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Predictions of future ice sheet change are 
highly uncertain

Seroussi et al. 2020
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Predictions of future ice sheet change are 
highly uncertain

Goelzer et al. 2020
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How are ice sheets different from 
typical modeling targets (e.g., 
atmosphere, ocean) you may be 
familiar with?



Ice sheets (i.e., not sea ice) interact with (mechanical, thermal, 
hydrology) with the solid Earth, the ocean and the atmosphere

Image: NSIDC 



Navier-Stokes Equation

Stokes Equation

Effective viscosity of ice

Re [ ∂u
dt

+ (u ⋅ ∇)u] = ∇ ⋅ σ + f

0 = ∇ ⋅ σ + ρg

σ = μ
∂ui

∂xj

μ = Aσ1−n
E



Ice sheet response time scales are hundreds 
to thousands of years

Golledge et al. 2015



Ice breaks

Lhermitte et al., 2020



Where does sea level projection 
uncertainty come from?



Data sparsity: almost all glacier measurements 
have been gathered in the last 40 years

Goliber et al. 2021



Ice-ocean boundary layer

Unresolved processes: ice sheets are a multi-
phase, multi-rheology, multi-scale problem

Middleton et al. 2021

Ice fracture/calving

Astrom et al. 2014

Subglacial hydrology

Werder et al. 2013

Surface hydrology



Atmosphere and ocean forcing is often from a 
single realization of a climate model and simplified



Figure from M. Hoffman 
(E3SM ocean model)

Coupling to the rest of the Earth System is computationally 
expensive and regions of ice sheet-climate interaction are 
small (individual glaciers)



Uncertainty may also 
originate from well-
known instabilities 
inherent in ice sheet 
dynamics that can 
be initiated within 
the typical time 
range of predictions 
(2100-2300)



What is the role of unresolved (or 
expensive to resolve) variability of 
climate and ice sheet processes in the 
range of prediction uncertainty?



Consider a simple model of marine ice sheet dynamics
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This saddle-node 
bifurcation is the 
“marine ice sheet 

instability”



How does this instability lead to the structure of 
uncertainty that we see in predictions of future ice 
sheet change/sea level rise?

We consider this simple version of the ice sheet problem as a 
stochastic differential equation (SDE)

Stochastic perturbation 
theory cf. Moon & 
Wettlaufer 2013



How does this instability lead to the structure of 
uncertainty that we see in predictions of future ice 
sheet change/sea level rise?

We expand the SDE about purely deterministic solutions



How does this instability lead to the structure of 
uncertainty that we see in predictions of future ice 
sheet change/sea level rise?

And then consider approximations to the solution of the full 
SDE in terms of the noise amplitude, assuming an initial 

steady-state and neglecting higher-order terms…leading to 
the Langevin equation

Supporting Information Text15

Stochastic Perturbation Theory16

We take the stochastic perturbation approach outlined by Moon and Wettlaufer (1) and Fitzmaurice (2) for non-autonomous17

dynamical systems. We consider a system of the form18

dL
dt

= f(L, t) + ‡F ›(t) [1]19

where f(L, t) is the deterministic system dynamics, ‡F is the amplitude of stochastic forcing, and ›(t) is a Wiener process20

which is continuous in time, but can be approximated (for our purposes) as white noise when the system is numerically solved21

using the Euler-Maruyama method or similar. We assume the Martingale property wherein discrete increments of process ›(t)22

are uncorrelated in time.23

The right hand side of equation 1 can be expanded in terms of a small perturbation, ¸(t), about the solution to the24

deterministic version of the system, Ld(t)25

d¸
dt

=
#
Ê¸ + Ÿ¸2 + . . .

