R
∇
Φ
þ

1R
∇
·σ;

ð25Þ

w
here

σ
ij ¼

−
ℏ
2

4m
2R

2 !
1ρ ∂

ρ
∂x

i ∂
ρ

∂x
j −

∂
2ρ

∂x
i ∂x

j "
¼

ℏ
2ρ

4R
2m

2 ∂
2log

ρ
∂x

i ∂x
j
:

ð26Þ

A
n
equivalent

form
is

∂
t ðρv

i Þþ
4H

ρv
i þ

1R ∂
j Π

ij þ
1R
ρ∂

i Φ
¼

0
ð27Þ

w
here

the
m
om

entum
flux

density
tensor

is

Π
ij ¼

ρv
i v

j −
σ
ij

¼
ℏ
2

4m
R
2 ð∂

i ψ
%∂

j ψ
þ
∂
i ψ∂

j ψ
%−

ψ
%∂

i ∂
j ψ

−
ψ∂

i ∂
j ψ

%Þ

ð28Þ

up
to

the
addition

of
a
divergence-free

tensor.
T
he

M
adelung

equations
are

w
ell

suited
to

num
erical

sim
ulations,because

standard
hydrodynam

ics
codes

can
be

m
odified

to
incorporate

the
quantum

pressure
[16,45,46].

A
s
an

exam
ple

of
the

relation
betw

een
the

fluid
and

scalar
field

view
points,a

discussion
of

the
collision

of
stream

s
is

given
in

A
ppendix

E
.

To
m
inim

ize
confusion,w

e
w
ould

like
to

pointoutthat
despite

the
appearance

ofℏ
in

m
any

ofthe
above

form
ulas,

all
of

the
considerations

above
and

in
this

paper
can

be
understood

purely
in
term

s
ofclassicalfield

theory.Indeed,
ℏ
and

the
m
ass

m
appearonly

in
the

form
ofthe

ratio
ℏ=m

.
A
llof

our
form

ulas
can

be
expressed

in
term

s
of

this
ratio

w
ithout

ever
m
entioning

ℏ.
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Introductory

rem
arks

T
he

differences
betw

een
the

properties
of

a
standard

C
D
M

U
niverse

and
a
U
niverse

in
w
hich

the
dark

m
atter

is
dom

inated
by

FD
M

w
illbe

m
ostprom

inentin
dark-m

atter-
dom

inated
system

s
w
here

the
de

B
roglie

w
avelength

λ
¼

h=ðm
vÞ

is
com

parable
to

the
system

size
r.Since

the
virial

velocity
v
of

halos
or

subhalos
generally

decreases
as

r
decreases

this
condition

favors
sm

allsystem
s,both

because
r
is
sm

alland
because

λ
is
large.G

iven
the

sm
allscales,the

effects
of

FD
M

are
m
osteasily

studied
in

nearby
system

s,
so

m
ostof

the
tests

described
below

are
bestperform

ed
in

the
M
ilky

W
ay

orotherL
ocalG

roup
galaxies.O

n
the

other
hand,in

the
standard

Λ
C
D
M

m
odelofstructure

form
ation,

sm
all-scale

system
s

form
earliest,

so
the

differences
betw

een
galaxy

form
ation

in
C
D
M
-
and

FD
M
-dom

inated
universes

w
illbe

m
ostdram

atic
athigh

redshift.T
hus

the
very

near,in
thissection,and

the
very

far,in
Secs.IV

and
V
,

w
ill

be
the

foci
of

our
attention.

B
.M

inim
um

size
and

m
axim

um
density

T
he

de
B
roglie

w
avelength

forFD
M

isgiven
by

E
q.(18).

R
oughly

speaking,
λ=ð2πÞ

cannot
exceed

the
virial

radius
r≃

G
M
=v

2
of

an
equilibrium

self-gravitating
system

of
m
ass

M
.T

hus
r≳

ℏ
2=ðG

M
m

2Þ.A
m
ore

precise
statem

ent,
derived

in
A
ppendix

B
,is

thatthe
radius

containing
halfthe

m
ass

of
a
spherically

sym
m
etric,

tim
e-independent,

self-
gravitating

system
of

FD
M

m
ust

satisfy
the

inequality

r
1=
2 ≥

3.9
2
5

ℏ
2

G
M
m

2 ¼
0.3

3
5
kpc

1
0
9
M

⊙
M

!
1
0
−
2
2
eV

m

"
2:

ð29Þ

T
he

inequality
is
an

equality
ifthe

system
is
in

a
stationary

state
that

m
inim

izes
the

energy
7
this

state
is

som
etim

es
called

a
“soliton.”

Sim
ilarly,

the
central

density
satisfies

ρ
c ≤

0.0
0
4
4 !

G
m

2

ℏ
2

"
3M

4

¼
7.0

5
M

⊙
pc −

3 !
m

1
0
−
2
2
eV

"
6 !

