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• Strong randomness in quantum magnetism:
 - Random singlet phase.
 - Entanglement of spin-1/2 Heisenberg model.
 - Entanglement of spin-1  Heisenberg model at criticality.

• Conformal invariance:
 Entanglement entropy of critical CFT’s. 

• Quantum information:
 - Definition of entanglement entropy.
 - Examples of universal entropy.
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Entanglement entropy - Introduction

•  Density matrix:

B
A

•  Trace over subsystem B: 

•  Entanglement entropy:

How many states in subsystem A are determined by subsystem B?
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Entanglement as a universal measure

• d ≥ 2 – Contour area law:

• Free Fermions however: (Giov and Klich, wolf, 2005)

• Topological phases: (Kitaev and Preskill, 
Levin and Wen, 2005)

• 2D Gaussian quantum critical points: 

With α being a universal coefficient that depends on partition topology
(how many corners, etc.). (Moore and Fradkin, 2006)

(e.g., count singlets on perimeter)



Conformal spin chains – Heisenberg model

• Space-time invariance 
(z=1,                   ).

• Central charge   c :

• Spin liquid states with algebraically decaying correlations. 
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Engtanglement and CFT’s central charge

Holzhey, Larsen, Wilczek (1994).

Mode
lSpin-1/2 Heisenberg, 

XXZ

Transverse field Ising

Spin-k/2 Heisneberg

Random spin chains?

B B

A

L
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Spin chains with randomness

J

1 2 3 4 5 6

RG Rule:

Ma, Dasgupta, Hu (1979).

• Renormalize the strongest bond:
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Strong randomness RG and flow equations

Define
:

•             :

• Solution:

Universal! J

(D.S. Fisher, 1994)
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Infinite randomness scaling and entanglement 

•  Length-energy scaling:

- Free spin density:
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Entanglement in the random singlet phase

• Every singlet connecting A to B  →  entanglement entropy 1.

Where              is the number of singlets entering region A.

B B
A

L
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Infinite randomness scaling and entanglement 

•  Length-energy scaling:

•              approximate calculation:

•  Entanglement entropy:

L
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• Generally:

• In the random singlet phase:

•  Entanglement entropy:
      (Heisenberg, XXZ)

•  Effective central charge: 

(Refael, Moore, 2004)



Numerical verification
Laflorencie (2005): XXZ easy-plane model

H. Tran and N. Bonesteel:  Confirmed the Heisenberg model result



Pure vs. random – effective central charge

Mode
lSpin-1/2 Heisneberg, 

XXZ

Holzhey, Larsen, Wilczek (1994).

Refael, Moore (2004).



Pure vs. random – effective central charge

Mode
lSpin-1/2 Heisneberg, 

XXZ

Holzhey, Larsen, Wilczek (1994).

Transverse field Ising
Refael, Moore (2004).



Pure vs. random – effective central charge

Mode
lSpin-1/2 Heisneberg, 

XXZ

Holzhey, Larsen, Wilczek (1994).

Transverse field Ising
Refael, Moore (2004).

N-flavor Potts model Santachiara (2006).



Pure vs. random – effective central charge

Mode
lSpin-1/2 Heisneberg, 

XXZ

Holzhey, Larsen, Wilczek (1994).

Transverse field Ising
Refael, Moore (2004).

N-flavor Potts model Santachiara (2006).

Golden-chain 
(non-abelian spin chain) Bonesteel, Yang (2006).



Pure vs. random – effective central charge

Mode
lSpin-1/2 Heisneberg, 

XXZ

Holzhey, Larsen, Wilczek (1994).

Transverse field Ising
Refael, Moore (2004).

N-flavor Potts model Santachiara (2006).

Golden-chain 
(non-abelian spin chain) Bonesteel, Yang (2006).



Pure vs. random – effective central charge

Mode
lSpin-1/2 Heisneberg, 

XXZ

Holzhey, Larsen, Wilczek (1994).

Transverse field Ising
Random
Singlet

Refael, Moore (2004).

N-flavor Potts model Santachiara (2006).

Golden-chain 
(non-abelian spin chain) Bonesteel, Yang (2006).



Pure vs. random – effective central charge

Mode
lSpin-1/2 Heisneberg, 

XXZ

Holzhey, Larsen, Wilczek (1994).

Transverse field Ising
Random
Singlet

Refael, Moore (2004).

N-flavor Potts model Santachiara (2006).

Golden-chain 
(non-abelian spin chain) Bonesteel, Yang (2006).

Generally in random singlet phase:
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• The central charge never increases along RG flows. (Zamolodchikov, 1986)
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Pure vs. random – effective central charge

Mode
lSpin-1/2 Heisneberg, 

XXZ

Holzhey, Larsen, Wilczek (1994).

Transverse field Ising
Random
Singlet

Refael, Moore (2004).

N-flavor Potts model Santachiara (2006).

Golden-chain 
(non-abelian spin chain) Bonesteel, Yang (2006).

Spin-k/2 Heisneberg
?? Random Spin-1:

Haldane-RS critical point
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Domain Walls Description Damle, Huse (2003).

• Spin-1 Heisenberg model has three possible domains:

• Domain walls:

(0,2) (2,0) (1,1)

1 21 2 1 21 2

S=1 S=1/2
2 1

2 1 2

(2,0)

1

1 2

(0,2)

1 2

2 1

(1,1)

1



• At criticality, all domain appear with equal probability.

• Energy-length scaling: 

• Fixed-point distribution:

Spin-1 “SU (2)” critical point – Results from domain theory

Monthus, Golinelli, Joliceour (1998), Hyman, Yang (1997).

*
Griffiths phase

Haldane Phase Spin-1 
random singletPure Random

Compare to             for random-singlet phase 
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• Fixed-point distribution:

Spin-1 “SU (2)” critical point – Results from domain theory

Monthus, Golinelli, Joliceour (1998), Hyman, Yang (1997).

*
Griffiths phase

Haldane Phase Spin-1 
random singletPure Random

Compare to             for random-singlet phase 
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Spin-1 Calculation

• Find the probability of each closed configuration.

• Find the average length scale (or RG time) of each closed configuration. 

• Find the entanglement of configurations. 
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• Result-1 -  RG-time:

• Result-2 -  average entanglement per configuration:

• Result-3 - Entanglement:
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