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Low dimensional holography

SYK model «-> 2D dilaton gravity

SQD — /dzaj —d (I)(R A) Smatter

Almbheiri, Polchinski; Jensen; Maldacena, Stanford, Yang; Engelsoy, Mertens, HV; Kitaev

equivalent to:

charged particle
on hyperbolic plane
w/ constant B-field




SYK model = 1D many body QM with maximal chaos

H=) Jyud'v*f {0, ¢} = 6"

ijkl | random couplings N majorana variables

Large N limit of SD equations = soluble

Dominated by diagrams



Dynamical Mean Field Theory

1 1 VE:

— Sg/N = 5Tr log (0 — X) — 5 /d71d72 [E(T1,TQ)G(T1,7'2) — ?G(ﬁﬁz)q]

at large g reduces to

1 SEN(T12
G(m1,72) = WZM(H)%‘(E)) _* (2 ) (Hég(ﬁ,fz)

.

7

Liouville CFT on kinematic space!

)

Sef = — /dTldTQ [@198729 — 47% exp g(Tl,TQ)] : c =




IR limit of SD equations

/ dr'G(r,7)S(r', 7") = —6(r — 7") S(r,7) = J[G(r, 7))

are invariant under 1D diffeomorphisms

Gir, ) = [f(MF NG, 1), D) = [f ) F (U S(f (), £(7))

- IR effective theory is dominated by a dynamical

Goldstone mode = 1D reparametrizations f(t)
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S /dT ({77} +250%) (=535
mf(T cal’+b

:—C/OdT{F,T}, than(fﬁ( >> 4 " F 1d
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Schwarzian QM

exactly solvable

>

should be able to compute anything we want!




. . Engelsoy, Mertens, HV
Canonical formulation: ngelsoy, Mertens

: 5 5 [fv 7Tf] = 1
L—7T¢¢—|-7Tff—(ﬂ'¢—|-ﬂ'f€) .
[qbv 7T¢] — 1
b .
SL(2,R) symmetry: f >Z]{id > generators  |la, 0] = i€apcle

Hamiltonian = Casimir:

H = 7Tq2b 7Tf€¢ — 6(2) — l{f_hgl}




Z(B) = /Df e 5] integral over energy E = % + k2

M
with continuous spectral density

Partition function

M = Diff(S')/SL(2,R) p(E) = sinh(27/E — 1/4)

Stanford, Witten

Z(B8) = /O Ood,u(/{) e PER), du(k) = dk*sinh(27k).




Partition function = integral over a symplectic manifold « can be quantized!

Z(p) =

/ Df ¢S
M

|dentity representation

M = Diff(S")/SL(2,R)

(L, L] = (n—m) Ly + 1—62(713 — 1) 0nam

BC g TINT
L, = 487T2/0d7'62 /8 {F,T}.

Identity character
l1—c
g2 (1—gq
Tr(¢™) = xo(q) =
(a™) = xo(q) o)

This is an exact result

c.f. Stanford, Witten
Bagrets, Altland, Kamenev




Yo (q) = / 4P Y xp(@)

Continuum
A CFT Spectrum
Heavy states
A > (c-1)/24
o1 (1) } Spectrum of states
- of Schwarzian QM
—— 24
. . . (27P
Sg = 4v2sinh(2mbP) Smh(ﬂT)' Light operators
, e A << (c-1)/24 Operator spectrum
c=1+6Q° =1+6(b+07") 0> } in Schwarzian QM

2

A(P) = Z+PQ



* Boundary State:

22)= [ dPUm(P)|IP) (PP =S
0
e Schwarzian Limit: e Hb—0
1P — |P) . P kb
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Correlation functions

Oy(11,72) = ( \/f/(Tl)f'(T2> )})

§Sin%[f(ﬁ) — f(7

Two-point function

<Og(’7'1,’7'2)> = /Hd,u(kz) AQ(]C@,K,T@').

