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Harmonic Sums

3. The Mellin Symmetry
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Harmonic Sums

4. Multiple Zeta Values
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2-100P  LEVEL: .. -Liy ($)+« X8, F B, %0)

- 2 5. W@~ g_;t&*(‘ﬂ
THESE TYPES OF COUSTANTS CANCEL !

COUNT THE BAS1S ELEHENTS:

( N Z WS P B OADHRORST -
N(w) = — weeteR
) W diw P(d d conzecxi ke ‘46

R; >0
P.“-'—"'-'O} Pg_':-g'l Pg-_-gi Pd= Pd—2+- Pd.-g { dES

PERRAN MUHBEP-Squq) Ok R HMTV T© 0@(2),



Harmonic Sums

5. Multiple Harmonic Sums

THE SIMPLEST EXAHPLE :

2

» 44X . %
Pqq &) ( A-x \4- =
| iy T i s > A S, (n-1)
dux = - dirc x* = — e FLt b
5 (‘— X ), K=o E kz:\ R i

M TERNATING SULHS (— cwoLored % -VALVES)

S, o) = e mlAT ) — .

N
- qu‘ (RVITE FoR N —>ee),
k=1

GENERAKL CASE:

N . 4 fes . ke
Say.a, W)= T EREDT 5 (Hy )

4 =1 _.&_:"-d A, =1 &t;zl

ALL HELLN TRANSTFORMS IN MASSLESS

AELD THREORIES FOR 1-PAR. QULAMTITIES ARE
REPRESENVNTED BY HARHOWIC SOMS.

(kNowN TO  O(at3)). OR SIMILAR TYPE,

J. Bliimlein Oberwélz, QCD 2003 6



EXMHPLES FOR - Fold SOmS:

S_1(N) 1 0 ... 0
—Sa(N) S_1!N) 2 ... 0
S‘l 1= -]; S-—S{N.) ""52 (N) S—I(NJ . 0 (56)
= : : : :
(D*Sap(N) ()5S cgpe-1-n) (V) (=1)*2S(_yyu-2k-2y(N) ... S_1(N)
Similarly the corresponding expressions for S(1,1,...,1) are
S1(N) 1 0 | [ 0
—S3(N) Si(N) 2 0 . 0
Sl = S3(N) ~S;(N) Si(N) 3 0. @
—— . : : g ;
k . . . - .
(=1)**Se(N)  (=1)*Sk-1(N) (=1)*18pa(N) (=1)*"284—3(N) ... Si(N)
Further sums of this type are
1 1 1 1
S.l .... ] = 1—2685 —52531‘1‘65_35_2,14';545_] +§S_1 Sg-f—ESzS_g
5
1
+§ S_s (58)
1 1 1
Sa,...1 = 720 S8+ Ty S, 8%, + T S_38% += 5'432 + S_ S_1 + 52153
6
+ S_155_3 + 52 + = Sz Sy + Sf_3 + = S,,- (59)
1 1 1
S,.001 = %SE, 240 _lSz+ .5'4 S_s-i- .5' 15’4+—S 15'_5+ S_ S
7
+-13 $2S_s o .S‘2 S_3 dime ‘S'g.s“’_'1 s S;Z'S_I Fis 3_384 - E 82,84
+'8- S_ 15,85, + == S_152 5_3 + = S..‘r (60)
- 1 s 6 5 1 1
Sl = qoap St 1440 55152+ 355 360 5515+ g5 $218s+ 55 30 52185
8
55 5% 50+ 2548 + o85S+ R 323..3
1
+15 5153 S4+—.5‘21.S‘2+—5'215' +§8_532+1_925234 S§S4
+3—];352323+—5sz + —Oszs_ s_5+—s_3s_a +—s4 °F. s8 (61)

The corresponding relations for S; .. , are obtained by substituting the md1cees -k = k in
S’

n
egs. (58-61). One may evaluate these sums also using the recursion relations

1 k
5 1 = - _nS. . 62
1...-,1 kgs( 1) |l 1,---,1 ( )

k = k-1

SIMILAR RELATIONS:  [RAMAN UFAND
ol AMean .
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ALGEBRAC RELATIONS:

L.EULER (AT75) :

Sm,n*' Sn,m = Sm'Sh T Smen
m,n >0.
FRST ALGEBRMC RELATION
ONE HAY GENERALILE TS TO myn Lo

Swn tSam = Sm'Sn * Spun
man = [ M+ Inl] 2gnm) 2ignn) .

TERNMY RELATION: SiTA RMIACHANDRA RAO

A~ ARY = i J6, wOaXTH 1998%. AR
I .
| THESE X OTHER RELATIONS +HOLD wiDELY

INDEPENDENT OF THE VUALVE & TYPE OF

THESE ODOBJECTS.