M
1
0
9
M

⊙ "
4:

ð30Þ

T
his

upper
lim

it
to

the
density

can
be

com
pared

w
ith

the
observed

centraldensities
of

dw
arf

spheroidalgalaxies
in

the
L
ocalG

roup,w
hich

are
strongly

dom
inated

by
dark

m
atter

even
at

their
centers:

m
any

have
m
ass-to-light

ratios≳
1
0
0
M

⊙
=L

⊙
inside

their
half-light

radii.
A
m
ong

36
L
ocalG

roup
dw

arfspheroidalsthe
m
axim

um
,m

ean
and

m
edian

density
w
ithin

the
half-lightradius

are
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0.1
M
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pc −

3
[48],consistentw
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q.(30)ifm
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2
2
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ground-state
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1
0
8
M

⊙
–1
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9
M

⊙
.
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dw
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quartiles
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L
ocal
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roup
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þ
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kpc.
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dw
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spheroidal
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FD
M

particle
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7In
the

approxim
ation

of
the

Schrödinger-Poisson
equation
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a
conserved

particle
num

ber,
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the
soliton

solution
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inim
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the

energy
for

a
given

particle
num

ber.T
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particle
num

ber
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conserved
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the
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scalar
field

interacting
w
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lifetim
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ubble

tim
e
[47].
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�
2
2

eV
from

reion
ization

an
d
h
igh

-red
sh
ift

U
V
-lu

m
in
osity

fu
n
ction

com
-

p
arison

s.
W
e
ad

op
t
m

>
0.8

⇥
10

�
2
2eV

as
a
con

servative
low

er
lim

it
on

th
e
scalar

fi
eld

m
ass

in
w
h
at

follow
s.

G
alax

y
rotation

cu
rves

an
d

k
in
em

atic
d
ata

for
d
w
arf

galax
ies

in
th
e
L
o
cal

G
rou

p
su
ggest

th
at

scalar
fi
eld

m
asses

in
th
e
ran

ge
m

'
0.1

�
5
⇥

10
�
2
2eV

p
rov

id
e
b
etter

agree-
m
en
t
on

d
w
arf-galax

y
scales

th
an

C
D
M
.
S
p
ecifi

cally,
th
is

m
ass

ran
ge

p
ro
d
u
ces

con
stan

t-d
en

sity
soliton

cores
of

size
⇠

0.1
�

1
k
p
c

in
d
w
arf

galax
ies

(L
ora

et
al.

2012;
L
ora

&
M
agañ

a
2014;

M
artin

ez-M
ed

in
a,

R
ob

les
&

M
atos

2015;
R
ob

les
et

al.
2015;

L
ora

2015;
C
h
en

,
S
ch
ive

&
C
h
iu
eh

2017;
C
alab

rese
&

S
p
ergel

2016;
U
reñ

a
L
óp

ez,
R
ob

les
&

M
atos

2017).
T
aken

togeth
er

w
ith

th
e
low

er
lim

its
p
rov

id
ed

b
y

stru
ctu

re
form

ation
,
th
ese

e↵
orts

p
in
p
oin

t
a

m
ass

ran
ge

m
'

0.8�
5⇥

10
�
2
2

as
astrop

h
y
sically

in
terestin

g
for

S
F
D
M
.

S
everal

au
th
ors

h
ave

p
rov

id
ed

an
aly

tic
self-grav

itatin
g

solu
tion

s
for

S
F
D
M

h
alos

in
sp
h
erically

sy
m
m
etric

con
fi
gu

-
ration

s
(G

leiser
1988;

S
eid

el
&

S
u
en

1994;
B
alak

rish
n
a,

S
ei-

d
el&

S
u
en

1998;U
reñ

a
L
óp

ez
2002;G

u
zm

án
&

U
reñ

a
L
óp

ez
2004,

2006).
It

is
n
ow

w
ell

estab
lish

ed
th
at

S
F
D
M

ad
m
its

stab
le,

m
in
im

u
m
-en

ergy
con

fi
gu

ration
s
w
h
ich

are
attractor

solu
tion

s
in

th
e
p
resen

ce
of

sm
all

p
ertu

rb
ation

s.
T
h
ese

sta-
tion

ary
solu

tion
s
are

referred
as

“soliton
s”

(S
eid

el
&

S
u
en

1990,
1994;

L
ee

1989;
G
leiser

&
W
atk

in
s
1989;

G
u
zm

án
&

U
reñ

a
L
óp

ez
2004;

C
h
avan

is
2011,

2016).
O
n
ly

recen
tly

h
as

it
b
een

p
ossib

le
to

con
d
u
ct

a
fu
lly

self
con

sisten
t
S
F
D
M

sim
u
lation

w
ith

in
a
cosm

ological
volu

m
e

(S
ch
ive,

C
h
iu
eh

&
B
road

h
u
rst

2014).
T
h
ese

D
M
-on

ly
S
F
D
M

sim
u
lation

s
con

fi
rm

ed
th
e
ex
isten

ce
of

a
com

p
act

an
d
sta-

b
le

self-grav
itatin

g
soliton

at
th
e
cen

ters
of

S
F
D
M

h
alo

es.
F
u
rth

er,
th
ese

au
th
ors

fou
n
d
th
at

th
e
cen

tral
soliton

is
su
r-

rou
n
d
ed

b
y

a
tu
rb
u
len

t
m
ed

iu
m

d
om

in
ated

b
y

less
d
en

se
soliton

-sized
fl
u
ctu

ation
s.
T
h
ou

gh
a
m
a
jor

ach
ievem

en
t,
th
e

d
em

an
d
in
g
con

strain
ts

on
sp
atial

resolu
tion

h
ave

d
em

an
d
ed

fairly
sm

all
com

ov
in
g
volu

m
es,

an
d
th
u
s
an

ex
p
loration

of
th
e
statistical

h
alo

p
rop

erties
w
as

n
ot

feasib
le.

N
on

-cosm
ological

(id
ealized

)
sim

u
lation

s
are

m
u
ch

less
com

p
u
tation

ally
ex
p
en

sive
to

ru
n

an
d

th
is

ap
p
roach

h
as

p
rov

id
ed

a
u
sefu

l
aven

u
e
for

in
sigh

t
in
to

th
e
p
ro
cess

of
re-

lax
ation

an
d

h
alo

collap
se

in
S
F
D
M
.
S
ch
w
ab

e,
N
iem

eyer
&

E
n
gels

(2016),
for

in
stan

ce,
stu

d
ied

tw
o-soliton

m
erger

in
teraction

s
for

d
i↵
eren

t
h
alo

p
aram

eters.
S
im

ilarly,
M
o
cz

et
al.

