DNN-MG: Neural network multigrid
solver for the Navier-Stokes equations
Christian Lessig2
(with Nils Margenberg1 Robert Jendersie2 Dirk Hartmann3 Thomas Richter2 )
1 Helmut-Schmidt-University

Hamburg, 2 Otto-von-Guericke-University Magdeburg, 3 Siemens AG
December 13, 2021

Motivation

Navier-Stokes equations are central for many applications (atmospheric and ocean
dynamics, aerospace engineering, process engineering, ...)
Existing numerical methods have matured over decades but still very large costs
for highly resolved simulations
▶ ≈ 1011 degrees of freedom to resolve flow around airfoil, even more for atmospheric
dynamics

Can we combine existing numerical methods and machine learning to
retain the advantages of the former but overcome their shortcomings?

1/40

Motivation

Navier-Stokes equations are central for many applications (atmospheric and ocean
dynamics, aerospace engineering, process engineering, ...)
Existing numerical methods have matured over decades but still very large costs
for highly resolved simulations
▶ ≈ 1011 degrees of freedom to resolve flow around airfoil, even more for atmospheric
dynamics

Can we combine existing numerical methods and machine learning to
retain the advantages of the former but overcome their shortcomings?

1/40

Motivation

Navier-Stokes equations are central for many applications (atmospheric and ocean
dynamics, aerospace engineering, process engineering, ...)
Existing numerical methods have matured over decades but still very large costs
for highly resolved simulations
▶ ≈ 1011 degrees of freedom to resolve flow around airfoil, even more for atmospheric
dynamics

Can we combine existing numerical methods and machine learning to
retain the advantages of the former but overcome their shortcomings?

1/40

Motivation

Navier-Stokes equations are central for many applications (atmospheric and ocean
dynamics, aerospace engineering, process engineering, ...)
Existing numerical methods have matured over decades but still very large costs
for highly resolved simulations
▶ ≈ 1011 degrees of freedom to resolve flow around airfoil, even more for atmospheric
dynamics

Can we combine existing numerical methods and machine learning to
retain the advantages of the former but overcome their shortcomings?

1/40

The incompressible Navier-Stokes equations

𝜕𝑡 𝑣 + (𝑣 ⋅ ∇)𝑣 −

1
Δ𝑣 + ∇𝑝 = 𝑓
Re
∇⋅𝑣 =0

on [0, 𝑇 ] × Ω
on [0, 𝑇 ] × Ω.

with initial and boundary conditions
𝑣(0, ⋅) = 𝑣0 (⋅) on Ω
𝑣 = 𝑣𝐷
1
(𝑛⃗ ⋅ ∇)𝑣 − 𝑝𝑛⃗ = 0
𝑅𝑒
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Discretization of incompressible Navier-Stokes equations
Finite element discretization via weak formulation:
(𝜕𝑡 𝑣ℎ , 𝜙ℎ ) + (𝑣ℎ ⋅ ∇𝑣ℎ , 𝜙ℎ ) +

1
(∇𝑣ℎ , ∇𝜙ℎ ) − (𝑝ℎ , ∇ ⋅ 𝜙ℎ ) = (𝑓, 𝜙ℎ )
Re

(∇ ⋅ 𝑣ℎ , 𝜉ℎ ) + ∑ 𝛼𝑇 (∇(𝑝ℎ − 𝜋ℎ 𝑝ℎ ), ∇(𝜉ℎ − 𝜋ℎ 𝜉ℎ )) = 0
𝑇 ∈Ωℎ

for all 𝜙ℎ ∈ 𝑉ℎ , 𝜉ℎ ∈ 𝐿ℎ where 𝑉ℎ ⊂ 𝐻 1 (Ω) is the finite element test function space
for the velocity (subject to the boundary conditions) and 𝐿ℎ ⊂ 𝐿2 (Ω) is those for the
pressure.
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Discretization of incompressible Navier-Stokes equations

Time discretization with second-order (implicit) Crank-Nicolson scheme:
1
1
(2/𝑘 𝑣𝑛 + 𝑣𝑛 ⋅ ∇𝑣𝑛 , 𝜙ℎ ) +
(∇𝑣𝑛 , ∇𝜙ℎ ) − (𝑝𝑛 , ∇ ⋅ 𝜙ℎ ) = 𝑅ℎ𝑠(𝑣𝑛−1 , 𝑓{𝑛,𝑛−1} , 𝜙ℎ )
2
2Re
(∇ ⋅ 𝑣𝑛 , 𝜉ℎ ) + ∑ 𝛼𝑇 (∇(𝑝𝑛 − 𝜋ℎ 𝑝𝑛 ), ∇(𝜉ℎ − 𝜋ℎ 𝜉ℎ )) = 0
𝑇 ∈Ωℎ

for all 𝜙ℎ ∈ 𝑉ℎ , 𝜉ℎ ∈ 𝐿ℎ . Implicit solve for unknown 𝑥𝑛 = (𝑣𝑛 , 𝑝𝑛 ).
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Discretization of incompressible Navier-Stokes equations
Solve
𝒜ℎ (𝑥𝑛 ) = 𝑅ℎ𝑠(𝑣𝑛−1 , 𝑓{𝑛,𝑛−1} , 𝜙ℎ )
for 𝑥𝑛 = (𝑣𝑛 , 𝑝𝑛 ) using Newton iteration
𝒜′ℎ (𝑥(𝑙−1) )𝑤(𝑙) = 𝑅ℎ𝑠(𝑣𝑛−1 , 𝑓{𝑛,𝑛−1} , 𝜙ℎ ) − 𝒜ℎ (𝑥(𝑙−1) ),

