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• Generalize spin-1/2 RVB spin liquids to SU(4) on the square lattice 
and investigate its relevance in a SU(4) NN  spin model.

• Construct chiral SU(N) (N=2,3,…) spin liquids, analogs of the 
Fractional Quantum Hall states, and identify simple (local) quantum 
spin models hosting these CSL.
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«Topological spin liquids» 
beyond the 

«order parameter» paradigm

* no spontaneous broken symmetry
* no local  order but...
* Topological order

X. G. Wen

 GS degeneracy 
depends on topology of space

{

E
Excitations are fractional («anyons»)

International Journal of Modern Physics B4, pp. 239-271 (1990)



TWO TYPES OF SPIN LIQUIDS:

S = 0

spin-1/2 RVB

Equal-weight superposition 
of NN singlet coverings

P. Fazekas and P.W. Anderson 
          Philosophical Magazine 30, 423-440 (1974)

Topological liquid

spin-S AKLT

«Trivial» liquid

Bi3Mn4O12(NO3) material
J. Lavoie et al., Nat. Phys. 6, 850 (2010)

M. Matsuda et al., Phys. Rev. Lett. 105, 187201 (2010)

S = z/2

Hasting-Oshikawa-LSM theorem
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X
Ci1,i2,...,iN |i1, i2, ..., iN

↵

Tensor networks ansatze

· · ·<latexit sha1_base64="9pGPaDabNijkWLtd2pluvCo4p5o=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRV0GPRi8cK9gPaUDabTbt2sxt2J0Ip/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemApu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVpyppUCaU7ITFMcMmayFGwTqoZSULB2uHodua3n5g2XMkHHKcsSMhA8phTglZq9Wik0PTLFa/qzeGuEj8nFcjR6Je/epGiWcIkUkGM6fpeisGEaORUsGmplxmWEjoiA9a1VJKEmWAyv3bqnlklcmOlbUl05+rviQlJjBknoe1MCA7NsjcT//O6GcbXwYTLNEMm6WJRnAkXlTt73Y24ZhTF2BJCNbe3unRINKFoAyrZEPzll1dJq1b1L6q1+8tK/SaPowgncArn4MMV1OEOGtAECo/wDK/w5ijnxXl3PhatBSefOYY/cD5/AK+ljzM=</latexit>i1
<latexit sha1_base64="5bQl7htImJWpjIghLrxaV6Xw77c=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0wPtev1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7qlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jcZcIXMiIkllClubyVsRBVlxqZTsiF4yy+vklat6l1Ua/eXlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwD2FY2V</latexit>

i2
<latexit sha1_base64="eNJ3eyiC01UBFtkQUuvvcWHeIpg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0wPu1frniVt05yCrxclKBHI1++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXUsljVD72fzUKTmzyoCEsbIlDZmrvycyGmk9iQLbGVEz0sveTPzP66YmvPYzLpPUoGSLRWEqiInJ7G8y4AqZERNLKFPc3krYiCrKjE2nZEPwll9eJa1a1buo1u4vK/WbPI4inMApnIMHV1CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gD3mY2W</latexit>

iN
<latexit sha1_base64="jo/CKJxKQuxEmf1iURoS3mnroz8=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04kkq2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjm6nfekKleSwfzThBP6IDyUPOqLHSA+/d9Uplt+LOQJaJl5My5Kj3Sl/dfszSCKVhgmrd8dzE+BlVhjOBk2I31ZhQNqID7FgqaYTaz2anTsipVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14ZWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6RRuCt/jyMmlWK955pXp/Ua5d53EU4BhO4Aw8uIQa3EIdGsBgAM/wCm+OcF6cd+dj3rri5DNH8AfO5w8iGI2y</latexit>

ik = 1, · · · , d
<latexit sha1_base64="9wwrQy2oOpNnyGRgMuMBmVsGPK8=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEIHkpJqqAXoejFYwX7AW0Im82mXbrJht2JUEt/iRcPinj1p3jz37htc9DWBwOP92aYmRekgmtwnG+rsLa+sblV3C7t7O7tl+2Dw7aWmaKsRaWQqhsQzQRPWAs4CNZNFSNxIFgnGN3O/M4jU5rL5AHGKfNiMkh4xCkBI/l2mfuja7fap6EEXcWhb1ecmjMHXiVuTiooR9O3v/qhpFnMEqCCaN1znRS8CVHAqWDTUj/TLCV0RAasZ2hCYqa9yfzwKT41SogjqUwlgOfq74kJibUex4HpjAkM9bI3E//zehlEV96EJ2kGLKGLRVEmMEg8SwGHXDEKYmwIoYqbWzEdEkUomKxKJgR3+eVV0q7X3PNa/f6i0rjJ4yiiY3SCzpCLLlED3aEmaiGKMvSMXtGb9WS9WO/Wx6K1YOUzR+gPrM8fV1uSOw==</latexit>