(2017)
con

d
u
cted

sim
u
lation

s
of

m
u
ltip

le
soliton

cores
m
ergin

g,
ch
aracterizin

g
p
rop

erties
of

th
e
cen

tral
d
en

se
soli-

ton
an

d
th
e
ou

ter
tu
rb
u
len

t
d
en

sity
fi
eld

.
T
h
ese

stu
d
ies

h
ave

p
rov

id
ed

resu
lts

con
sisten

t
w
ith

th
ose

of
S
ch
ive,

C
h
iu
eh

&
B
road

h
u
rst

(2014),
an

d
sh
ow

ed
th
at

th
e
S
F
D
M

h
alo

p
rofi

le
b
eyon

d
th
e
core

soliton
resem

b
les

a
N
avarro,

F
ren

k
&

W
h
ite

F
ig
u
re

1
.
S
c
h
e
m
a
t
i
c
d
i
a
g
r
a
m

o
f
t
h
e
d
e
n
s
i
t
y

p
r
o
fi
l
e
o
f
a
s
c
a
l
a
r

fi
e
l
d
d
a
r
k
m
a
t
t
e
r
h
a
l
o
.
T
h
e
c
e
n
t
r
a
l
r
e
g
i
o
n
i
s
d
o
m
i
n
a
t
e
d
b
y
a
s
o
l
i
-

t
o
n
o
f
c
h
a
r
a
c
t
e
r
i
s
t
i
c
r
a
d
i
u
s
r
c

s
e
t
b
y
t
h
e
h
a
l
o
v
i
r
i
a
l
m
a
s
s
M

h

a
n
d

s
c
a
l
a
r
fi
e
l
d
m
a
s
s
m
:
r
c

⇠
�
d
B

/
m

�
1

M
�
1
/
3

h

.
T
h
e
o
u
t
e
r
r
e
g
i
o
n

a
s
y
m
p
t
o
t
e
s
t
o
a
C
D
M
-
l
i
k
e
N
F
W

p
r
o
fi
l
e
.
T
h
e
t
r
a
n
s
i
t
i
o
n
f
r
o
m

t
h
e

s
o
l
i
t
o
n
t
o
t
h
e
o
u
t
e
r
h
a
l
o
o
c
c
u
r
s
a
t
a
r
a
d
i
u
s
r
=

↵
r
c

⇠
3
r
c

(
v
e
r
-

t
i
c
a
l
d
o
t
t
e
d
l
i
n
e
)
a
n
d
i
s
m
a
r
k
e
d
b
y
a
n
a
b
r
u
p
t
c
h
a
n
g
e
i
n
a
v
e
r
a
g
e

d
e
n
s
i
t
y
p
r
o
fi
l
e
s
l
o
p
e
.
I
n
t
h
i
s
r
e
g
i
o
n
,
t
h
e
d
a
r
k
m
a
t
t
e
r
i
s
m
i
l
d
l
y
t
u
r
-

b
u
l
e
n
t
w
i
t
h
fl
u
c
t
u
a
t
i
o
n
s
i
n
d
e
n
s
i
t
y
o
f
c
h
a
r
a
c
t
e
r
i
s
t
i
c
p
h
y
s
i
c
a
l
s
i
z
e

⇠
�
d
B

.

(1997,
h
ereafter

N
F
W

)
p
rofi

le
as

seen
in

C
D
M

sim
u
lation

s.
M
o
cz

et
al.

(2017)
sh
ow

ed
th
at

in
th
is

ou
ter

N
F
W

-like
re-

gion
,
S
F
D
M

h
alo

stru
ctu

re
is

govern
ed

b
y
an

eq
u
ip
artition

b
etw

een
p
oten

tial,
classical

k
in
etic,

an
d
q
u
an

tu
m

grad
ien

t
en

ergies,
w
h
ereas

th
e
q
u
an

tu
m

grad
ien

t
en

ergy
su
p
p
orts

th
e

p
rofi

le
in
sid

e
th
e
soliton

.
O
K
!
M

a
y
b
e

p
u
t

th
is

h
e
re

:
M

o
cz

e
t

a
l.

(2
0
1
7
)