DETERMINED BY @ « INDEX STROCTURE ,
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LINEAR REPRESENTATIONS OF MELUN TRANS-
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SHOFFLE PRODUCTS (MAC LANE  44sT)
T o — (LrvDoN  4asw)

Depth 2:
Sﬂl (N) L Scz (N) = Scl,an(N) + Sﬂz,cx(N)

Depth 3:
Sa, (N) LU Saj,a8 (N) - Sal,az,as (N) + Saz.a1,a3 (N) + Saz,3,01 (N) (2'8)
Depth 4 :
Say (N) W Say03,06(N) = Saya2,03,04(N) + Sas,a1,08,06 (N) + Saza,01,06(N) + Saz 03,0681 (N)
(2.9)
Sar,a2(N) LU Sagaq(N) = Saya2,83,0(N) + Say05,82,0(N) + Say 5,000 (N)
+  Sas,a01,02(N) + Sag 01,8002 (N) + Sag 01,02,04(N) (2.10)
Depth 5:
Say (V) LU Saza5,00,05(N) = Say 02,038,805 (V) + Sas,a1,05,00,5 (V) + Sazyas,01,00.05(N)
+  Saz03,04,01.05 (V) + Sag,a3,04,85.01 (V) . (2.11)
Sar,02(N) W Sag,a005(N) = Sayjaz,08,a4005 (V) + Say,a3,02,00,5 (V) + Say a3,04,02,05 (V)
+  Soi,a8,04,05,02 (V) + Saz,01,02,04,05 (V) + Sag,a1,04,02,05 (V)
o Saa a1,a4,05,02 (N) 4 Sa;.ag,as.al.az (N) + Sﬁa,m.ahﬂs.az (N)
+  Sasae01,0205 (V) (2.12)
Depth 6 :
Say (V) LU Sag,a3,00,05,08 (N) = Say,2,08,00,85.08 (V) + Saz,a1,03,0085.06 (V) + Saz,03,01,04,05,6 (N)
+ Sﬂz.aamhal.ﬂs‘ﬂs (N) + Sa:.aa.a«a,aa.ax.as (N) + Sﬂz.ﬂa.m,%.as,m (N)
(2.13)
Sar,02(N) LU Sasaq05,05(N) = Sas,a2,03,0085.08 (V) + Saya5,02,0085.85 (N) + Say03,04,02,05,06 (V)
+  So1,03,0005.02,08 (V) + Say,03,04,05,6,02 (V) + Sag,01,02,00,05,06 (V)
+  Sas,01,0602,05,06 (V) T Sag,a1,00,a8,02,06 (N) + Sas,a1,04,a5,06,02 (V)
+  Sas,a0,61,02,5,06 (V) + Sag,a4,01,05,02,86 (V) + Sag a0,1,05,86,02 (V)
+  Sas,aq05.0601,02(N) + Sag,a0,8,01,06,02 (V) + Sag,04,05,1,02,86 (N)
(2.14)
Say,a2,03(N) L Saa5,06(N) = Sasj02,03,005:06 (V) + Say,02,84.88,05.86 (V) + Say,02,00,05,03.06 (V)
+  Say02,a0,05.0803 (N) + Say,a0,02,03,08,86 (N) + Say 04,02,08,03,06 (V)
+  Sa1,04,02,05.06,03 (V) + Say,04,85,06,02,83 (N) + Sa1,04,5,02,06,05 (V)
+ Sdl,di,ds.a:.ﬂs.de( ) o S a4,05,06,081,02, 03( ) s 2 Sﬂ«.ﬂs.ﬂl.ﬂc.m.da (N)
+  Saq,a5,01,02,0803 (V) + Say,a5,01,02,03,06 (N) + Sas,01,05,6,02,05 (V)
+  Saya1,05,2,88,03 (V) + Sas,01,05,02,03,06 (V) + Saq a1,02,03,08,06 (V)
+  Say01,02,05,08.06 (V) + Say,01,02,8.06:03 (N) - (2.15)



THE ALGEBRAC ERQLATIONS

Depth 2: :
Sa (N) LLI S, (N) — S (N)Suz (N) — Sa1Aa; (N) =0 [36] (2'17)
Depth 3 :
Sm (N) L Sﬂz.as (N) - Sﬂ: (N)Sﬂa‘da (N) Sa:l/\ﬂ-z as (N) dz aiAas (N) (2°18)
Depth 4 :
Say (N) - Sa:.as.m (N) - Sq (N)Saz.aam (N) Ea Snu\az.a:..m (N) . Saz.amaa.u (N)
- sm ssanas (V) = 0 (2.19)
Sﬂl.az (N) L Saam (N) S a: 102 (N)Saa N(N) 0-1 1a2/\as, m(N) Sa: 13,8204 (N) |
= Saa.ﬁll\m.az (N) Saa 181,82Aa4 (N) a;l\aa 182,04 (N)
R SﬂlNla.ac,az (N) + Sa:naa,azi\cu =0 ' (220)
Depth 5 :
Sau (N ) L Sdz.da.ac.as (N ) &, Scu (N )Sa:.aa,m.as (N ) = Sa:.!\az.as,a-t.ﬂa (N ) i Sc:.axf\aa,a«,us (N )
= Snz.aa.amm.as (N) - Sa3,a3,04,01Aas (N)=0 (2.21)

Sal,az (N) w Sna,m,as (N) . Sa:.dzf\as.ac.aa (N) = Sa1,a5,azm.¢,a5 (N) . Sa:.aa.m.ﬂz/\ﬂa (N)
- Sﬁa.al.az/\m.as (N) F Saa.a:,cu.a:!\ns (N) = Sﬂsm.alMs,az (N)
= Sas.m,nx.czl\ns (N ) = Sas.m/\m.az,as (N ) i Sas.anm.aa.az(N )
- Sa:.az (N )Sas,n.x.as (N ) i Sa:m.az.u.as (N ) == SGIM&N.M.% (N )
= Sﬂ:l\aam,da.az (N) o+ Sa;l\aa,az/\n..a.r. (N) » Sall\aa.m.ozl\ns (N) =0