72

T1



Liouville theory on hyperbolic cylinder - reduces to dilaton gravity for ¢ > oo

< i
S = fogr [ 7 [ do [0 + 4 ot _ N TWF©)
o Zsin 5[f(u) — £(0)
Oudup(u, v) = e //\
SN >
. 3

Insertion of Qy(7i, ) in Schwarzian < Insertion of V, = ¢*?™™) in Liouville CFT




2
Two point function (Ou(11,72)) = /Hdu(kz‘) A (ki, £, 7).
1=1
k1

AQ(kiaga T’i) — T2 71

—(7'2—7'1)16%—(6—7'2—}—7'1)1@% F(é + Zkl + Zk?)
T(20)

AQ(kiagaTi) — €

Mertens, Turiaci, HV
c.f. Bagrets et al



Semi-classical interpretation of two-point function

K k3 (¢ 4+ ik + 1k
(OM)O0)) 5 = /H Ak p(k;) e~ 58 B=7) (0 £ iky £ 2)7
=12 ['(20)
— / T dkido; e~ tir)
i=1,2

where the ‘action’ appearing in the exponent is given by

k2 { 6\
I(ki, 05,7, 0) = Y | 57 + 0k —log p(k:) | + Llog [ cos — + cos — | + Io(¢)
S\ 20 2 2




The exact non-perturbative answer for the 2n-point functions

can be summarized via a simple set of diagrammatic rules:

k k1
/\ — o K (m2—m) g—} = Yo(ky, ka)
T2 71
ko
‘propagator’ ‘vertex’

I'(0 £ 1k 0k
/W(kl?k?) — \/ ( F(Qle) 2)'




Four-point function

<O€1(7'177'2)Og2(7‘3,7'4)> — |

OTO four-point function

<(’)g1(71772) O€2<T37T4>>OTO -



R-matrix

_ [ ka4 €2
it ks = B, | k1 51] & — .

The R-matrix of the Schwarzian is found to be equal to a classical 6j-symbol of SU(1,1)

Rie, [£2 2] = { 08 Kol = D00 iy £ iR )T(G £ hy £ k)T (G £ ok £ k)T (G £ e £ i)

X Wk, ke; €1 + ik, €y — iky, £y — iky, f3 + k),

\\)\V = Wilson function

, 1EHO Matches with the gravitational shockwave amplitude
linear combination of 4F;

Groenevelt
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We study the geometric quantization of Teichmuller space

and show that the physical state conditions take the form of conformal Ward identities
that define the space of Virasoro conformal blocks in 2-d CFT.

Possible applications of these results to the [conformal bootstrap] are indicated.

Hilbert state of the (2 + 1)-dimensional gravity theory
Ve XK (6.13)
can be decomposed into a sum of left and right conformal blocks as

=) NO} ey | (6.14)
I,J



(0:(0)0:(1) 03(2,7) O4(cx)) = 3 L/><

Conformal blocks I

2 3 2\‘,/3
1 4 /\

F = Fusion matrix R= Braid matrix

2 3

AL =z, AL

b




2D Virasoro CFT = 2D Quantum Hyperbolic Geometry

T(2) — nz:l(( A, G ) Stress-energy

tensor

Elliptic Hyperbolic



2+1-D AdS Gravity = 2D Quantum Hyperbolic Geometry

lo |@) = 1] ). ls|B) = 15]8).

Volume of a
hyperbolic
tetrahedron

Ponsot-Teschner

6j-symbol of SL(2),




Exchange relation for localized wave-packets

— contains the gravitational scattering amplitude
- spectral decomposition of OTO four-point function
— scattering phase determined via geometric optics

c.f. Stanford
arXix:1412.5205, with S. Jackson, L. McGough, HV -- NPB 901 (2015) 382 Shenker



Semiclassical limit of OTO 4pt function

C~ Gy — oo

[Shenker, Stanford]
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Large C

Semiclassical limit of OTO 4pt function high temperature
1 dwi * * kl
(NiW3VoWy) = 1_[ J 5 V1(wi) Vs (ws) S(wi,wa, ws,wa) Wa(ws) Wy(ws). T3 T
=1
ki k.
Schwarchild S-matrix / Ty . i
4
co
Slon o) = iln +on —n gt | x % %% x b
% X
T X X X X X X




Microscopic understanding of Lyapunov and fast thermalizing behavior?

B __A_|M> A, BglMD
T — |V|+ﬁ ——
A,
M+
BB
M+ ————————————————
M

Figure 4: The scrambling of a signal (operator A) due to the a perturbation (operator B) at
some earlier time ¢; < ty. An observer that measures the state can detect signal A only if A
acts on the state from the left. Passing A through B produces a new intermediate channel
with energy (3, which for ¢ty —t1 > t exceeds w. Signal A becomes scrambled: its coherent
phase information get washed out by the large entropy region of the spectrum near M + .