fo
u
n
d

th
a
t
th

e
re

is
a

d
o
m
in
a
n
t
m
o
d
e
(w

a
v
e
le
n
g
th

)
th

a
t

co
n
ta

in
s

m
o
st

o
f

th
e

e
n
e
rg

y
in

th
e

tu
rb

u
-

le
n
t
m
e
d
iu
m
,
in
te

re
stin

g
ly,

th
is

ch
a
ra

cte
ristic

w
a
v
e
-

le
n
g
th

th
a
t
se

e
d
s
m
o
st

o
f
th

e
in
te

rfe
re

n
ce

se
ts

a
p
re

f-
e
re

n
tia

l
sca

le
,
w
h
ich

is
o
b
se

rv
e
d
to

b
e
a
b
o
u
t
th

e
so

li-
to

n
d
ia
m
e
te

r.
T
h
e

e
x
iste

n
ce

o
f
a

p
re

fe
re

n
tia

l
sca

le
fo
r
in
te

rfe
re

n
ce

le
a
d
s
to

th
e
p
o
ssib

ility
th

a
t
th

e
a
v
-

e
ra

g
e

d
e
n
sity

fi
e
ld

w
ill

n
o
t
b
e

co
m
p
le
te

ly
sm

o
o
th

,
b
u
t
h
a
v
e
sm

a
ll

a
m
p
litu

d
e
o
scilla

tio
n
s
re

su
ltin

g
fro

m
th

e
n
e
t
e
↵
e
ct,

th
e

d
e
g
re

e
o
f
sm

o
o
th

n
e
ss

is
re

la
te

d
to

th
e
size

o
f
th

e
so

lito
n
,
w
h
ich

itse
lf

is
m
o
d
ifi
e
d

b
y

th
e
to

ta
l
m
a
ss

d
istrib

u
tio

n
.
In

th
is

w
o
rk

,
w
e
w
ill

n
o
t

co
n
sid

e
r
th

e
m
o
d
e
lin

g
o
f
th

e
fl
u
ctu

a
tin

g
fi
e
ld
,
h
o
w
-

e
v
e
r,

in
th

e
A
p
p
e
n
d
ix

w
e

p
ro

v
id
e

a
w
a
y

to
e
x
te

n
d

o
u
r
h
a
lo

m
o
d
e
l
to

in
clu

d
e
o
scilla

tio
n
s
in

th
e
d
e
n
sity

fi
e
ld

a
n
a
ly
tica

lly,
w
e
sh

o
w

th
a
t
sm

a
ll

a
m
p
litu

d
e
o
s-

cilla
tio

n
s
in

th
e

d
e
n
sity

a
p
p
e
a
r
a
lso

a
s
o
scilla

tio
n
s

in
th

e
circu

la
r
v
e
lo
city

p
ro

fi
le
s,

w
h
ich

m
ig
h
t
b
e
a
n

o
b
se

rv
a
b
le

fe
a
tu

re
in

sp
ira

l
g
a
la
x
ie
s.

In
w
h
at

follow
s
w
e
p
rov

id
e
a
com

p
reh

en
sive

m
eth

o
d
for

p
red

ictin
g
th
e
d
en

sity
p
rofi

les
of

S
F
D
M

h
alos

as
a
fu
n
ction

of
h
alo

v
irial

m
ass.

T
h
e
resu

ltan
t
d
en

sity
p
rofi

les
cap

tu
re

th
e
ex
p
ected

m
ass

d
istrib

u
tion

s
of

a
b
road

ran
ge

of
S
F
D
M

h
alo

es
an

d
can

b
e
u
sed

to
com

p
ared

to
ob

servation
s.

O
u
r

p
ro
ced

u
re

m
atch

es
th
e
in
n
er

soliton
p
red

iction
to

th
e
ou

ter
N
F
W

-like
p
rofi

le
at

large
rad

iu
s
an

d
b
u
ild

s
u
p
on

th
e
resu

lts
of

cosm
ological

sim
u
lation

s
in

b
oth

S
F
D
M

an
d
C
D
M

to
d
o

c

�
2
0
1
8
R
A
S
,
M
N
R
A
S
0
0
0
,
1
–
1
3

Robles, Bullock, M
BK (in preparation) Sim

ple scaling:

rcore ∝
λ∝

(m
v) −1

v∝
M

1/3
halo

rcore ∝
1/(m

M
1/3
halo )

rcore
rvir

∝
1/(m

M
2/3
halo )



Schem
atic structure of halo

4
V
.H

.
R
obles,

J
.S
.
B
u
llock

an
d
M
.
B
oylan

-K
olchin

F
ig
u
re

2
.
D
e
n
s
i
t
y
p
r
o
fi
l
e
s
f
o
r
t
h
e
s
o
l
i
t
o
n

c
o
r
e
s
i
n

S
F
D
M

h
a
l
o
e
s
a
c
c
o
r
d
i
n
g
t
o
E
q
u
a
t
i
o
n
s
5
a
n
d

6
.
R
e
s
u
l
t
s
f
o
r
t
w
o
s
c
a
l
a
r
fi
e
l
d

m
a
s
s
e
s

m
=

8
⇥

1
0

�
2
3

e
V

(
l
e
f
t
)
a
n
d
m

=
5
⇥

1
0

�
2
2

e
V

(
r
i
g
h
t
)
a
r
e
s
h
o
w
n
.
T
h
e
c
o
r
e
r
a
d
i
u
s
f
o
r
e
a
c
h
s
o
l
i
t
o
n
i
s
m
a
r
k
e
d
a
s
a
t
r
i
a
n
g
l
e
.
T
h
e
c
o
l
o
r

c
o
d
e
i
s
m
a
t
c
h
e
d
t
o
h
a
l
o
v
i
r
i
a
l
m
a
s
s
.
A
t
fi
x
e
d
h
a
l
o
m
a
s
s
,
t
h
e
s
o
l
i
t
o
n
s
a
r
e
l
e
s
s
d
e
n
s
e
a
n
d
h
a
v
e
l
a
r
g
e
r
r
a
d
i
i
f
o
r
l
i
g
h
t
e
r
b
o
s
o
n
s
.
F
o
r
a
fi
x
e
d

d
a
r
k
m
a
t
t
e
r
m
o
d
e
l
,
l
o
w
e
r
m
a
s
s
h
a
l
o
e
s
h
a
v
e
l
a
r
g
e
r
s
o
l
i
t
o
n
c
o
r
e
s
w
i
t
h
l
o
w
e
r
o
v
e
r
a
l
l
d
e
n
s
i
t
y
.
N
o
t
e
t
h
a
t
t
h
e
o
u
t
e
r
d
a
r
k
m
a
t
t
e
r
e
n
v
e
l
o
p
e
t
h
a
t

i
s
e
x
p
e
c
t
e
d
t
o
s
u
r
r
o
u
n
d
e
a
c
h
s
o
l
i
t
o
n
i
s
n
o
t
s
h
o
w
n
.