rank-N tensor with        elements dN
<latexit sha1_base64="CkMHIGj2v4zlzGcxPiISkyqR5y4=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04kkq2A9oY9lsNu3S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777aysrq1vbJa2yts7u3v7lYPDto5TRWiLxDxW3QBrypmkLcMMp91EUSwCTjvB+Cb3O09UaRbLBzNJqC/wULKIEWxyKXy8Q4NK1a25M6Bl4hWkCgWag8pXP4xJKqg0hGOte56bGD/DyjDC6bTcTzVNMBnjIe1ZKrGg2s9mt07RqVVCFMXKljRopv6eyLDQeiIC2ymwGelFLxf/83qpia78jMkkNVSS+aIo5cjEKH8chUxRYvjEEkwUs7ciMsIKE2PjKdsQvMWXl0m7XvPOa/X7i2rjuoijBMdwAmfgwSU04Baa0AICI3iGV3hzhPPivDsf89YVp5g5gj9wPn8Ab22N1g==</latexit>

(d=2 for spin-1/2)

1D: Matrix product state (MPS)

2D: Projected entangled pair state (PEPS)↵
<latexit sha1_base64="+wSBPeL8nxBdvzPXA2qswhGhfpg=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oUy2m3btZhN2N0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkvWNNwI1kkUwygQrB2Mb2d++4kpzWP5YCYJ8yMcSh5yisZKrR6KZIT9csWtunOQVeLlpAI5Gv3yV28Q0zRi0lCBWnc9NzF+hspwKti01Es1S5COcci6lkqMmPaz+bVTcmaVAQljZUsaMld/T2QYaT2JAtsZoRnpZW8m/ud1UxNe+xmXSWqYpItFYSqIicnsdTLgilEjJpYgVdzeSugIFVJjAyrZELzll1dJq1b1Lqq1+8tK/SaPowgncArn4MEV1OEOGtAECo/wDK/w5sTOi/PufCxaC04+cwx/4Hz+AIzPjxw=</latexit> �

<latexit sha1_base64="EpwadKl79nuFFVBzWqBryCC0A38=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGCaQttKJvtpl262YTdiVBCf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXplIYdN1vZ219Y3Nru7RT3t3bPzisHB23TJJpxn2WyER3Qmq4FIr7KFDyTqo5jUPJ2+H4bua3n7g2IlGPOEl5ENOhEpFgFK3k90KOtF+pujV3DrJKvIJUoUCzX/nqDRKWxVwhk9SYruemGORUo2CST8u9zPCUsjEd8q6lisbcBPn82Ck5t8qARIm2pZDM1d8TOY2NmcSh7YwpjsyyNxP/87oZRjdBLlSaIVdssSjKJMGEzD4nA6E5QzmxhDIt7K2EjaimDG0+ZRuCt/zyKmnVa95lrf5wVW3cFnGU4BTO4AI8uIYG3EMTfGAg4Ble4c1Rzovz7nwsWtecYuYE/sD5/AHFJI6o</latexit>

i
<latexit sha1_base64="hA2BMjcr0btVk5qY1/HOr4xO94Q=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlJu+XK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSrlW9i2qteVmp3+RxFOEETuEcPLiCOtxBA1rAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MH0MuM8Q==</latexit>

A(i) : D ⇥D matrix
<latexit sha1_base64="wuWquxoUZdLH7sHIU4x+tufFmng=">AAACE3icbVC7TsMwFHV4lvIKMLJYVEgFVVVSkEBM5TEwFok+pCZUjuu2Vh0nsh1EFfUfWPgVFgYQYmVh429w0gzQciT7Hp17r+69xwsZlcqyvo25+YXFpeXcSn51bX1j09zabsggEpjUccAC0fKQJIxyUldUMdIKBUG+x0jTG14m+eY9EZIG/FaNQuL6qM9pj2KktNQxD8/v4iI9GEOn5JTOkg/CK0dRn0gdhZ/qPlKCPnTMglW2UsBZYmekADLUOuaX0w1w5BOuMENStm0rVG6MhKKYkXHeiSQJER6iPmlrypEe6sbpTWO4r5Uu7AVCP65gqv7uiJEv5cj3dKVebyCnc4n4X64dqd6pG1MeRopwPBnUixhUAUwMgl0qCFZspAnCgupdIR4ggbDSNua1Cfb0ybOkUSnbR+XKzXGhepHZkQO7YA8UgQ1OQBVcgxqoAwwewTN4BW/Gk/FivBsfk9I5I+vZAX9gfP4AmbWbhA==</latexit>

