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Overview

Motivation and background

Non-locality, degeneracy, non-Abelian statistics

Vortices in 2D p-wave SC : Majorana fermions                   

Non-locality, degeneracy, non-Abelian statistics

Applications and experiments



0 1| | 0 |1ψ α α>= > + >

Classical bit has two states :
and| 0 > |1>

Quantum bit is described by
the state :

Contrast Classical and Quantum Bits

Environment decoheres the 
Quantum state

TQC: Look for a quantum state sensitive only to topology



Topology : A Global Property

Look for a many-body quantum state sensitive only to the topology      

5 2ν =Quasiparticles in  (              ) FQH system 

Quasiparticles in vortex state of 2D  p-wave  superconductor



Non-Local Occupation of an Electron

P-wave SC

Vortex

It takes a pair of quantum states to accommodate an electron!

Non-locality

e



Statistics
What happens to a many-particle wavefunction under
exchange of identical particles

Exchanging twice should be identity

Bosons : 1 2 2 1( , , ) ( , , )i ir r r r r rψ ψ=

Fermions : 1 2 2 1( , , ) ( , , )i ir r r r r rψ ψ= −

Naive Expectation



Slide taken from S. Simon’s talk, KITP, 2004



Statistics

Bosons : 1 2 2 1( , , ) ( , , )i ir r r r r rψ ψ=

Fermions : 1 2 2 1( , , ) ( , , )i ir r r r r rψ ψ= −

1 2 2 1( , , ) ( , , )i
i ir r r e r r rθψ ψ=Anyons (2D) :

1 2 2 1( , , ) ( , , )j i jk k ir r r M r r rψ ψ=

Statistics can be non-Abelian!

Non-Abelian Anyons(2D):



Non-Abelian Statistics

1 2 2 1( , , ) ( , , )j i jk k ir r r M r r rψ ψ=

Non-Locality + Non-Abelian Statistics

Many-particle quantum state is manipulable only by topology

Degenerate set of ground states

P-wave SC

Vortex



2D                     Superconductor2D                     Superconductor

1-1

i

-i

Consider spinless
(spin-polarized) system

Order parameter :

0( ) ( )x yP P iPΔ = Δ +
FP

0 | | PiP e θ= Δ xP

yP

( )x yp ip+

Fermi Surface

Time reversal symmetry is broken





Strontium Ruthenate: Quasi-2D
lattice structure



Shifts of circularly polarized light
due to TRS breaking.
J. Xia et al., Phys. Rev. Lett. (2006)

Josephson junction signatures
of TRS breaking.
F. Kidwingira et al., Science
(in press)

Confirming                      Pairing( )x yp ip+



Vortices in 2D                   Superconductor

Order parameter amplitude suppressed at the core

2 nπOrder parameter phase rotates by           around the core

Low energy normal bound states in the core

( )x yp ip+



Bound State Spectrum

(              ) superconductorx yP iP+

2
0 0 0,     /n FE n Eω ω= =Δ

S-wave superconductor

2
0 0 0( 1/ 2) ,     /    n FE n Eω ω= + = Δ

zero energy states are the unusual quantum states0,n =



BdG Equations for the ZES

S. T., S. D. Sarma et al., Phys. Rev. Lett. (2007)

2 *( , ) ( , )( , ) ( ) ( )
2 2 2z

r r r rH r r r r
m

μ δ σ σ σ+ −′ ′∂ Δ Δ′ ′= − − − + −

( , ) ( ) ( )n n n
r

H r r r E rψ ψ
′

′ ′ =∫

Assume              inside the vortex core, finite  outside0Δ =

Consistent solution for 0nE =

Is there a theorem that guarantees it?

M. Stone, S. B. Chung, PRB (2006)



Index Theorem for the ZES

Question
Where does such a theorem exist?

Answer
In 1D Dirac theory for electrons

S. T., S. D. Sarma, D. H. Lee, cond-mat/0609556

In 1976, R. Jackiw and C. Rebbi prove that in 1D Dirac field
theory, there is always a ZES if there is a mass domain wall.

R. Jackiw, C. Rebbi, Phys. Rev. D (1976)



1D Dirac Theory for Electrons

† †[ ( ) ]F z x xH iv m xψ σ ψ ψ σ ψ= − ∂ +∫

( ) ( ) | ( ) |m x sign x m x=

0

1 ( )

0 0( ) (0)

x

F
m y dyv

x eψ ψ
− ∫

=

ZES is located on the mass domain wall, a topological
excitation

The existence of this ZES is confirmed by experiments on 
polyacetylene



The Story of Polyacetylene

† †[ ( ) ]F z x xH iv m xψ σ ψ ψ σ ψ= − ∂ +∫
( ) ( ) | ( ) |m x sign x m x=

0

1 ( )

0 0( ) (0)

x

F
m y dyv

x eψ ψ
− ∫

=

W. P. Su, J. R. Schrieffer, A. J. Heeger, Phys. Rev. Lett. (1979)



Mapping 2D P-Wave SC on 1D

PH K H= +

†
k k kK c cξ=∑

† †
0 ( ) . .P x y k k

k

H k ik c c h c−= Δ + +∑

,
1

2
kim

k m k
m

c c e
k

θ

π

∞

=−∞

= ∑



2D P-Wave SC with a Vortex

†
, ,2

1 ( )
(2 ) F m q m q

m
K dq v q c c

π

Λ

−Λ

= ∑ ∫

† †
0 2 , ,( , ) . .P m m k m p

m
H dkdpu k p c c h c−= −Δ +∑∫

† † †
1 1, 1, 0 1, 1,2

1 ( ) ( ) . .
(2 ) F q q q q

m

H dq v q c c dqdq A q q c c h c
π

Λ Λ

′
−Λ −Λ

′ ′= + Δ − +∑ ∫ ∫

† † †
1 [ ( ) † ]           ( ) ( ( ), ( ))F z x xH dx iv m x x c x c xχ σ χ χ σ χ χ= − ∂ + = −∫

( ) ( )m x m x− = −



2D P-Wave SC with a Vortex

Zero-energy state!

