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BEC-BCS crossover

Imagine ““turning up” attraction
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Motivation
o
Bring together two of the most
successful tools for ultracold gases:
Feshbach resonances and optical lattices
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Motivation

o

Bring together two of the most
successful tools for ultracold gases:
Feshbach resonances and optical lattices

Fundamentally: how do fermions pair to form bosons!?

How do we optimize Can we devise tractable
making diatomic models for many-body
molecules from atoms!? physics near unitarity?
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Feshbach resonances
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Two-channel model:
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Feshbach resonances

a) Continuum

Closed channel

Open channel

Energy

Two-channel model:
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Lattice physics

o

Viaw (£) =V 3 sin® (mi/a) Optical lattices

iziB’va
B |
® |lattice potential is non-separable
® Couples center-of-mass and relative E el 2
coordinates ||
® Band structure “structures continuum”
I
® New length and energy scales = i
Scale Typical values < \/I; _
Lattice spacing a (nm) 550 2 3
Temperature T (nK) ~100
Recoil energy h*m?/2ma® (kHz) | 25 (*°K), 170 (°Li)
Lowest band tunneling t (ER) ~0.01 |
Band gap (Eg) ~ 5
Effective range rp (nm) <1
Interchannel coupling g/Fra>/? 216
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Lattice physics

o
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coordinates
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Many-body physics in a lattice

Usual assumptions Ty
® Replace interaction with free-space pseudopotential U (I‘) = - >5 (I‘)
® Restrict to the lowest band
®

Requires low energy, small s-wave scattering length

s < a
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Many-body physics in a lattice

Usual assumptions

Arh?a,
® Replace interaction with free-space pseudopotential U (I‘) = 0 (I‘)
m™m
® Restrict to the lowest band
® Requires low energy, small s-wave scattering length
s < a
Hubbard model
® Simplest model of interacting lattice fermions
tunneling s-wave scattering
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Hubbard parameters

Improved ansatz

® Lattice pseudopotential set by lattice scattering properties

® Includes all bands via the lattice scattering amplitude

® Also allows for renormalization of two-particle theory

AHubb.

lim Afpubb.
E—O0O

U
1 - UG (E)

hm )\exact
FE—0
1

G (O) ‘|— 1/)\exact

Energy

a) Continuum

Closed channel

Open channel
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Hubbard parameters
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® Includes all bands via the lattice scattering amplitude

® Also allows for renormalization of two-particle theory

Open Channel Closed Channel
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Hubbard parameters

Improved ansatz

® Lattice pseudopotential set by lattice scattering properties

® Includes all bands via the lattice scattering amplitude

® Also allows for renormalization of two-particle theory
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Single vs. two-channel models

Why does it fail?

® |acks complete momentum dependence of scattering amplitude

® Actual effective potential in two-channel model:

Jk gk’
2€k—E

_VO—PZQGI{—

® Single channel model lacks residual momentum dependence as coupling
becomes pointlike

Uk =P

Solution: Use a two-channel
many-body lattice model!
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o
Fermi-Bose Hubbard Hamiltonian
o)
IA{ = IA{f -+ IA{b + I:]fb
Multiband Fermi-Hubbard Hamiltonian
th Y y (figsmfjﬂ;m_l_h'c) Z ‘ Aszﬁ{lm R Z (Mf_E’I{z)ﬁzfom
m (i,j) o€{T,l} 1,0,m
Multiband Bose-Hubbard Hamiltonian
7t Uf”)n m/’ A A A
Ytb ?; ( bj;m + h.c. ) + Z/ 2, Z [ng;m (ng;m’ - 5m,m’)] _ Z (,Lbb - Egm) ng;m
1,9 m,m ) 1,0,m
Bose-Fermi coupling
I:Ifb — Z g;nm, (Bz;sfi,T;mfi,l;m’ + h.c. ) Z Vi m/nbm’nz , O ;M
Correct but awful! i, j site indices
® |n principle infinite summation over fermionic and molecular bands m,m’ band indices
® Not amenable to treatment by modern methods o “spin” indices
O
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What can we do?

Solve carefully chosen two-body problem

® Effective range is small-high energy physics is very short range
® Long wavelength physics captured by lowest band fermions
® At low density, high energy physics is two-body physics

® Recouple at many-particle level

Open Channel Closed Channel

Band index Band index

(n, m)

Energy

............................

Total quasimomentum K CM quasimomentumK
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What can we do?

Solve carefully chosen two-body problem

Effective range is small-high energy physics is very short range
Long wavelength physics captured by lowest band fermions
At low density, high energy physics is two-body physics

Recouple at many-particle level

2)Partition into low and high energy spaces
Open Channel Closed Channel
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o)

What can we do?