i
<latexit sha1_base64="hA2BMjcr0btVk5qY1/HOr4xO94Q=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlJu+XK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSrlW9i2qteVmp3+RxFOEETuEcPLiCOtxBA1rAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MH0MuM8Q==</latexit>

i
<latexit sha1_base64="hA2BMjcr0btVk5qY1/HOr4xO94Q=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlJu+XK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSrlW9i2qteVmp3+RxFOEETuEcPLiCOtxBA1rAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MH0MuM8Q==</latexit>

Bond dimension D

↵
<latexit sha1_base64="+wSBPeL8nxBdvzPXA2qswhGhfpg=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oUy2m3btZhN2N0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkvWNNwI1kkUwygQrB2Mb2d++4kpzWP5YCYJ8yMcSh5yisZKrR6KZIT9csWtunOQVeLlpAI5Gv3yV28Q0zRi0lCBWnc9NzF+hspwKti01Es1S5COcci6lkqMmPaz+bVTcmaVAQljZUsaMld/T2QYaT2JAtsZoRnpZW8m/ud1UxNe+xmXSWqYpItFYSqIicnsdTLgilEjJpYgVdzeSugIFVJjAyrZELzll1dJq1b1Lqq1+8tK/SaPowgncArn4MEV1OEOGtAECo/wDK/w5sTOi/PufCxaC04+cwx/4Hz+AIzPjxw=</latexit>

�
<latexit sha1_base64="EpwadKl79nuFFVBzWqBryCC0A38=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGCaQttKJvtpl262YTdiVBCf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXplIYdN1vZ219Y3Nru7RT3t3bPzisHB23TJJpxn2WyER3Qmq4FIr7KFDyTqo5jUPJ2+H4bua3n7g2IlGPOEl5ENOhEpFgFK3k90KOtF+pujV3DrJKvIJUoUCzX/nqDRKWxVwhk9SYruemGORUo2CST8u9zPCUsjEd8q6lisbcBPn82Ck5t8qARIm2pZDM1d8TOY2NmcSh7YwpjsyyNxP/87oZRjdBLlSaIVdssSjKJMGEzD4nA6E5QzmxhDIt7K2EjaimDG0+ZRuCt/zyKmnVa95lrf5wVW3cFnGU4BTO4AI8uIYG3EMTfGAg4Ble4c1Rzovz7nwsWtecYuYE/sD5/AHFJI6o</latexit>

i
<latexit sha1_base64="hA2BMjcr0btVk5qY1/HOr4xO94Q=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlJu+XK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSrlW9i2qteVmp3+RxFOEETuEcPLiCOtxBA1rAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MH0MuM8Q==</latexit>

�
<latexit sha1_base64="IoELSitFJaTQ4WT4pr8f01q0csw=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKexGQY9BLx4jmAckS+idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnAkM5k7RpmeW0k2gKIuK0HY1vZ377iWrDlHywk4SGAoaSxYyAdVKrNwQhoF+u+FV/DrxKgpxUUI5Gv/zVGyiSCiot4WBMN/ATG2agLSOcTku91NAEyBiGtOuoBEFNmM2vneIzpwxwrLQrafFc/T2RgTBmIiLXKcCOzLI3E//zuqmNr8OMySS1VJLFojjl2Co8ex0PmKbE8okjQDRzt2IyAg3EuoBKLoRg+eVV0qpVg4tq7f6yUr/J4yiiE3SKzlGArlAd3aEGaiKCHtEzekVvnvJevHfvY9Fa8PKZY/QH3ucPiDmPGQ==</latexit>

�
<latexit sha1_base64="JQcAzWaAuoYAXQfxggm9zL/KhUk=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRV0GPRi8cK9gPaUDabTbt2sxt2J0Ip/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemApu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVpyppUCaU7ITFMcMmayFGwTqoZSULB2uHodua3n5g2XMkHHKcsSMhA8phTglZq9SImkPTLFa/qzeGuEj8nFcjR6Je/epGiWcIkUkGM6fpeisGEaORUsGmplxmWEjoiA9a1VJKEmWAyv3bqnlklcmOlbUl05+rviQlJjBknoe1MCA7NsjcT//O6GcbXwYTLNEMm6WJRnAkXlTt73Y24ZhTF2BJCNbe3unRINKFoAyrZEPzll1dJq1b1L6q1+8tK/SaPowgncArn4MMV1OEOGtAECo/wDK/w5ijnxXl3PhatBSefOYY/cD5/AJLajyA=</latexit>