A
n
atu

ral
w
ay

to
m
o
d
el

an
S
F
D
M

h
alo

ou
t
to

r
v
i
r

is
to

tran
sition

from
th
e
soliton

p
rofi

le
(2)

to
an

N
F
W

p
rofi

le
(7)

at
som

e
sp

ecifi
ed

rad
iu
s
r
↵

.
S
everal

au
th
ors

h
ave

follow
ed

th
is

ap
p
roach

(M
arsh

&
S
ilk

2014;
G
on

zález-M
orales

et
al.

2017;
B
ern

al
et

al.
2018)

h
ow

ever
p
ast

ch
oices

for
th
e
tran

si-
tion

rad
iu
s
w
ere

n
ot

b
ased

on
sim

u
lation

resu
lts

b
u
t
rath

er
relied

on
th
e
estim

ate
r
↵

=
r
c

or
fi
n
d
in
g
th
e
p
oin

t
w
h
ere

th
e
d
en

sity
log-slop

es
are

eq
u
al.

H
ow

ever,
S
F
D
M

h
alo

es
in

sim
u
lation

s
(S
ch
ive,

C
h
iu
eh

&
B
road

h
u
rst

2014;
M
o
cz

et
al.

2017)
all

sh
ow

a
tran

sition
rad

iu
s
several

tim
es

larger
th
an

r
c

an
d
reveal

th
at

th
e
d
en

sity
slop

es
can

d
i↵
er

sign
ifi
can

tly
at

th
e
tran

sition
p
oin

t.
S
p
ecifi

cally,
th
e
tran

sition
from

soli-
ton

ic
core

to
N
F
W

p
rofi

le
is

sh
arp

,
w
ith

th
e
soliton

alm
ost

su
p
erim

p
osed

on
top

of
th
e
N
F
W

.
A
n
oth

er
im

p
ortan

t
fi
n
d
-

in
g
in

S
F
D
M

sim
u
lation

s
is

th
at

th
ere

is
n
ot

a
u
n
iq
u
e
tran

-
sition

rad
iu
s
d
u
e
to

th
e
tu
rb
u
len

ce
in

th
e
fi
eld

(S
ch

ive,
C
h
i-

u
eh

&
B
road

h
u
rst

2014;
S
ch
w
ab

e,
N
iem

eyer
&

E
n
gels

2016;
V
eltm

aat
&

N
iem

eyer
2016).

T
h
e
d
i�

cu
lty

in
p
ro

v
id
in
g

a
sin

g
le

p
ro

fi
le

fo
r
th

e
to

ta
l
h
a
lo

h
a
s
re

ce
n
tly

le
d

to
m
o
re

co
m
p
le
x

a
ssu

m
p
tio

n
s,

fo
r
in
sta

n
ce

,
L
in

e
t
a
l.

(2
0
1
8
)
a
d
o
p
te

d
a
m
o
d
e
d
e
co

m
p
o
sitio

n
o
f
th

e
sca

la
r

fi
e
ld

w
a
v
e

fu
n
ctio

n
th

a
t
co

m
e
s
fro

m
sim

u
la
tio

n
s
o
f

S
ch

iv
e
,
C
h
iu
e
h
&

B
ro

a
d
h
u
rst

(2
0
1
4
).

T
h
e
a
u
th

o
rs

fi
t

th
e

in
fe
rre

d
d
istrib

u
tio

n
fu

n
ctio

n
fro

m
sim

u
la
tio

n
s

to
v
a
rio

u
s

cla
ssica

l
p
a
rticle

d
istrib

u
tio

n
fu

n
ctio

n
s,

fi
n
d
in
g

th
e

fe
rm

io
n
ic

K
in
g

m
o
d
e
l
(C

h
a
v
a
n
is

1
9
9
8
)

p
ro

v
id
e
d

a
g
o
o
d

fi
t,

a
d
i↵

e
re

n
t
a
p
p
ro

a
ch

w
a
s
g
iv
e
n

in
B
a
r
e
t
a
l.

(2
0
1
8
),

th
e
y

re
in
te

rp
re

t
E
q
.
5

a
n
d

a
s-

su
m
e

th
a
t
it

is
a

re
sta

te
m
e
n
t
th

a
t
th

e
e
n
e
rg

y
p
e
r

u
n
it

m
a
ss

o
f
th

e
so

lito
n

is
e
q
u
a
l
to

th
a
t
o
f
th

e
to

ta
l

h
a
lo
,
th

e
y

th
e
n

d
e
v
e
lo
p
e
d

th
e
ir

a
n
a
ly
sis

u
n
d
e
r
th

is
a
ssu

m
p
tio

n
.

W
e
aim

to
d
efi

n
e
a
com

p
lete

S
F
D
M

d
en

sity
p
rofi

le
given

a
p
article

m
ass

m
2
2

an
d
a
h
alo

m
ass

M
h

.
W

e
w
ill

fo
llo

w
a

m
o
re

p
h
y
sica

l
a
p
p
ro

a
ch

to
lin

k
th

e
in
n
e
r
h
a
lo

w
ith

th
e
o
u
te

r
h
a
lo
.
T
o
cap

tu
re

th
e
featu

res
ob

served
in

S
F
D
M

sim
u
lation

s
an

d
accou

n
t
for

th
e
sm

all
variation

s
in

th
e
tran

-
sition

rad
iu
s
for

a
given

h
alo

m
ass,

w
e
ex
p
lore

a
ran

ge
of

rad
ii
th
at

m
ark

th
e
tran

sition
from

soliton
to

ou
ter

h
alo:

r
↵

=
↵
r
c

.
(8)

W
ith

th
is

ch
oice,

th
e
total

d
en

sity
p
rofi

le
is

⇢(r)
=

⇢
⇢
s
o
l (r)

0


r


r
↵

⇢
N

F
W

(r)
r
↵


r


r
v
i
r .