Solve carefully chosen two-body problem

® Effective range is small-high energy physics is very short range
® Long wavelength physics captured by lowest band fermions

® At low density, high energy physics is two-body physics

® Recouple at many-particle level

3)Solve high energy piece for 2 particles
Low energy Dressed molecules

index
a=(p,s,o)

..................
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What can we do?

Solve carefully chosen two-body problem

® Effective range is small-high energy physics is very short range
® Long wavelength physics captured by lowest band fermions

® At low density, high energy physics is two-body physics

® Recouple at many-particle level

4)Re-couple low and high energy pieces

Low energy Dressed molecules
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o
What can we do?
o
Solve carefully chosen two-body problem
® Effective range is small-high energy physics is very short range
® Long wavelength physics captured by lowest band fermions
® At low density, high energy physics is two-body physics 07 —
0.6 -- V/EZ jooo 1
® Recouple at many-particle level
Vharm (x)z Vharm (m)]
AL A \ |
\ I \ .I S = 0 2 2
Vo ' Vet I Vperiodic(x) zfa
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o)

Two-particle equation

Closed Channel

Band index

Open Channel
Two channel Feshbach resonance I\
ﬁo|¢o> + §‘¢c> — E‘¢O>
Ao+ v 1) +glve) = Bl g ;
1 Q;S Band index -
= [1y) = = g\ ] n, m '
o) = 51 (n. 1)
. 1
B —v—H| o) = j——=——3lt.
{ v =i | N
Total quasimomentum ' CM quasimomentum
Open channel: product of Bloch functions with total quasimomentum fixed
Closed channel: Bloch functions with twice the mass and twice the lattice potential

13
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o

Two channel Feshbach resonance

ﬁo|¢0> + §‘¢C> — E‘¢O>
{ﬁc + V} |¢c> + §‘¢o> — E‘¢C>

1

= |th,) = -
‘¢> E—H0—|—i77

E—V—ﬁc} ) = @ -
{ [¥e) S B i

glibe)
glte)

Energy

Two-particle equation

Open Channel

Closed Channel

Band index | . Band index

(n, m)

Total quasimomentum ' CM quasimomentum

® Open channel: product of Bloch functions with total quasimomentum fixed

® Closed channel: Bloch functions with twice the mass and twice the lattice potential

H,K,q;n,m) = EX_(q)|K,q;n, m)

H.K:s) = EQ|K;s)
T? = (K s|e)
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o

Two channel Feshbach resonance
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Energy

Two-particle equation

Open Channel Closed Channel

Band index | . Band index

(n, m)
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Total quasimomentum ' CM quasimomentum
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o)

Two-particle equation

o
Open Channel Closed Channel
Project into lattice basis \ : ’
B v 1] ) gl
— U — — — g
I Ty i _
A o0 : : I :
HO‘K’ q’ n) m> — Ellffm (q) ‘K’ q’ n’ m> qg Baﬂd lndeX : : Bandslndex
HC‘K7S> — ESK‘K7S> Jnms X
TE = (Kislu.) '
§ — gaa ( ) Tot.a.l qua&momentum K Ci\;l qua81mo;nentumK
lim ap (r) =9 (r)

A—o0

) =
k (a) = (K;s|g|K,q;n, m)

2
[EK—V—ES;Q} TK — g_zxg (Ex) TK

E tK
Xst (Fx) Z/ UBZ EK EK (q) +1in




o)

Regularization

o

2
[EK—V—ES(;II)%} TK — g_zxgg (Ex) TK

dq h32(q)hig (q
Xst EK Z/ tK( )

UBZ EK EK (q) +in

® Divergence of RHS as coupling becomes pointlike
® Renormalization is X without the optical lattice

® Take limit bands->infinity, then cutoff->infinity
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2 o
Regularization
O (&)-7.1)( -
(b) g’ 72} x
{EK—V—ESK}TK:—ZXg (Ex) TK Ny % < x
-7.3 Q
dq hig ) nm ( ) L%: 74 : l :
q tK q | L.
(E - =
761
® Divergence of RHS as coupling becomes pointlike 21|

® Renormalization is X without the optical lattice

® Take limit bands->infinity, then cutoff->infinity

2
B — 7 — ER| TE = 5 [E (Bx) — X T
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o0
p—
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2 o)
Regularization
O (&)—7.1)( .
b 92 72t x
[EK—V—EQIQ}TK——Z@ (Ex) TK _.i < x
“re-7.3 % % S
& g *
dq hgg' (q) k' (q) 74 L2
E tK \‘: =
Xst K) Z/ VB7 EK E ~ (q) +1in o715 U;)
761

® Divergence of RHS as coupling becomes pointlike
® Renormalization is X without the optical lattice

® Take limit bands->infinity, then cutoff->infinity

2
_ g
B -7 - ER| TE =% > [ () — 33 T

e -
=
\|/ 74+
Qs = —m92/47rh2y ’ ER _ h27r2/2ma2 o}E 7.5 % :
K K1 ~K K mm 76t lg e R S S S
=|(8asEr/ma) [X (Px) — X ]‘I‘ - Y :(U = B o o Ko K
1Ty 0; B B ]
784 6 < 10 12 14
Nonlinear eigenvalue problem!
O
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Results for K=0
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“Band structures” for general
quasimomentum