tensorD⌦z
<latexit sha1_base64="fmKfPS5o5BJ9mZ7qbduFIJ1lKxs=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9mtgh6LevBYwX5Au5Zsmm1Ds8maZAt16e/w4kERr/4Yb/4b03YP2vpg4PHeDDPzgpgzbVz328mtrK6tb+Q3C1vbO7t7xf2DhpaJIrROJJeqFWBNORO0bpjhtBUriqOA02YwvJ76zRFVmklxb8Yx9SPcFyxkBBsr+TcPaUcaFlGNnibdYsktuzOgZeJlpAQZat3iV6cnSRJRYQjHWrc9NzZ+ipVhhNNJoZNoGmMyxH3atlRgu8dPZ0dP0IlVeiiUypYwaKb+nkhxpPU4CmxnhM1AL3pT8T+vnZjw0k+ZiBNDBZkvChOOjETTBFCPKUoMH1uCiWL2VkQGWGFibE4FG4K3+PIyaVTK3lm5cndeql5lceThCI7hFDy4gCrcQg3qQOARnuEV3pyR8+K8Ox/z1pyTzRzCHzifP9GMkiE=</latexit>

G. Vidal

I. Cirac

D. Perez-Garcia

F. Verstraete

(modern formulation of DMRG)



The spin-1/2 RVB can be written as a PEPS !

(D=3)

Project onto physical subspace S=1/2 (d=2)                        

1/2� 0virtual states:

PEPS tensor

Z2 gauge symmetry => topological order !



Computing observables

⌦
 | 

↵
=

<latexit sha1_base64="pWDRv60Vchxo1eE/uk0/lB/pSk0=">AAAB/3icbVDLSgMxFL1TX7W+RgU3boJFcFVmqqALlaIblxXsAzpDyaSZNjTzIMkIZdqFv+LGhSJu/Q13/o2ZdhbaeiDh5Jx7uTfHizmTyrK+jcLS8srqWnG9tLG5tb1j7u41ZZQIQhsk4pFoe1hSzkLaUExx2o4FxYHHacsb3mZ+65EKyaLwQY1i6ga4HzKfEay01DUPHI/1L526ZGic3dnzGl11zbJVsaZAi8TOSRly1Lvml9OLSBLQUBGOpezYVqzcFAvFCKeTkpNIGmMyxH3a0TTEAZVuOt1/go610kN+JPQJFZqqvztSHEg5CjxdGWA1kPNeJv7ndRLlX7gpC+NE0ZDMBvkJRypCWRioxwQlio80wUQwvSsiAywwUTqykg7Bnv/yImlWK/ZppXp/Vq7d5HEU4RCO4ARsOIca3EEdGkBgDM/wCm/Gk/FivBsfs9KCkffswx8Ynz+T7JUq</latexit>

⌦
 |O1234| 

↵
=

<latexit sha1_base64="S/Nw5YwDYRUpOhw0pdNTFHjID8A=">AAACCHicbVC7TsMwFHXKq5RXgJEBiwqJqUraSjAAqmBho0j0ITVR5LhOa9VxIttBqtKOLPwKCwMIsfIJbPwNTtsBWo50peNz7pXvPX7MqFSW9W3klpZXVtfy64WNza3tHXN3rymjRGDSwBGLRNtHkjDKSUNRxUg7FgSFPiMtf3Cd+a0HIiSN+L0axsQNUY/TgGKktOSZh45Pe+dOXVI4uvVSu1ypjkfZM9Mv4YVnFq2SNQFcJPaMFMEMdc/8croRTkLCFWZIyo5txcpNkVAUMzIuOIkkMcID1CMdTTkKiXTTySFjeKyVLgwioYsrOFF/T6QolHIY+rozRKov571M/M/rJCo4c1PK40QRjqcfBQmDKoJZKrBLBcGKDTVBWFC9K8R9JBBWOruCDsGeP3mRNMslu1Iq31WLtatZHHlwAI7ACbDBKaiBG1AHDYDBI3gGr+DNeDJejHfjY9qaM2Yz++APjM8fn4OYcA==</latexit>

How to deal with infinite double layer ? 


real space RG !



iPEPS method
(summary)

• Environment constructed by renormalization of 
the corner transfer matrix  (CTM)

T. Nishino & K. Okunichi,  J. Phys. Soc. J. 65, 891 (1996)
R. Orus & G. Vidal, Phys. Rev. B 80, 094403 (2009)

L. Vanderstraeten, J. Haegeman, P. Corboz, F. Verstraete, 
Phys. Rev. B 94, 155123 (2016)

DP & M. Mambrini, Phys. Rev. B 96, 014414 (2017)

• Variational optimisation scheme based on a 
conjugate gradient method

DP, Phys. Rev. B 96, 121118 (2017)

⟨ΨPEPS |H□ |ΨPEPS⟩

=

χ



Enhancement of spin-space symmetry from SU(2) to SU(N) ?