(2.22)
Depth 6 :
Say (N)LUSG,,%%%“(N) - Sa:(N)Saz 103,04,85 as(N) Saihaz,es 24,05,06 (V)
- Sazm:\as.ac,as.ae (N ) Saz.as.amu.as.as( )
= Sazas,a4,81008,06 (V) — Saz,a3,04,05,a1Aa6 (V) = 0 (2.23)
01 182 (N) Gs 134,05, M(N) il Sahﬂzf\as.m,as.ae (N) = Sﬂz.aa.azhm.aa,de (N) Sﬂl 123,84,82/Aa5 ﬂe(N)

2

) Sas ,81,84,a2/Aas,a6 (N)
) Sa a-aa:nsazf\as(N)

Saz.aq.ua.amau,az(N) T Saa.aa.aa.ax.azme (N) Sas a4,a1/a5,02 ae(N)
}o

= Sa:.aa.u.as,nz/\aa (N ) S Saa.az.az/m.as.aa(
. Saa.ax.aq.as.czms (N ) = Saa.a-z.m.aznas.ao (N
= Saam.au‘\aa.as.a: (N) s Saa.a:nm.az.ns.as( aa 1@1/a4,05,a2 a-a(N)
il Sas,amaq.ns.as.aa (N) = Samas.az.aq.as.ae (N) Saxf\as.aq.az.au.as (N)

i Samcs.m.ns.az.au (N) - Sa;f\asm.aa.umaz (N) e Sﬂam,alf\as.a:hae (N)
Sﬁ.‘hﬂlo’\ﬂ«ﬂzﬂﬁs.ﬂa (N) + Saa.ﬂlf\dhﬂa.ﬂzf\ﬂo(N) + SGB-GMGIAG&.MMG (N)
Sﬂlﬂﬂa.ﬂzi\m.ﬂe.ﬂe (‘N) + SGIMS;“JI:A“'GG(N) + Sala‘\ﬂa-ﬂ(.%-ﬂzf\ﬂs (N)

- Scn 182 (N)Suam.ns.as(N) =0 (2-24)

+ +

ALLOW FOR ANY INDEX PERMOTATION -
: 2
How HANY OF THESE ER. ARE \NDEPENDENT -

# 8Asic SUMS = 4 PERM. — 3 (WD €TS.



Sal 102,83 (N) L Sal 135,06 (N)

+ + + +

tn

a1,a2,a3/Aa4,a5,06

tn

N
N
N

(
a:.m.az.aa/\as.ae(
(

n

a1,a84,a5,a2,63/\ag

)=
) -
)=
Sﬁl 102/A04,03,05,06 (N)

SMlaﬁ,aIA“,QZnGS (N)

Sm.nxm.azf\as.as (N ) -
(N) -
Sm.alf\ﬂs&a‘ﬂz.as (N) b
(N) -

Sal Aag,a5,a6,82,03 (N) .

Sﬂ‘ 181,02,85,a3Aag

Stn Aag4,a2,83,85,06

Sal 184,082A05,a3Aae (N) + Sa;.azl\m,aa/\aa,ae(
Sm.n:‘azm.as!\ao (N ) + Sm.amau.azﬂ\as,aa (N

CQ

anﬂz.m.ﬂa/\os.as(

0:1

a1,a4,a2,a5,a3\ag (

222

E
) -
) -

0:

a1,a4,a2/\a5,a3, Gs(
al .azr‘\ﬂ-l 125,023,06

SN 185,01,02/A06,03

Scu ,01,62A05,06,03

Sa(,ﬂ-l Aas,a2,06,a3

(N) -
(N) -
Sm.al.aa.a:.aa»\ae( )
(V) -
(N) -
(N) -

222222

Snl Aay4,02,05,03,06
Sﬂl Aay4,05,02,06,03 (N)

0)

a1,02,a4,a5,83Aag (N)

0’.}

a1,a4,a5,82/\06,a3 (N)
1,04,82A05,06,83 (N)

n oo

ay,az/\a4,a5,06,a3 (N)

Cf)

a4,a5,01,82,a3/\ag (N)
a4,01,a82,83/\05,08 (N)

a4,a1,a2/\as5,a3,06 (N)

UJCQ

m.axms‘az.aa “(N)
01 Aag,a2,05,06,83 (N)
Sal Aay4,a5,a2,03,06 (N)

N + SGI|52AGQ|Q5|GSA“G (N)
' Saa.au\as.az.asnaa (N)

Sﬂ»lhﬂhﬂﬂuﬂlf\%.aﬂ (N) 2 Salf\noﬂz.ﬂa.aaf\ﬂ-s (N W SGI-I"\N @5, ﬁli'\ae;ﬂs(

SanAm.as.az,aaAae (N) + Sazl\m,ﬂzma.aa.as( ) + Sn;f\m.uz!\na ag,a3 (N

Sﬁl Aayq,a2Aas,a3Aag (N)

= Sa:.aa.aa(N)Sm,asm(N) =0.

(2.25)
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t Matrices for the Algebra
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10000010110000000O0O0OO0OO0ODOODO
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ien

Coeffic
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lations of Harmonic Sums
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4 The Fourfold Harmonic Sums

Five types of fourfold sums emerge. Their characteristics is summarized in the subsequent table.