𝑥(𝑙) = 𝑥(𝑙−1) + 𝑤(𝑙)

for all 𝜙ℎ ∈ 𝑉ℎ , 𝜉ℎ ∈ 𝐿ℎ where 𝒜′ℎ is the Jacobian of 𝒜ℎ . At each Newton step a
linear system needs to be solved. GMRES with multi-grid pre-conditioner to eﬀiciently
obtain robust solution.
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Discretization of incompressible Navier-Stokes equations
Multi-grid pre-conditioner:

Restriction

Prolongation

Solve linear system on a fine mesh level by restricting (projecting) it to coarser and
coarser levels, solving directly on the coarsest one, and then prolongating
(interpolating) solution back across the levels.
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Discretization of incompressible Navier-Stokes equations

For each time step:
− Newton solve for 𝑥𝑛 = (𝑣𝑛 , 𝑝𝑛 ); for each Newton step:
− Solve linear system with GMRES; for each GMRES step:
− Use one sweep of geometric multi-grid as pre-conditioner
− Correct 𝑣𝑛 using neural network and use in next 𝑅𝐻𝑆(𝑣𝑛 , 𝑓{𝑛,𝑛−1} )
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Idea of KmHiB;`B/
deep neuralbQHp2`
network multigrid solver
2QK2i`B+

_2bi`B+iBQM

S`QHQM;iBQM

TT`QtBKiBQM QM  ?B2``+?B+H K2b?

− Perform classical computations up to level 𝐿

aKQQi?
QMnetwork
i?2 K2b?
H2p2Hbcorrection
UbBKTH2 using
Bi2`iBp2
− Neural
computes
meshbQHp2`V
on level 𝐿 + 1
J2b? i`Mb72`, _2bi`B+iBQM M/ S`QHQM;iBQM
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Idea of KmHiB;`B/
deep neuralbQHp2`
network multigrid solver
2QK2i`B+

neural network

_2bi`B+iBQM

S`QHQM;iBQM

TT`QtBKiBQM QM  ?B2``+?B+H K2b?

− Perform classical computations up to level 𝐿 resulting in (𝑣𝑛̃ , 𝑝𝑛̃ )

aKQQi?
QMnetwork
i?2 K2b?
H2p2Hbcorrection
UbBKTH2 𝑣Bi2`iBp2
bQHp2`V
− Neural
computes
̂ using mesh
level 𝐿 + 1 s.t. 𝑣𝑛 = 𝑣𝑛̃ + 𝑣𝑛̂
𝑛
J2b? i`Mb72`, _2bi`B+iBQM M/ S`QHQM;iBQM
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Prediction with the neural net
3. Get input
for ANN
from patch

2. Calculate nonlinear residual
and other input

Artificial
Neural
Network

5. Restrict
domain Ω

1. Prolongate

Patch from mesh on level L

Prediction is local, independent for patches on level 𝐿
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4. Add error
back to
solution

Prediction with the neural net
3. Get input
for ANN
from patch

2. Calculate nonlinear residual
and other input

Artificial
Neural
Network

5. Restrict
domain Ω

1. Prolongate

Patch from mesh on level L

Prediction is local, independent for patches on level 𝐿
22/40

4. Add error
back to
solution

Prediction with the neural net
3. Get input
for ANN
from patch

2. Calculate nonlinear residual
and other input

Artificial
Neural
Network

5. Restrict
domain Ω

1. Prolongate

Patch from mesh on level L

Prediction is local, independent for patches on level 𝐿
22/40

4. Add error
back to
solution

Prediction with the neural net
3. Get input
for ANN
from patch

2. Calculate nonlinear residual
and other input

Artificial
Neural
Network

5. Restrict
domain Ω

1. Prolongate

Patch from mesh on level L

Prediction is local, independent for patches on level 𝐿
22/40

4. Add error
back to
solution

Network input and output
Input
Nonlinear residual of the velocity on the patch
Peclet number
Prolongated velocity field 𝑃 (𝑣𝐿̃ )
Mesh information (element size, aspect ratio, ...)
Output
Velocity correction 𝑣𝐿+1
̂
for the patch (overlaps are averaged)
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Network architecture
Input
(rn , vn , P eL , hc )
GRU, in: Nin , out: NGRU

Fully connected NGRU ⇥ Nout

Convolutional block

Convolutional block

Convolution reducing
number of filters
Output dn 2 RNout

Figure 4: The neural network architecture that was used.