$
+ ‡F ›(t) [2]26

where Ê(t) = df
dL

----
Ld

and Ÿ(t) = 1
2

d2f
dL2

----
Ld

are parameters that may be state- and time-dependent, and which define the

leading-order behavior of the system. For equation 1 in the main text, these parameters are given by

Ê = ⁄bx

#
P h≠2

g L + (— ≠ 1) “h—≠2
g

$
+ P h≠1

g [3]

Ÿ = (⁄bx)2 h≠2
g

Ë
P h≠1

g L + P (⁄bx)≠1 ≠ 1
2 (— ≠ 1) (— ≠ 2) “h—≠1

g

È
[4]

where hg = ≠⁄bg is the grounding line ice thickness, and ⁄ = flw
fli

.27

We expand in terms of powers of the noise magnitude ‡F (where ‡F << ¸): ¸ = ¸0 + ‡F ¸1 + ‡2
F
2 ¸2. The leading order terms28

describe initial perturbation from the deterministic solution of the system, and in general ¸0 = 0 if the system begins on the29

deterministic trajectory (which we will take to be the case here, which greatly simplifies this analysis). The terms that are30

first-order in ‡F are31

d¸1
dt

= Ê(t)¸1 + ›, [5]32

which can be written in the form of the Fokker-Planck equation33

ˆfl
ˆt

= ≠Ê(t) + ˆ
ˆ¸1

(¸1fl) + 1
2

ˆ2fl
ˆ¸2

1
, [6]34

where fl is the probability density function of the first-order stochastic solution. We solve the Fokker-Planck equation in the35

typical fashion, by taking the Fourier transform in ¸1, solving the characteristic equation, and then re-inverting the Fourier36

transform. The result is a probability density function with second moment (variance)37

‡L(t)2 = ‡2
F

�t
e2Ê(t)

⁄ t

0
e≠2Ê(t)ds. [7]38

This is the general nonlinear evolution equation for the spread of the stochastic PDF, which will provide the most accurate39

solution if Ê is strongly time-dependent. However, we can solve for an approximate analytic form of the variance by assuming40

constant Ê, which gives41

‡L(t)2 = ‡2
F

2Ê�t

!
e2Êt ≠ 1

"
, [8]42

which works fairly well soon after the onset of the instability and becomes a worse approximation over time (but captures the43

approximate rate of variance growth). Thus, we conclude that variance grows approximately exponentially with rate 2Ê.44

We note some features about the variance growth rate, Ê (equation 3). The first term, which is typically the larger term45

(though not dominant) is proportional to the bed slope, bx. Thus, the growth rate will generally increase with bx, when it46

is positive (reverse-sloping bed). When bx is su�ciently negative (forward-sloping bed), Ê will also be negative, and the47

variance will remain bounded in time (though it won’t necessarily go to zero). If we assume that the grounding line begins at48

a steady-state, then P L = “(≠⁄bg)— , and we can simplify to Ê = P h≠1
g

!
—⁄bxLh≠1

g + 1
"
. It is important to note here that49 !

—⁄bxLh≠1
g + 1

"
= ST is the same stability parameter (ST ) which is derived in Robel et al. (2018)(3), and which determines50

whether the slow time scale is stable or not (which is the only time scale in the model defined in equation 1 in the main text).51

Ice sheet geometry also matters in determining this growth rate, though this is, in some sense, fixed by the bed topography.52

Finally, —, the exponent for the grounding line flux also plays a role in determining the growth rate. Generally, the more53

nonlinear the grounding line flux is (e.g. for Coulomb plastic beds near the grounding line (4)), the more rapidly the ensemble54

variance will grow (see Figure S1). This should also be kept in mind when interpreting the results of the ISSM ensemble55

simulations in this study, which assume power-law sliding at the bed.56
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How does this instability lead to the structure of 
uncertainty that we see in predictions of future ice 
sheet change/sea level rise?

Ultimately, we find that the spread and skewness of ice sheet 
prediction uncertainty grow exponentially for unstable 

configurations



Theory is verified in large ensembles with 
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…and in 
IPCC-class 
models of 
West 
Antarctic 
Glaciers



Lowry et al. 2021
Edwards et al. 2021

Parameter uncertainty in sea level predictions 
tends to have either bimodal structure or 
“long tails” toward bad outcomes

Adaptation costs rise rapidly with “long tail” uncertainty



Next steps: how to include 
uncertainty from climate variability 
and parameterize unresolved 
processes directly within large-scale 
ice sheet models?