Index Set | Number | Dep. Sums of Depth 4 | min. Weight | Fraction of
fund. Sums
{a,a,a,a} 1 4 0
{a,a,a,b} 3 4 1/4
{a,a,b,b} 6 5 4 1/6
{a,a,b,c} 12 9 5 1/4
{a,b,c,d} 24 18 6 1/4

4.1 Harmonic Sums with 4 Different Indices

For this set of indices 24 different harmonic sums exist. As for the threefold harmonic sums one
may write down the associated system of linear equations. The coefficient matrix has a size of
24 x 48. It is obtained considering all index permutations for Egs. (2.19,2.20). The rank of the
coefficient matrix is 18, i.e. 6 harmonic sums are chosen to express the remaining sums. Since
none of the first 18 diagonal elements after bringing matrix into diagonal form vanishes we may
use the last 6 sums as basic sums. Here and in the following we will not present the respective
coefficient matrices being too large in size. One obtains the following relations :

Sa,b,c,d

Sn.b,d,c

Sa,c.b,d
Sa.c,d,b
Sa,d,b,c

Sa.d,c.b
Sb,a,c,d

Sb.a,d.c

—SeSa,db — SeSapd = Seadap — ScSaab + SaSdep — Sdeba + Sandpe
+SaSapc + SapSea + Sand,eb — Sa,cndp — Sadpac — Sdabac — Sancpad
+Sa.cond + Seandp + Seapnd + Sabade + Sdicans (4-1)
SeSadp + SeSapa + Sendab + SeSaab — SaSdcp + Sdeba — SapSed

+Saa0ne — Sandpe = Sandep + Sacndp — Sdanbe + Sadpac + Sancpad

+Sabend — Sa,cond — Seandd — Scabnd — Sdbane — SaSdbe — Sd,cand

+Sdpa,c + Sdp,ca (4-3)
SaSa,ep — Sadpnc + Sandbrc — Sdaprc — SaeSdp + Sapanc + SaSape

+Sa,cond — Sdp,c.a (4--3)
—SaSaeb + Sacpa + Sacrdd + Sadbrc — Sandprc + Sdabnc + SacSap

—Sd,anep = Sapanc — SaSapec — Sacand + Saeap + Sdpca (4-3)
—Sdpea = Sapac— Saape + SaSape + Sardpe + Sdanve + Sapanc (4-2)
—Sdeha = Sdeab — Stach + SaSaeh + Sandep + Sdanch + Sd,cans (4.-1)

SeSadp + SeSapa + Sendap + SeSaap — SdSach — SvSead — SoSeda

—SaSabe = SapSed + Saabrc — Sandbe = Sanded + SaSbed + SaSecbd
+8Sa.dpac + Sdanch + Sancond — Sapade + SaScdp + Scpand + Sancdp

+Sanbed + Sbancd + Sbeand = 2 Sachnd = 2 Seabnd + Sanchd — Shacad
—Sbacda — Sepada — Sd,cab (4.-4)
—S¢Sa,db — ScSabd — Sendap — SeSaap + SapSed — Saendd + SbSade

_Sd,a,b!\c = daneb — SnAc,bAd + Sa,bAd.c = ab,end + Sa!\b.d,c = 5 Sa.c.bhd

13



Sb.c‘a,d

Sd.b.a,c

Sb,d.a,c
Sb,d,c,a

Sc,a,b,d
Sc.a,d,b

Sc,b,a.d

Sc,b,d,a

Sc,d,a,b
Se.ddia

+Seardd + Seapid ¥ SgabcF Steab ¥ Sdo.ch (4.-5)
SeSadp + SeSapd + Scadasb + ScSaap + SaSach + SbSead + SvSeda

—Sa,bSe.d — Sandbe = SaSbed — SapSdec — SaSepd + 2 Saendd — SbSade (4.-5)
—Sadpnc + Sancond — Sapade + Sandbac + Sbia,cnd — Sanbend — SaScdp

+2 Sab,cnd — Sepand — Sancdb — Sbeand — 2 Scandp — Sancbd T Sbacad

+Stacda + Sepnda + Sa,aSbe — Sd,ach (4.-6)
—SeSa,db — SeSapd — Sendab — SeSdab — SaSdeb + Sdcba + SapSed

+Sandp,c + SaSbed + SapSic — Sacrdp + S6Sadc + Sadpac — Sdanch

—Sancpnd + Sapnde — Sandprc — Shacnd + Sansend — 2 Sapend + Sbicand

+Sa,cond + Seandp + Scaprd — Sa,dSbe — Sdcans + Sdcap + Sdach (4.-8)
Seada.c + S6Sdaec + Saabac + Sdanse — Sdape — Sdach — Sdpbac (4.-7)
—Sdepa — Sdcab — Sdpea — SbSdac — Seadae — Sdabrc — SbSadie

—Sapnde — Sadpne + SaSbdc + Svande + Svdane + SaSap,e + Sandp,e

+Sdpanc + SaSdcp + Sandes + Sdancd + Sdeand (4.-8)
SeSab,d — SdaSach + Sancyd — SaSape + Sadpne — Sandpnc + Sdaanb,e

+Sd,a.ne + Sa,eSdp + Saprcd = Sabade — Sacbnd — Sdpac (4.-8)
SeSadp + Sanc,db — Sandbe — Sandeb + Sandbre — Sdanbe — Sd,abac

—Sa,eS4p + Saabe + Sdach + Sdpac (4--8)

—2 5¢Sa,a6 — 2 5cSaba — Sendap — SeSd,ap — S6Sc,d,a + SaSapec + SapSed

+2 Sand,be + Sandep + SaSbed + SapSac + SaSebd — 2 Saendb + SbSa,d,c

—Sanc,ad + 2 Sapade — Sardpac — Sbacnd + Sanvend + SaSedp — 2 Sap,end
+Scanb,d + Sepand + Sbeard = Sapacd + Sacond + 2 Scandb + Seabnd