Majorana fermion mode!

†
1 [ ( ) † ]F z x xH dx iv m xχ σ χ χ σ χ= − ∂ +∫

† †( ) ( ( ), ( ))x c x c xχ = − ( ) ( )m x m x− = −

0

1 ( )
† †

1 1
1 ( ( ) ( ))

x

F
m y dyv

dxe c x ic xNγ
− ∫

= − −∫

†γ γ=



Majorana Modes : Non-Locality

1γ 2γ

γA single      mode cannot accommodate an electron!
{ ,  } 2i j ijγ γ δ=

1 2
†

1 2

c i

c i

γ γ

γ γ

= +

= −
c’s can be occupied by electrons

Non-local occupation

Construct

†
1 1γ γ=

†
2 2γ γ=



Majorana Modes : GS Degeneracy I

1γ

2γ

A pair of vortices support an electronic mode at zero energy

This mode can be unoccupied (        ), or occupied (        )| 0 > |1>

Two states of a qubit

The states are degenerate and completely non-local



Majorana Modes : GS Degeneracy II

1γ 2γ
3γ

4γ
5γ

Consider 2n vortices / Majorana fermions => n electronic modes

They can be occupied / unoccupied by a SC QP

2n -fold degenerate ground states protected by a gap 2
0 0 / FEω = Δ

Any state in the GS manifold is a linear combination of them



Majorana Modes : Non-Abelian Statistics

1 2

2 1

γ γ
γ γ
→
→ −

†
2 1 2 1

1 2

1 (1 ) exp( ) exp( (2 1))
4 42

1               ( )
2

T i c c

c i

π πγ γ γ γ

γ γ

= + = = −

= +

exp( )
4 zT iπ σ= −

In the basis †| 0 ,  c | 0> >

SC QP

Ivanov, PRL (2001)
S. T., S. D. Sarma et al., PRL (2007)

† †

†

2a a
ua va

π

π+

Gurarie, Radzihovsky, Ann. Phys.
(2007)

12 −(        fold degenerate)

(              dimensional matrix)1 12 2× −



Application to TQC

Non-local qubit + non-Abelian statistics ( unitary operators )

Noiseless quantum computation

Construct gates by braiding one vortex around another 



Topological ground state degeneracy

On a torus, the ground state degeneracy of (Abelian) S-wave
SC is 4

The same degeneracy for non-Abelian SC is 3

M. Oshikawa, Y. B. Kim, C. Nayak, K. Shtengel, S. Tewari
Annals of Physics (2006)

x yp ip+



Half-Quantum Vortices in Strontium Ruthenate

Quasi-2D Ru-O planes

Experiments confirm a spinful
SC

Ordinary vortices do not
carry Majorana fermions ! 
More exotic, half-quantum vortices
needed

Method proposed to create a dilute gas of HQV’s

S. Das Sarma, C. Nayak, S. Tewari
Phys. Rev. B (R) (2006)

x yp ip+

HQV’s are effectively ordinary vortices in only one spin sector
A. J. Leggett, S. Yip, Helium 3 (1989)



x yp ip+2D, spinless superfluidity possible in cold-atom
optical trap

Experiments

Gurarie, Radzihovsky et al., PRL (2005)
Cheng et al., PRL (2005)



Majorana Fermions in Cold Atom Optical Trap

x yp ip+2D,               superfluidity in optical trap
Dilute gas of vortices by rotation

Majorana vortices braided to test non-Abelian statistics

Majorana fermions are chargeless, spinless : Probe?

Use the internal energy levels of an atom for detection/read-out 

S. Tewari et al., Phys. Rev. Lett. (2007)



STM Signature of Majorana Fermions
S. T., C. Zhang, et al., in preparation

Inject an electron with 0 0,Lt ω<< Δ

†
L Rc iIt can only go to the state γ γ= +

Electron amplitude appears also near R and can be extracted by Rt
The process has a natural time scale                , maintaining causality   

0

1T ω=

Figure from Bolech
et. al. cond-mat/0607779



Summary and Conclusion

2D spinless SC / SF supports Majorana fermions

BdG equations

Index Theorem

Non-local accommodation of a quasiparticle : Qubit

Non-Abelian Statistics : Unitary gates

Topological ground state degeneracy

Experiments : HQV in strontium ruthenate, Cold atoms,
STM  

x yp ip+



Thank You!


	Topology and Statistics in  Superconductors : Non-Abelian Matter and Topological Quantum Computation
	References
	Overview
	Contrast Classical and Quantum Bits
	Topology : A Global Property
	Non-Local Occupation of an Electron
	Statistics
	Non-Abelian Statistics
	2D                     Superconductor
	Vortices in 2D                   Superconductor
	Bound State Spectrum 
	BdG Equations for the ZES 
	Index Theorem for the ZES
	Mapping 2D P-Wave SC on 1D
	 2D P-Wave SC with a Vortex    
	2D P-Wave SC with a Vortex
	Majorana Modes : Non-Locality
	 Majorana Modes : GS Degeneracy I
	Majorana Modes : GS Degeneracy II 
	Majorana Modes : Non-Abelian Statistics
	Application to TQC
	Topological ground state degeneracy
	 Half-Quantum Vortices in Strontium Ruthenate
	Majorana Fermions in Cold Atom Optical Trap
	Summary and Conclusion