Images: Rahmstorf 2007, NSIDC 

Standard methods limit probabilistic projections

Semi-empirical: many simulations 
possible, SLR(T) similar to past

Simpler More complex
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Standard methods limit probabilistic projections

Process model: evolving dynamics, 
computational expense limits simulations

Simpler More complex

Semi-empirical: many simulations 
possible, SLR(T) similar to past



Images: Rahmstorf 2007, NSIDC 

Stochastic models can help

Process model: evolving dynamics, 
computational expense limits simulations

Stochastic model: sample variability from process 
model, simulate many future scenarios

Simpler More complex

Semi-empirical: many simulations 
possible, SLR(T) similar to past



Image: NSIDC

The Stochastic Ice Sheet Project
• Adding stochastic 

integration capability to 
Ice-Sheet and Sea-Level 
System Model (ISSM)


• Surface mass balance


• Ocean thermal forcing


• Iceberg calving


• Subglacial hydrology

In Progress



Stochastic Surface Mass Balance (SMB)

• 13 surface mass balance 
models simulated Greenland 
SMB 1980-2012


• Results interpolated onto 
common ice sheet mask with 1 
km resolution

Ultee, Robel, and 
Castruccio, In Prep



Stochastic Surface Mass Balance (SMB)
SMB(t) = β0 + β1t +

K

∑
k=1

γksk +
p

∑
i=1

φi SMB(t − i) + ϵ(t)

β0

β0

constant

β1t

β1t+

linear trend

K

∑
k=1

γksk

K

∑
k=1

γksk+

seasonal cycle

p

∑
i=1

φi SMB(t − i)

p

∑
i=1

φi SMB(t − i)

ϵ(t)

ϵ(t)+

residual 

(more on this later)

p

∑
i=1

φi SMB(t − i)+

dependence on 
past values 
(autoregression)

Ultee, Robel, and 
Castruccio, In Prep



✏(t)
iid⇠ N (0,�2)
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• If we’ve done our job, the residual, 𝝐(t) consists of independent 
and identically distributed draws from a normal distribution with 
variance σ2 


• Temporal fits and variance may be different for each catchment


• Spatial correlation matrix C captures these differences

Castruccio et al (2019); Hu & Castruccio 
(submitted 2021); Ultee et al., In Prep

σ2 = DCD

Stochastic Surface Mass Balance (SMB)

Per-catchment standard deviations Inter-catchment correlations



Identifying correlation matrix C for construction

Image: Correlation of residuals with residual of Kangerlussuaq AR(n) fit

• Empirical correlation matrix C: 
correlation of the residuals of 
temporal fits between all 
catchments


• 200x200 symmetric 
matrix: 20 000 data points


• Our problem is under-sampled 
(30 years of data) so we must 
control singularity of this matrix



Stable construction of a spatially varying field

Sparse correlation matrix 
estimated with GraphicalLasso 
controls the singularity of C



Stable construction of a spatially varying field

Sparse correlation matrix 
estimated with GraphicalLasso 
controls the singularity of C

Efficient generation of random 
realizations of spatiotemporal variability



Pros
• AR models are simple, easily 

interpretable and seems to 
do a decent job reproducing 
statistics of SMB


• Training and generation 
require trivial computation


• Based on widely-used open-
source packages (e.g., 
scikit-learn)

Cons
• Heavy with assumptions 

about gaussianity, structure 
of variability, spatial 
covariances


• Still requires downscaling 
from catchment (~100 km) to 
fine ice sheet model grid-
scale (1 km)


• Not obviously extensible to 
other processes (e.g., sub-
grid fracturing)



Takeaways
• Ice sheets change slowly (decades-millennia), but have the intrinsic 

capacity for instability on prediction-relevant time scales


• Many important internal and forcing processes are not represented 
within models, or are represented in a deterministic single realization 
in predictions


• Theory shows that instabilities intrinsic in marine ice sheet dynamics 
(i.e. West Antarctica, parts of Greenland) tend to produce heavily 
skewed or bimodal uncertainty in predictions


• Statistical methods can be used to represent such processes/forcing 
within ice sheet models, but require strong assumptions



Open questions related to ML in ice sheet modeling

• Which AI/ML methods work best with limited training data? What 
are the tradeoffs associated with more supervision and more a 
priori assumptions?


• How can we best use high-fidelity, computationally expensive 
models of ice sheet or climate processes to generate training 
data?


• What level of inaccuracy can we accepted in our learned 
parameterizations if the prediction of interest is an integrated 
quantity (i.e. ice sheet mass loss)?

Questions? Email: robel@eas.gatech.edu