—Sbacda — Sepada — Sa,dSbe — Sdap,e (4.-11)
2 8¢Sa,dp + SeSapd + Sendap + SeSdap + SoScda — SapSe,d — 2 Sandp,e

—Sand,ep — SaSbe,d — SapSde + 2 Sa,cndp — S6Sa,dc — Sdanbe + Sancpad

—Sapnde + Sandbrc + Sba,ecnd — Sanbend — SaSedp + 2 Sabend — Sbeand

_Sa,c,b/\d -2 Sc,a.f\d,b . Sc,a,bAd + SbAc,d,a + Sc,bAd,a - Sd,b,aAc " Sasd.b,c

+80,dSb,c + Saabe + Sapac+ Sapea (4.-14)
Seadap + SeSdap + Saanch + Sdaprc — Sdapec — Sdcap — Sdach (4.-13)
—Sd.eba — Sapea — Sdbac = SeSdap — Sendab — Sdapre — ScSa,db

—Sa,cndp = Sadpre + SaScdb + Sandbe + Seandb + Sedanb + SaSape + Sanded
+Sa,anb,e + Sapane + SaSach + Sdic,and - (4.-14)

Harmonic sums of this type occur for the first time at the level of weight 6.

4.2 Harmonic Sums with 3 Different Indices

This class contains 12 different sums. The coefficient matrix is My, is of rank 9 and again we
may choose the last 3 harmonic sums to express the remaining 9. The relations for the sums are

1
Sn,a,b,c = '2- [Sa.aAc.b - SaSa,c,b - SaSc,a,b + SaSc,b,a - Sc,a,anb

+Saa’\c.a,b g SaAc,b,a = Saf\a,c,b == Sa,(:.m'\b * Sc,b.m"\a = Sc,m'\a,b] + ScSu,a,b

14



1 1 1 1 1
_“gsb.b.af\a.b,a + _Sb,a,b,ana,b + 'gSa,aAa,b,b,b + Ssb.b.m'\a.a,b + §Sb‘a!\a.a,b,b

3
1 1 1 1
_§Sa‘a.b,a,bi\b - gsb,a,b.b.af\a — Sppbaaa T ESaI\b,a,a.b.b + gsasb,b.a.a.b
1 1 1 1 1
“ESaSa,b.b,b,a - 'ésasb,b,a‘b.a + §SaSb,a,a,b.b + §Sa5a,b,a,b.b — ‘é’SaSb.a.b.b.a
1 1 1 1 1;
_Q'Sbsa,a,b,a,b = §Sbsa,b.a,a,b + gSaSb.b,b,a,a - ﬁsbsb,a,a.a,b + gSaSa,b,b.a,b (6‘12)

6.1.2 Index-Set {a,a,a,a,b,b}

This class contains 15 different sums which are represented by two basic sums. For Sya,a,ab One
obtains

1
Sa.,a,a,a,b,b = _Zsasb.a,a.a,b + ZSaAb.a,a,a,b - ZSb,a,a.a,aAb + ﬁSaSa.a.b,b,a + Sﬂ,a,a,a,b;'\b
1 1 1 1 1
12 Sm’\a b,b,a,a I_QSa,b,b.aAa.a - 1_2'Sa.b.b,a,m'\a - ZSb,a!\a,a,a,b = ZSb,a,aAa,a,b
1 1 1 1 1
- ZSb.a,a,a.Aa,b - ZSa,aAa,a,b,b = ZSa,a,nAa,b.b = Zsa.b,a.f\a.a.b . Z a,b,a,anab
1 1 1 1
lzsaf\a b,a,ba b 2o 12 Sa. b,aha,ba — ZSa a,a,banb — "Sa a,b,a,ahb S _'Sa,a.aAb.b.a
3 1 1
4 Sa Ja,anbab — Sb.b a,a,a,0 + Sb.b,a,m'\a " Z aia,a,a,b,b + 12 Sc‘b,a. b,ana
1 1 | 1 1
12 Sb aha,a,b,a + == 12 Sb a,aha.ba + Sb a,a,baha — l_é‘sb,a!\a.b,a.u il I_Q'Sb,a,b,ana.a
1 1 1 1 1
Sb b,ana,a,a s b Sb b,a,a,aha Z aha,a,b,a,b — Sa.u!\a.,b,a.b - Z a,a,bana,b
1 1
+ _Sana.a,b.b,c + "'-Sa,a!\a,b,b,a & — Sa ,a,bbara — 7 aAabaab T Sb a,b,a,aha
12 12 12 4 12
1 1 1 1
+ = 12 SaAb ,a,a,b,a + ‘i"’Sb a,a,ahb,a 12 Sm\b a,b,a,a # Sa.f\b b,a,a,a + Sb aib,a,a,a
1 3
1 Sbaa!\b,a,a iy S a,a,a,aMb,b + 12's'nab,af\ba 4= SaaAbaab = -SabaaaAb
1 1 1 1
2 sz 12 Sa,m‘\b.a.b,a + ‘E’Sa,b,a,mb,u - ‘ﬁsa.anb,b,a,n i Esa,b,ar\b.a.a - ZSaSa,a,a,b.b

1 1 1 1
_?l"z'SaSa,b,b.a,n #* ﬁSaSa,b,a.b,a = 'i'z"SaSb.a,b.a,a + ESaSb,u,a,b,n - ZSaSa,b.a.a.b