(9)

W
e
n
ow

m
u
st

fi
x
tw

o
p
aram

eters
for

b
oth

th
e
in
n
er

soliton
p
iece

an
d
ou

ter
N
F
W

p
iece

in
E
q
u
ation

9.
G
iven

m
2
2

an
d

M
h

,
E
q
u
ation

s
2,

5,
an

d
6
d
efi

n
e
th
e
⇢
s
o
l (r)

com
p
letely.

F
or

th
e
ou

ter
N
F
W

p
iece

(E
q
u
ation

7)
w
e
n
eed

tw
o
ad

d
ition

al
con

strain
ts

in
ord

er
to

set
⇢
s

an
d
r
s .

F
or

th
ese

w
e
im

p
ose

d
en

sity
con

tin
u
ity

at
r
↵

⇢
s
o
l (r

↵

)
=

⇢
N

F
W

(r
↵

)
,

(10)

an
d
m
ass

con
servation

w
ith

in
r
v
i
r

M
h

=
4⇡

Z
r

v
ir

0

⇢(r
0)r

0
2d
r
0

(11)

=
4⇡

Z
r

↵

0

⇢
s
o
l (r

0)r
0
2d
r
0+

Z
r

v
ir

r

↵

⇢
N

F
W

(r
0)r

0
2d
r
0.

B
y
assu

m
in
g
m
ass

con
servation

w
e
are

ex
p
licitly

assu
m
in
g

th
at

th
e
q
u
an

tu
m

p
ressu

re
is

n
ot

su
�
cien

t
en

ou
gh

to
cau

se
sign

ifi
can

t
m
ass

b
eyon

d
th
e
v
irial

rad
iu
s
com

p
ared

to
C
D
M
.

W
e
em

p
h
asize

th
at

th
e
ou

ter
N
F
W

p
rofi

le
of

th
e
S
F
D
M

h
alo

w
ill

n
ot

n
ecessarily

track
th
e

N
F
W

p
rofi

le
for

th
e

sam
e

m
ass

h
alo

in
a

C
D
M
.
T
h
e

e↵
ective

con
cen

tration
(c

=
r
v
i
r /r

s )
an

d
n
orm

alization
of

th
e
tw

o
N
F
W

h
alo

es
can

b
e
d
i↵
eren

t
b
ecau

se
som

e
of

th
e
S
F
D
M

h
alo

m
ass

is
lo
cked

u
p
w
ith

in
th
e
cen

tral
soliton

.
O
f
cou

rse
th
e
glob

al
stru

ctu
re

C
D
M

h
alos

in
form

s
w
h
at

is
p
lau

sib
le
for

S
F
D
M

h
alos

in
th
at

w
e
gen

erally
ex
p
ect

th
e
m
ass

an
d

p
oten

tial
w
ell

d
ep

th
at

th
e
v
irial

rad
iu
s
to

b
e
sim

ilar
w
h
en

�
d
B

⌧
r
v
i
r .
F
ortu

n
ately

C
D
M

h
alo

con
cen

tration
s
are

w
ell

u
n
d
ersto

o
d
from

cosm
o-

logical
sim

u
lation

s
(e.g.

B
u
llo

ck
et

al.
2001).

In
w
h
at

fol-
low

s
w
e
assu

m
e
th
e
P
lan

ck
C
ollab

oration
(2015)

cosm
ology

an
d
th
e
con

cen
tration

-m
ass

relation
from

D
u
tton

&
M
acciò

(2014)
to

d
eterm

in
e
th
e
C
D
M

p
red

iction
.

F
igu

re
3
sh
ow

s
ex
am

p
le

p
rofi

les
for

a
M
ilk

y
W
ay

size
h
alo

(left)
an

d
a

d
w
arf-size

h
alo

(righ
t)

for
reason

ab
le

c

�
2
0
1
8
R
A
S
,
M
N
R
A
S
0
0
0
,
1
–
1
3

Robles, Bullock, M
BK (in preparation)

low
er-m

ass halo →
 low

er density, larger solitonic core



Num
erical difficulties

m
atteritcan

produce
is
com

parable
to
w
hatis

observed
(by

contrast
a
Q
C
D

axion
w
ith

F
≳
1
0
1
6
G
eV

is
at

risk
of

producing
m
uch

too
m
uch

dark
m
atter).B

utthere
stillis

a
potentialdifficulty,ifr

is
observed.W

e
w
illhave

to
w
aitto

see
if
this

is
a
problem

that
needs

to
be

solved.
If

FD
M

exists,
can

it
be

detected
in

any
w
ay

other
than

by
observing

its
gravitational

effects?
C
onven-

tionaldark
m
attersearchesw

ould
notfind

the
FD

M
particle

both
because

it
is

m
uch

too
light

and
because

it
couples

m
uch

too
w
eakly

to
ordinary

m
atter

(if
it

had
strong

nongravitational
couplings

to
ordinary

m
atter,

then
allow

ing
for

quantum
effects,

it
w
ould

not
be

as
light

as
described

above). 5
H
ow

ever,
a
num

ber
of

proposals
for

direct,
or

at
least

m
ore

direct,
observation

of
ultralight

axionlike
particles

have
been

m
ade

in
[23].