In total 8634 trainable parameters (Up to ≈ 80, 000 improves results and consistency)
5.3 A general formulation of DNN-MG
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Integration with the time stepping
ℎ𝑡−1

temporal consistency through GRU-cell memory
𝐿+1
𝑣𝑛𝐿+1
̂
𝑏𝑛+1
= Rhs(𝑣𝑛𝐿+1
̃ + 𝑣𝑛𝐿+1
̂ )

𝑣𝑛𝐿+1
̃
neural network
multigrid solution

𝐿+1
ℛ(𝑏𝑛+1
)

𝒫(𝑣𝑛𝐿 )

𝑡𝑛

time step
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𝑡𝑛+1
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ℎ𝑡−1
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neural network
multigrid solution

𝐿+1
ℛ(𝑏𝑛+1
)

𝒫(𝑣𝑛𝐿 )

𝑡𝑛

time step

𝑡𝑛+1

𝑡𝑛 : Prolongate numerical solution, predict error
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ℛ(𝑏𝑛+1
)

𝒫(𝑣𝑛𝐿 )

𝑡𝑛

time step

𝑡𝑛+1

𝑡𝑛+1 : Assemble an improved RHS on fine level and restrict back to coarse level
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Algorithm 2algorithm
DNN-MG for the solution of the Navier-Stokes equations. Lines 6-9 (blue)
DNN-MG

provide the modifcations of the DNN-MG method compared to a classical NewtonKrylow simulation with geometric multigrid preconditioning.
1: for all time steps n do
2:
while not converged do
. Newton-GMRES method for Eq. 6
3:
zi
multigrid(L, AnL , bnL , zi )
. Algo. 1 as preconditioner
4:
zi+1
zi + ✏ z i
5:
end while
6:
ṽnL+1
P(vnL )
. Prolongation on level L + 1
L+1
L+1
7:
dn
N (ṽn , ⌦L , ⌦L+1 )
. Prediction of velocity correction
L+1
L+1
L+1
8:
bn+1
Rhs(ṽn + dn , fn , fn+1 )
. Set up rhs of Eq. 6 for next time step
9:
bLn+1
R(bL+1
)
. Restriction of rhs to level L
n+1
10: end for
layer k in the network, a GRU is given by
k

(z)

k 1

(z)

k
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(z)

Neural network of DNN-MG

High-fidelity
solution 𝑉𝑓

Low-fidelity
solution 𝑉̄

𝑉𝑓

𝑉̄

Training data
generation
On each patch:
Input: Residual
𝐴𝑓 𝑥 𝑓 − 𝑏 𝑓
Peclet numbers
velocity
cell sizes
Targets: Error
𝑉 ′ = 𝑉𝑓 − 𝑉̄

Inference
Training

Low-fidelity
solution 𝑉̄

Neural
Network
Model
High-fidelity
solution 𝑉𝑓

Enhance model
and solution

Training phase

Application
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Training and test setup
0.41

(0.2, 0.2)
Γin

Γwall

0.1

smaller 0.1

𝑅𝑒train
2𝑑 = 133.3

Γout

𝑅𝑒test
2𝑑 = 160

Γout

Γwall
2.2

0.41

(0.2, 0.2)
Γin

Γwall

0.12
0.08

Γwall
2.2
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Results: velocity fields

c.)

(a) multigrid solution on 𝐿 + 1 levels, (b) DNN-MG, (c) multigrid solution on 𝐿 levels
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Drag and lift functionals
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0.8

1.0

Generalization
a.)

b.)

c.)

(a) multigrid solution on 𝐿 + 1 levels, (b) DNN-MG, (c) multigrid solution on 𝐿 levels
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Generalization

top: multigrid solution on 𝐿 + 1 levels, bottom: DNN-MG
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Generalization

top: multigrid solution on 𝐿 + 1 levels, bottom: DNN-MG
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Computation time

498

MG (fine)

199.55

MG

273.9

DNN-MG

0

100

200

300

ANN
In-/output of ANN
Multigrid solver
Other calculations
400

500
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Figure 11: Comparison of the wall-clock times of the di↵erent mehods
We also increase its internal size to 58 560 trainable parameters by setting NGRU = 96
36/40
to account for the larger number of degrees of freedom.
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Results

DNN-MG can improve coarse solution
DNN-MG saves time compared to fine mesh solution by using prior knowledge
Local approach enables application of one network to different domains
▶ Eﬀicient evaluation, simple training data generation, effective generalization

DNN-MG generalizes well to other situations
Applicable to general domains and boundary conditions
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Outlook

Stability and approximation rate
Extend DNN-MG to integrate better with the MG and FEM framework
▶ Use Residual in the loss function to try unsupervised approaches

Implement DNN-MG with a semi-supervised approach
▶ Generate new data and retrain if necessary

Test on 3d cases, more problems and other equations
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Thank you!
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