1 1
+Sbsa.a.a.a,b + ZSaSb,b.a.a,a L ESaSa,a,b,a,b (6.—24)

6.1.3 Index-Set {a,a,a,a,a,b}

This class contains 6 different sums. The coefficient matrix reads

510000
042000
003300
000O0T1S35
1311111}
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DEPTH = 3
Index Set | Number | Dep. Sums of Depth @ | min. Weight | Fraction of
fund. Sums
{a,a,a} 0
{a,a,b} 1/3
{a,b,c} 1/3
DEPTH = 4
Index Set | Number | Dep. Sums of Depth 4 | min. Weight | Fraction of |
fund. Sums
{a,0,a,a} | 1 1 4 0
{a,a,0 0} | 4 3 4 1/4
{a,a,b,} 6 5 4 1/6
{a,a,b,c} 12 9 5 1/4
{a,bc,d} | 24 18 6 1/4




DEPTH = 5

Index Set | Number | Dep. Sums of Depth & | min. Weight | Fraction of
fund. Sums
{a,a,a,a,a} 1 5 0
{a,a,a,a,b} 5 4 5 1/5
{a,a,a,b,b} 10 8 5 1/5
{a,a,a,b,c} 20 16 6 1/5
{a,a,b,b,c} 30 24 6 1/5
{a,a,b,c,d} 60 48 7 1/5
{a,b,c,d, e} 120 96 9 1/5
DEPTH = 6
Index Set Number | Rel.1 | Rel.2 | Rel.3 | Rel.1,2 | Rel.1,2,3 | min. Weight Frac. of
fund. Sums
{a,qa,aq,qa,a,a} 1 1 1 1 1 6 0
{a,a,a,a,aq,b} 6 5 5 5 5 6 1/6
{a,a,qa,a,b,b} 15 11 7 12 13 6 2/15
{a,0a,a,b,b,b} 20 14 12 8 16 17 6 3/20
{a,a,a,a,b,c} 30 22 18 12 24 25 7 1/6
{a,a,a,b,b,c} 60 41 35 23 47 50 7 1/6
{a,a,b,b,¢c,c} 90 60 52 36 70 76 8 7/45
{a,a,a,b,c,dy | 120 | 81 | 70 | 45 | o4 100 8 1/6
{a,a,b,b,c,d} | 180 | 118 | 104 | 67 | 140 150 8 1/6
{a,a,b,c,d, e} 360 232 | 208 | 132 280 300 10 1/6
{a,bc,de,f} | 720 | 455 | 416 | 261 | 560 600 12 1/6




Harmonic Sums

6. Theory of Words (a%:giiet

CAN WE COUNT THE BASIS SIHPLER ¢

YES.
INTRODUCE FREE LIE ALGEBRAS & THE

THEORY OF CDDES INTO PARTIICLE PHYSICS.

EVERY THMNG GOES THROLG H
THE (NDEX SEY.

&= |a®cd .. § APHBET
al<bic<cA<... ORDERED

G* (O) ser oF woros over O

W= @rQyQg RyQg. @gyn WORD
1\
NON- COMMUTATIVE  PRODUCT.

W = P. Xe S
+ i

PREFiX SLFPIX

DERNMTION:

A LYNDON WORD IS SHMALLER THAN ALL (TS
SLFEXES.
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THEOREHM [ RADFORD, 1479]

THE SHUFFLE ALGEBRA KO0 iS TREELY
GENERATED BY THE LWDON WORDS.

—> .E. THE NUMBER OF LYNDON WORDS
'S THE NUMRER OF BASIC ELEHENTS.

EXERCISES:
{2,9)....,a,b}  oaca.ab ALYNDON WORD
n PERMUVTATIONS
M att o (OF THE
SUNS).
a,a,e,b,b, b ae
1S iy ] 3 LYNON WORDS
oe ba &6
oq &ftrady

Noamc = 3 o A
Nay )04 b



CAN ONE DERIVE A FORMHULA ON THESE
RELATIONS ¢

(... DIiG THE WMATHEMATICAL LITERATURE .)

E E-WITT (HH) (193F) ¢ Journ. REINE & ANGEW.

HMATHEHATIC.
"TREVE  DARSTELLUNG LIESCHER RINGE ’
Ll.«)t
A il
271 (“4)... / n.al W P(d)
n A\ Na)|
LA TG
A .,L“i = V).
o 6! 2
L (Qoaa & at)) = £[p0OLL + PO ] =3
_ 6! 456
2d--) 3 L
— g < . - -1,
n.§... 3) A G PP
SUM OVER THE
A" WATT FoRMOLA .
$
Weight || # Sums | Cum. # Sums | # Basic Sums Cum. # Basic Sums Cum. Fraction
1 2 2 0 0(0.0
2 6 8 1 11 0.1250
3 18 26 6 7 | 0.2692
4 54 80 16 23 | 0.2875
5 162 242 46 69 | 0.2851
6 486 _ 728 114 | 183 | 0.2513




THE ALGEBRAIC RELATIONS REDUCE

THE NUMBER. OF MELLIN TRANSFOLMS
TO 24 (ouT of 80):