] As / a = =15
as/a = 0.1

L
seJagfa = —0.1
8 8.5 .50 .5 ~Helafa = £5

V/*/ 4:/0 =01
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“Band structures” for general

quasimomentum
10
*****%&*&*ém**m% R o g;z — Oif
Oé ABARAA S S I SO IS i S Y /a = —0.1
Léﬁ 10} BB 5 0 5 5 B g O R B DR g Ja = =£5
~—
x-20)
&3
-301 as/a = 0.1
-4( K'\F\‘\N — M/
I’ X M R T . kI
Non- 1‘1‘;‘ oZ'—-
Universalit ot 2
v Y separability
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Projection

2
7 B T = £ 5 3 i - e

92:,% (Ex) = Z /dq hag (@) iK' (q)

K .
e (L1) vBz EFx — E n (@) + i

2)Partition into low and high energy spaces
Open Channel Closed Channel

oW énergy
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Projection
7= ] T = 4037 [k () - K] 7

K _ heg' (a) hig’ (a)
Yot (Fi) = Z / Bz Fx — E m () + 7

nm%(1,1)

Compute X without contributions from lowest open channel band
Renormalization is same as full two-body problem

Scattering length obtained is the true two-body scattering length
Same scaling analysis in cutoff applies

Together with dynamical lowest band fermions, correctly reproduces all
scattering states in the lowest band and nearby bound states

If higher scattering bands are relevant, project them out and include
dynamically

Energetic range of model can be extended arbitrarily
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Projection

3)Solve high energy piece for 2 particles

Low energy Dressed molecules

index

éa:(p,s,a)

.........................
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Projection

4)Re-couple low and high energy pieces

Low energy Dressed molecules

.........................
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The Fermi resonance Hamiltonian

g=—1¢ Y Yawaja%—Eo Y Yn(f) YYt,f‘deaAja%—ZuaZn(b)

oc{T,l} (¢,5) oe{T,l} ¢ aeEM 1,5 aeM i

T Sj Sjgi—j,i—k [ i.005,70k, | +h.c.}

aceM ijk
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The Fermi resonance Hamiltonian
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The Fermi resonance Hamiltonian

Aa=—ty S Salaw+E S xﬁgj SN ed diat Y 7S A
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The Fermi resonance Hamiltonian

ity S Nl B Y S Al Y;‘tf‘deQ}O}rZu@Zn@
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The Fermi resonance Hamiltonian

eff — _tf S‘ S‘ a’w'a’JU + EO S‘ S‘n(f> S‘ S‘t?jdja AJ OJ—I_ Z Vo Z,ﬁ”ﬁg}

oc{T,l} (¢,5) oe{T,l} ¢ aceM( 1, aeM i
+ Sj Sjgi—j,i—k [di,aaj,Tak,l +h'0-}
aceM ijk
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The Fermi resonance Hamiltonian

SR T O SUED 9) S HURED P B

oe{T1,1} (i,J oe{T,l} ¢ aEM i,j e M -
+ Sj Sjgia—j,i—k {di,a&j,T&k,l +h.c.}

aceM ijk

10+
1+t
[ —
Mmoo 3 T
En X%
() 0.1 |t000,100|/ ER %

I_I

............................................................

0.01
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00014554
as/a
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The Fermi resonance Hamiltonian
ity Y Yl rm X Yl - Y Sed {;v&znﬂ

oe{T,l} (,3) cc{T1,l} aEM i,j

+ Sj Sjgia—j,i—k {dz‘,a&j,T&k,l +h.c.}

aceM 15k

‘ 10 |
> 1l |
S —
e ool i i
° BRS EK 000,200/ ER. 9< o] .j.j.'..j.i.i.:.?.j.t.?.'..:.'..:.'..jj.'..i.'.i.:.?.tj.j.'..%;
0,01 ————— Tooo 110/ /ER
! | E] to00,111|/ER

0.001 by
as/a
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The Fermi resonance Hamiltonian

g=—ty Y > ahaje+E Y Y al = YN wedl diat+ Y ey il
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The Fermi resonance Hamiltonian

=ty Y Yabag B 3 Sl - 3 it 3 na Y
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o)

Extensions and Conclusions

Extensions

® Multichannel resonances-basis expanded to include a channel index
® Higher-l pairing/ more general two-body potential

® Arbitrary single particle potentials

Conclusions

® |nvestigated BEC-BCS crossover in a lattice at the two-body level
® Derived effective few-band model for low-energy, low filling limit

® Significant qualitative and quantitative differences with models derived
using separable potential approximations

® All parameters microscopically attainable
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Narrow resonances
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