T
he

value
m
∼
1
0
−
2
2–
1
0
−
2
1
eV

is
not

optim
al

for
m
ost

of
these

proposals,
but

is
at

the
edge

of
w
hat

m
ight

be
detected

by
observing

certain
effects

involving
superm

assive
black

holes.
It
has

been
suggested

(in
[32]

and
by

P.
G
raham

,
private

com
m
unication)

thatthe
C
A
SPE

r-W
ind

version
of

the
C
A
SPE

r
axion

experim
ent

m
ight

ultim
ately

have
the

sensitivity
to

observe
FD

M
.T

his
experim

entis
described,

though
notby

thatnam
e,in

Sec.5
A

of
[34].FD

M
m
ight

also
be

eventually
detectable

less
directly

by
pulsar

tim
ing

observations
[35].B

.F
D
M

as
a
superfluid

From
the

above
discussion,w

e
see

thatforthe
purpose

of
studying

structures
on

galactic
scales

and
above,

w
e
can

ignore
the

self-interaction
ofthe

axionlike
particle.In

other
w
ords,letus

consider
the

follow
ing

action
for

a
scalar 6

ϕ
,

m
inim

ally
coupled

to
the

m
etric

g
μν :

S
¼

Z
d
4x

ℏc
2

ffiffiffiffiffiffi
−
g

p
"
12
g
μν∂

μ ϕ∂
ν ϕ

−
12

m
2c

2

ℏ
2

ϕ
2 #;

ð17Þ

w
here

w
e

have
restored

factors
of

c
and

ℏ,
w
ith

ϕ
having

energy
units.

W
e
are

interested
in

a
m
ass

m
that

corresponds
to

an
astronom

ically
relevant

de
B
roglie

w
avelength:

λ2π
¼

ℏm
v
¼

1.9
2
kpc $

1
0
−
2
2
eV

m

%
$
1
0
km

s −
1

v

%
ð18Þ

w
here

v
is
the

velocity.A
collection

of
a
large

num
ber

of
such

particles
in

the
sam

e
state

can
be

described
by

a
classicalscalarfield.In

the
nonrelativistic

lim
it,itis

helpful
to

express
ϕ
in

term
s
of

a
com

plex
scalar

ψ
:

ϕ
¼

ffiffiffiffiffiffiffiffi
ℏ
3c
2m

r
ðψ

e
−
im

c
2t=ℏþ

ψ
%e

im
c
2t=ℏÞ:

ð19Þ

A
s

is
w
ell

know
n,

the
equation

of
m
otion

for
ψ

takes
the

form
of

the
Schrödinger

equation,
assum

ing
jψ̈j≪

m
c
2j _ψj=ℏ:

iℏ $
_ψ
þ
32
H
ψ %

¼
$
−

ℏ
2

2m
R
2 ∇

2þ
m
Φ
%
ψ
;

ð20Þ

w
here

Φ
ðr;tÞ

is
the

gravitational
potential

and
w
e
have

adopted
the

perturbed
FR

W
m
etric,

ds
2¼

$
1
þ
2Φc
2 %

c
2dt 2−

R
2ðtÞ $

1
−
2Φc
2 %

dr
2:

ð21Þ

For
m
any

G
alactic

dynam
ics

applications
itis

sufficientto
setthe

scale
factorRðtÞ

to
unity,and

the
H
ubble

param
eter

H
≡

_R=R
to

zero.T
he

scalar
ψ
should

be
interpreted

as
a

classical
field,

quantum
fluctuations

around
w
hich

are
sm

all.
T
he

situation
is

analogous
to

using
the

M
axw

ell
equations

to
describe

configurations
involving

a
large

num
ber

of
photons

(see
[36]

for
a
discussion;

see
also

[37,38]forthe
use

ofthe
Schrödingerequation

in
m
odeling

large-scale
structure).

It
is

som
etim

es
useful

to
think

of
the

dark
m
atter

as
a

fluid,a
superfluid

in
fact.W

e
define

the
fluid

density
ρ
and

velocity
v
by

ψ
≡

ffiffiffiffiρm

r
e
iθ;

v≡
ℏR
m
∇
θ
¼

ℏ
2m

iR

$
1ψ ∇

ψ
−

1ψ
% ∇

ψ
% %

:

ð22Þ

T
he

vorticity
of

the
flow

∇
×
v
vanishes,though

the
m
ore

physically
relevant

quantity
is

the
m
om

entum
density

w
hich

has
nonzero

curlin
general.T

he
follow

ing
equations

can
be

derived
from

the
ψ
equation

ofm
otion

in
com

oving
coordinates:

_ρþ
3H

ρ
þ

1R
∇
·ðρvÞ¼

0;
ð23Þ

_vþ
H
v
þ

1R
ðv

·∇Þv
¼

−
1R
∇
Φ
þ

ℏ
2

2R
3m

2 ∇ $∇
2

ffiffiffiρ
pffiffiffiρ

p
%
:ð24Þ

T
hese

are
know

n
as

the
M
adelung

equations,
slightly

generalized
to

an
expanding

universe
(see

the
Feynm

an
lectures

[39]
for

a
discussion,

and
also

[40–44]).
T
hey

strongly
resem

ble
the

continuity
and

E
uler

equations
of

classical
fluid

m
echanics

w
ith

the
addition

of
the

second
term

on
the

rightof
E
q.(24),com

m
only

referred
to

as
the

“quantum
pressure”

term
.T

he
quantum

pressure
gives

rise

5A
derivative

coupling
ofthe

axion
to
ferm

ions
isallow

ed,asis
a
coupling

aϵ
μναβf

μν f
αβ

w
here

f
μν

is
the

electrom
agnetic

field
strength.Such

couplings
w
illbe

proportionalto
1=F

in
the

sortof
m
odelassum

ed
above,w

hich
drastically

suppresses
theireffects.

6W
e
use

a
canonically

norm
alized

scalarfield
ϕ
,related

to
the

dim
ensionless

field
a
used

in
the

last
subsection

by
ϕ
¼

F
a.