13
log(1 + ) log?(1 + z) — log?(2) log?(1 + z) Liy(z)
z+ 1 z—1 r+1 r+1
Liz(z) — ¢(2) Lip(—z) Lip(=2) +¢(2)/2 . log(z)Lis(x)
z—1 z+1 z—1 T r+1
log(x)Lxg(a,) Ll3(33) L1 = C(3) Li3(—1?)
x—1 r+1 z AJ\ r+1
Lis(—z) — 3¢(3)/4 S12(2) S12(2) —¢(3)  Sya(—z) —¢(3)/8
z—1 z+1 r—1 z-—1
Si2(—2) Sy, (3’2) Sy, (3’2) - ¢(3) Lig(—x)
z+1 :172—1-1 : z-—1 log{1. ) :::2+1

log(1+x) — 10g(2)Li2($) log(1\+\x.l~ log(2)Li2(_l_) log{t<z)Lis(z) log(l+z). .

r—1 3:_1‘\._. 1+ 2~ . 1tz le(if)
g (%) bﬂ;‘("ﬂd o (12X = Am(ed) L. (A=%

i - X Y x ‘2 ‘( 2 e z( 2 ﬂ (191)
—> IN 2- LOOP PHYSACAL-  PROCESSES

EVEN A LOWER NUMRER OfF BASIC
TRANSFORHMS (S GOING TO OCCcur'!

——S ANY  2-LO0OP QUANTITY ( m—0)
CAKN BE REPRESENTED AS A HELUWY
POLKN NOMUAL OF THE ABROVE FOMCIIONS.



Harmonic Sums

7. Deeper Relations

CAN ONE REDUCE THE BASIS FuRTHER T

PRESENT RESULTS ONLY HOISHED For
O(d), "€ DEP™ =4 SOHMS (W=4).
FG.
® NO SYSEMATIC MATHEMATICAL
THEODRY YET.

THE NUMRBER OF LYNDON WORDS En({q,,,,qk)=o
o p(d) -=o),

din
—> DO NOT COUNT SINGE HARMONIC SOHS,
POLYNOMIALS OR RAT. Fcr’s N8 N

M & ] () = 2, MI4e] ()

(V)

IF M[460] () (S wWNOWN , ANY DERIVATIVE (s
KNOWN  (ERSILY CALCULATED).

(3]

V(N) KNOWN — P (N) Y, KNowWN.

elc.

23 IS —> 20FaS W< 4.
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RELATIONS BETWEEN MELLIN TRANSTFORMS
LEAD TO A FURTHER REDUCTION.

— s EXPLICT CALCUOLATONS.
WORMK (N PROGRESS.

[. : 1
| THE LORD iSs HERCY.

FEVYMNMAN DAIAGRAM CALCOLATIONS SEEM NOT
TO PRODLCE ALl POSSIBLE SLOMS.

Oet*)
o e L, () R‘*(‘J Lt (x) i, (x) S42(x)
& 44X At x At K At %
N .
( iy Lo (&) iy () Iy (&)) (S.“( &:\)
+ =X -x '+ \=xX /¢
JB, S.MOCH

MASSLESS QCD @ 2L0O0PS DEPENDS ON
ESSENTIALLY O FONCIIONS FOR ANDH.
DIMS. & WILSON COEFRCiENTS

REDOUCIION : 77 —> 5

THANKS TOD HELLIN SYMMETRY.
W ANCERBRA FORTHER HM'H. , '“bz,
s 462 — 46 —— T oo A4
G

426 — My — 2 \ '6'“7




Appendix B: Overview on all Harmonic Sums up to
Depth and Weight 6

Index Set

z
£

Numb. of Relations

{-1}
{1}

{-2}
{2
{_la_l}
{“:rl}
{11}

{-3}

3}

{-2-1}
{"2'1}
{21"‘1}
(2.1}
{-1,-1,~1}
{-1,-1,1}
{-1,1,1}
{1,1,1}

(-4}

{4}
{-2.-2}
{—2,2}
{2.2}
{-3,-1}
{-3.1}
(31_1}
(3.1}
{—2‘-—1.-4}
{-2,-1,1}
(-2,1,1}
{2,-1,-1}
{2,-1,1}
{2,1,1}
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Index Set

Number

{

Numb, of Relations

{-1,-1,=1,=1}
{-1,-1,-1,1}
{-1,-1,1,1}
{-11,1,1}
(1,1,1,1}

(=

{-5}

{5}

{(-4,-1}
{-4.1}
{41_1}

{41}
{-8,-2}
{-3,2}
{3,-2}

{3.2}
{~3,~1,-1}
{(-3,-1,1}
{-3,1,1}
{3,-1,-1}
(3,-1,1}
{3.1,1}
{-2,-2,-1}
{-2,-2,1}
{-2,2,-1}
{-2,2,1}
{2,2,-1)
{2,2,1}
(=2,=1,~1,=1)
{-2,-1,-11}
{-2,-1,1,1)
{~-2,1,1,1}
{2,-1,-1,-1}
{2,-1,-1,1}
{2,-1.1,1}
(21,11}
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Index Set

%
i

Numb. of Relations

{-1,-1,-1,=1}
{-1,-1,-1,1}
{-1,-1,1,1}
{-1,1,1,1}
{1,1,1,1)

{-5}

{5}

{-4,-1}
{—4,1}
{"!‘1)

(4.1}
{'3¢'2}
{_3!2}

{3,—2}

(3.2}
{-3,-1,-1}
{-3,-1,1}
{-3,1,1}
{3,-1,-1}
{3,-1,1}
{3,1,1}
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(-2,-2,1)
{-2,2,-1}
{-2,2,1)
{2,2,-1)
{2,2,1}
{-2,-1,-1,-1}
{-2,-1,-1,1}
{-2,-1,1,1}
{-2,1,1,1}
{2,-1,-1,-1}
{3.-—1.-[.]}
{2,-1,1,1}
{2,1,1,1}
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Index Set

