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Unbiased Numerics for BCS-BEC Crossover Problem



Diagrammatic Monte Carlo

Take a convergent positive-definite diagrammatic series, say the one for
polaron Green’s function,

=                         +                +                                              …

and interpret it as a partition function for an ensemble of graphical objects (diagrams).  
Introduce a Markov process generating ensemble, and calculate corresponding 
histograms/averages.  

The Markov process can be organized in the form of pairs of complementary updates.
In such a pair, A-B, the update A creates a new graphical element with corresponding 
continuous variable, while the update B removes the element. For example, A creates 
a new propagator, while B removes it:



Balancing Diagrammatic Markov Process by Metropolis Algorithm
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Acceptance ratios for complementary updates A-B

(Arbitrary) distribution functions for 
generating particular values of new 
continuous variables in the update A



( )1 1, at 0 : ,..., , ,..., , consti j N N
i j

A Bi j B c
A↑ ↓ ↑ ↑ ↓ ↓

↑ ↓

∀ − → Ψ → + = =
−

r r r r r r
r r

1/3 ~ Fc n k ⇒

1/3 ~ Fc n k− ⇒

Model of Resonant Fermions

1/3 ~ Fc n k ⇒

BCS regime

BEC regime

unitarity regime

No explicit interactions—just the boundary condition:

(In two-body problem, the parameter c defines the s-scattering length.)
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 Numerics
 Experiment + assumptions
 This work

Unitary point critical temperature
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Hubbard model 
(tight-binding spectrum)
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Diagrammatic expansion for the partition function  Z

too many to draw all 
possible topologies …
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Determinant representation for diagrams of order p

For equal concentrations of components:
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Worm algorithm = extended configuration space of  

2 1 2 1 2 2 2 2 1 1 1 1( , ) T ( , ) ( , ) ( , ) ( , )r r r r r rK ττ τ τ τ τ τ+ +
↓ ↑ ↑ ↓− − = Ψ Ψ Ψ Ψ

+ all updates are through the pair operators exclusively!
Prokof’ev, Svistunov, and Tupitsyn ‘98
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Monte Carlo Scheme: Worm Algorithm

change order of 
diagram

go to K-sector: move worm

go to Z-sector:
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Tc at unitary point
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Hubbard model 
at unitarity

Continuous-space
model at unitarity

Continuous-space
model at:



The crossover curve (in progress ...)
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Bosonic systems 

(Prokof’ev, et al.)



Thermodynamics at the unitary point
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Can be used for e.g. thermometry of dilute ultracold gases

At unitarity, thermodynamics is self-similar:
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Summary for Part 1.

•Determinant Diagrammatic Monte Carlo: a 
novel systematic-error-free numeric method 
for fermions on a lattice and in continuous 
space

•Critical temperature & thermodynamics at 
unitarity

•Critical temperature across the BEC-BCS 
crossover (in progress)

•Solved the attractive Fermi-Hubbard 
model at unitarity for all fillings
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Part2. Resonant Fermipolaron

with Nikolay Prokof’ev



Diagram elements:
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Γ

a polaron diagram

a molecule diagram



T-Matrix by Bold-Line Diagrammatic Monte Carlo 
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Evaluating T-matrix in imaginary-time representation forms a separate problem because  we 
have not got an analytic expression. We obtain T-matrix numerically by recently developed 
Bold-Line Diagrammatic Monte Carlo (BLDM) (arXiv:cond-mat/0702555). The BLDM 
technique allows one to simulate a function expressed diagrammatically through itself. In 
our case, the equation to be solved by BLDM is as follows:
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Convergence of the diagrammatic series 

Fermionic sign is crucial for convergence !



Extracting the Energy
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From asymptotic behavior of the Green’s function:

From self-energy:

Most efficient !

known quantity The integral is directly sampled from 
diagrammatic Monte Carlo simulation
of self-energy.
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Conclusion for Part 2.

• It works!

• ( )molecule
1.0Fk a ≈
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