H
U
I,
O
ST

R
IK

E
R
,
T
R
E
M
A
IN

E
,
and

W
IT
T
E
N

PH
Y
SIC

A
L
R
E
V
IE
W

D
95,

043541
(2017)

043541-6

Num
erically challenging to handle third derivatives of density 

Q
uantum

 pressure term
 is neither isotropic nor (necessarily) positive-

definite



Num
erical frontiers

•
Q

uantum
 pressure term

 can be handled in a sim
ilar w

ay to Braginskii 
conduction or cosm

ic-ray diffusion (im
plem

entations of these exist in 
current codes) 

•
Can w

e run fully cosm
ological sim

ulations (w
ith or w

ithout baryons) that 
resolve full non-linear structure of scalar field dark m

atter (including self-
interference, quantum

 turbulence, caustics, …
)? 

•
How

 does addition of baryons change soliton structure (particularly if 
baryons dom

inate central potential at som
e point? Can w

e use analytic 
m

odels to understand these situations (sim
ilar to Kaplinghat et al. for 

SIDM
)?



LETTERS
PU

BLISH
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N
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N
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Cosm
icstructure

asthe
quantum

interference
ofa

coherentdark
w
ave

H
si-Yu

Schive
1,Tzihong

Chiueh
1,2*

and
Tom

Broadhurst 3,4

The
conventionalcold-particle

interpretation
of

dark
m

atter
(know

n
as

‘cold
dark

m
atter’,or

CD
M

)
stilllacks

laboratory
support

and
struggles

w
ith

the
basic

properties
of

com
m

on
dw

arfgalaxies,w
hich

havesurprisinglyuniform
centralm

asses
and

shallow
density

profiles
1–5.In

contrast,galaxies
predicted

by
CD

M
extend

to
m

uch
low

er
m

asses,
w

ith
steeper,

sin-
gular

profiles
6–9.This

tension
m

otivates
cold,w

avelike
dark

m
atter

( 
D

M
)

com
posed

of
a

non-relativistic
Bose–Einstein

condensate,
so

the
uncertainty

principle
counters

gravity
below

a
Jeans

scale
10–12.H

ere
w

e
achieve

cosm
ologicalsim

-
ulations

of
this

quantum
state

at
unprecedentedly

high
resolution

capable
of

resolving
dw

arf
galaxies,

w
ith

only
one

free
param

eter,
m

B ,
the

boson
m

ass.
W

e
dem

onstrate
the

large-scale
structure

is
indistinguishable

from
CD

M
,as

desired,but
di�

ers
radically

inside
galaxies

w
here

quantum
interference

form
s

solitonic
cores

surrounded
by

extended
haloesoffluctuatingdensitygranules.Theseresultsallow

usto
determ

ine
m

B =
(8.0

+
1.8

�
2.0 )⇥

10
�

23eV
using

stellarphase-space
distributions

in
dw

arf
spheroidal

galaxies.
D

enser,
m

ore
m

assive
solitons

are
predicted

for
M

ilky
W

ay
sized

galaxies,
providing

a
substantialseed

to
help

explain
early

spheroid
for-

m
ation.The

onsetofgalaxy
form

ation
issubstantially

delayed
relativeto

CD
M

,appearing
atredshiftz . ..

13
in

oursim
ulations.

Standard,
therm

ally
generated

dark
m
atter

rem
ains

firm
ly

undetected
in

laboratory
searches

for
w
eakly

interacting
m
assive

particles(W
IM

Ps;ref.13).N
on-therm

albosonicfields,particularly
scalar

fields,provide
another

w
ell-m

otivated
class

ofdark
m
atter,

form
ed

in
a

non-relativistic,
low

-m
om

entum
state

as
a

cold
Bose–Einstein

condensate
(BEC),and

increasingly
m
otivated

by
extensions

of
the

Standard
M
odelof

particle
physics

and
to

the
m
echanism

driving
the

universal
expansion

14.
The

field
in

this
contextcan

be
described

by
a
coherentw

ave
function

 
w
ith

an
interference

pattern
determ

ining
the

distribution
of

dark
m
atter,

w
hich

w
e
term

 D
M
.A

xions
are

long-standing
CD

M
candidates

ofthisform
,and

higher-dim
ensionaltheoriesm

otivatean
‘axiverse’,

w
here

a
discrete

m
assspectrum

ofaxion-like
particlesspansm

any
decades,possibly

a�ecting
cosm

icstructure
15.

The
distribution

of
 D

M
m
im

ics
particle

CD
M

on
large

scales 16,17,
and

hence
distinguishing

betw
een

CD
M

and
cold,

w
avelike

 D
M

isbestm
adeon

sm
allscalesow

ing
to

theadditional
quantum

stress 10–12,17.
D
w
arf

spheroidal
(dSph)

galaxies
are

the
sm

allestand
m
ostcom

m
on

class
ofgalaxy

w
ith

internalm
otions

dom
inated

by
dark

m
atter.Theirbasic

propertiesare
very

hard
to

explain
w
ith

standard
CD

M
,including

the
surprising

uniform
ity

of
their

centralm
asses,M

(<
300

pc) '
10

7
M

� ,w
here

M
�
is

the
solar

m
ass,

and
shallow

density
profiles 1–5.

In
contrast,

galaxies

ψ
D

M
CD

M
a

b

Figure
1|Com

parison
ofcosm

ologicallarge-scale
structuresform

ed
by

standard
CD

M
and

by
w
avelike

dark
m
atter, 

D
M
.a,Structure

created
by

evolving
a

single
coherentw

ave
function

for
3
 D

M
calculated

on
adaptive-m

esh-refinem
entgrids.b,Structure

sim
ulated

w
ith

a
standard

3
CD

M
N

-body
code

G
A

D
G

ET-2
(ref.34)forthe

sam
e

cosm
ological

param
eters,w

ith
the

high-km
odesofthe

linearpow
erspectrum
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