Numb. of Relations

{3,-2,-1)
{3,-2,1}
{3,2,-1}
{3.2,1}
{-3,-1,-1,-1}
{-3,-1,-1,1}
{-3,-1,1,1}
{-3,1,1,1}
{3,-1,-1,-1}
{3,-1,-1,1}
{3,-1,1,1}
{3,1,1,1}
{-2,-2,-1,-1}
{-2,-2,-1,1}
{-2,-2,1,1}
{-2,2,-1,-1}
{-2,2,-1,1}
{-2,2,1,1}
{2,2,-1,-1}
{2,2,-1,1}
{2,2,1,1}
{-2,-1,-1,-1,-1}
{-2,-1,-1,-1,1}
{-2,-1,-1,1,1}
{-2,-1,1,1,1}
{-2,1,1,1,1}
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{2,-1,-1,-1,1}
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Index Set
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Numb. of Relations
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Abstract

We derive semi-analytic expressions for the analytic continuation of the Mellin transforms
of the heavy flavor QCD coefficient functions for neutral current deep inelastic scattering
in leading and next-to-leading order to complex values of the Mellin variable N. These
representations are used in Mellin—space QCD evolution programs to provide fast evalua-
tions of the heavy flavor contributions to the structure functions F(z, Q?), F1(z, Q?) and
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AC(minimax)

S
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Figure 1d: Contribution to the NLO Wilson coefficient cf,,})'g. The MINIMAX-polynomial was determined

2
choosing k = 0.4 in (16). All other conditions are as in Figure 1a.

2 (1)
= dm(&)‘n)’ K= 0

=10

Ad(minimax)
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e b 4 b bWk

-
s o

10

Figure 1e: Contribution to the NLO Wilson coefficient d%}.g. All other conditions are as in Figure 1a.



max. absolute errors of the MINIMAX-polynomials

Wilson Coeff. | & E=1 £E=10 £ =10° £ =10° £ =10*

en 0. 2le5| 4.5e5 2.5¢-5 5.7¢-6 2.9e-7
iR s 05| ldel| 8.3e3 3.0e-3 1.0e-3 3.8¢-4
g 0. 1le3| 67e4| 24ed| 83e5| 305
il 0.| 4le5| 50e5 1.4e-5 8.9¢-6 6.9¢-7
B 0.| 23e5| 5.0e5 1.2¢-6 1.8¢-6 1.5e-7
c§ 0.| 1de5| 225 4.3e-6 3.3¢-7 4.4e-7
a0 0.| 6.0e7| 216 3.7e-7 3.7¢-8 3.1e-8
de. 0.| 40e6| 2.6e6 6.1e-7 1.5¢-6 6.3e-7
&, 04| 56e2| 26e2 3.9¢-3 1.0e-3 8.5e-4
&, 0.| 89ed4| 533 1.9¢-3 6.6e-4 2.3e-4
gl 05| 26e3| 1.2e3 2.2¢-4 2.2¢-5 6.3¢-6
B g 0. 32-4| 1.3e4 2.2¢-5 1.8¢-6 7.1e-7
4. 0.| 13ed4| 5.leb 8.1e-6 1.0e-4 5.8e-4
a3, 0.| ldel4| 8.5e55 =] - -

Table 1: Maximal absolute errors of the MINIMAX—polynomalials for the LO and NLO Wilson coeffi-
cients as a function of £.




WHERE ARE SINGULARITIES ¢ SINGLE POLES
Re (N) € ny Afixed HARMONIC SUHS — Njindeges

fixed order PT  In(Ng)= O

REPRESENTATION : (NIELSEN, HELLIN ~ 4305)

o STIRLING-LIKE ASYMPTOTIC REPRESENTATIONS.

e USE RECURSION RELATIONS :

. N
Seby..bp WA = Sap,_p, V) = L‘_‘.‘;‘[“'\% St,..4p ()

wnfp MOVE FROM MY N#Ng TO Re)>1
AdmN

NUMERICAL  INTEGRATION
Mi{fx o) is MeroHoreHic IN C.




| CONCLUSIONS |
A) ALGEBRAMC RELATIONS BETWEEN
MULTIPLE Y -VAMUES ARE KNOWN TO
WEIGHT = 42 (HAY BE HORE:=>» LL w04)
— LiMUT : CPL & RUNNING TIHE
—> HM.WALDSCHMADT : WOULD BE INTERE STIVG
TO KNOW FOR W > 20 ... NUMBER THEDRKN.

2) BASIS COUNTING FOR TREE ALGEBRAS
(S kNDWN (N GENERAL.
—— EXPLICAT RELATIONS: ALL WEIGHTS
TO DEPTH = 6

—> HARMONIC SOMS, HARHONIC POLYLOGS.
(MULTIPLE)

THIS PART HAS HMANY MORE (HMEDIATE
APPUCRATIONS ——> HMULTI-SCALE FUNCDONS

(JET P S(CS e:lr)
3) RELATIONS BY VALUDE : HARM.SUNS
ALL 2-LooP REDULCTIONS, WEIGHT=S
3 LOOP REDUCTIONS ARE THERE
AS FAR AS NEEDED FOR THE PHYS(CS

4) HARMOVI(C SOMS S, ., (V) HAR BE
ANALYTICALLY CONTINUED TO NeC
AND ARE HMEROHORPIHC FONCTIONS.