 Realized in ultracold alkaline-earth Fermi gases using nuclear spin degrees of 
freedom. But more challenging in electronic spin systems…

• Coupling between spin & orbital degrees of freedom  —> trigger search for 
QSO liquids

 K. I. Kugel and D. I. Khomskii, Sov. Phys. Usp.25, 231(1982)

• SU(4)-symmetric Hubbard model (1/4-filling) in 
M. Yamada, M. Oshikawa, G. Jackeli, PRL 121, 097201 (2018)

• SU(4)-symmetric spin models correspond to 1/2-filled insulator relevant to 
twisted bilayer graphene with valley degeneracy ?

Y. Cao et al., Nature 556, 80 (2018)

A. Keselman, L. Savary & L. Balents, SciPost Phys. 8, 076 (2020)

α − ZrCl3



Two SU(4) fermions 
(6-dim antisymmetric irrep)

RVB


PEPS

1 tensor 2 tensors
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Similar to SU(2) RVB 

Ji-Yao Chen, DP, Phys. Rev. B 97, 161107 (2018)

�A = TrB |�
⇥�

�|

⇢A = U�2
bU

†

PEPS bulk edge correspondence 

 (exact theorem) :

I. Cirac et al., PRB 83, 245134 (2011)

Renyi entanglement entropy:

BAbulk

edge
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� ln 2
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T0

even
odd

Kitaev & Preskill, 2006

Levein & Wen, 2006

Topological entanglement entropy:



Bilinear-biquadratic model 

(D=7)

(D=8)

(D=13)

Paramekanti & Marston, 

 J. of Phys.: Cond. Matter 19, 125215 (2007).

Improve phase diagram :



Energetics



if  T & P are broken :  chiral spin liquids 
lattice analogs of FQH states

“Long range 
entanglement”

Tensor networks formalism well suited 

Protected edge modes
described by SU(2)1 CFT

 First example of CSL:             FQHS on a lattice (Kalmeyer-Laughlin, 1987)⌫ =
1

2

 Low-energy physics described by 2+1 Chern-Simons theory

LL



Abelian chiral SL in chiral AFM on non-bipartite lattices

B. Bauer, L. Cincio, B. P. Keller, M. Dolfi, G. Vidal, S. Trebst, A. W. W. Ludwig
Nature Communications 5, 5137 (2014)

0 J�

(Critical) SL

Chiral SL
Yin-Chen He, D. N. Sheng, Yan Chen

Shou-Shu Gong, Wei Zhu, D. N. Sheng

Phys. Rev. Lett. 112, 137202 (2014)

Scientific Reports 4, 6317 (2014)

T-invariant H:

Edge modes :  chiral c=1 CFT (SU(2)   WZW )1

Kagome lattice

SU(2) — S=1/2

P. Nataf, M. Lajko, A. Wietek, K. Penc, F. Mila & A. Laeuchli
Phys. Rev. Lett. 117, 167220 (2016)

SU(N) — 1 particle/site

Triangular lattice

SU(N)1 chiral SL 



• N-dimensional physical spins (ie fundamental rep. of SU(N))

• Generic 3-site interaction

SU(N) chiral (frustrated) 

antiferromagnet on square lattice

Example: N=3 (3 “quarks” / per site)

GS topological degeneracy 

ED spectra on periodic tori  

Chen, Capponi, Wietek, Mambrini, Schuch, DP
PRL 125, 017201 (2020)
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J1 = 2/3 J2 = 1/3
JR = 1/2 JI = 1/

p
2

1 quasi-hole

0 quasi-hole

Same counting rule as 221 Halperin FQH state 



* virtual space : 
* Irreps of point group
      (C4v for square lattice)

Chiral spin liquid with PEPS 

M. Mambrini, R. Orus & DP, Phys. Rev. B 94, 205124 (2016) 

V = S1 � S2 � · · ·Sp
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Generalize a classification of SU(2)-invariant PEPS

DP, PRB 96, 121118 (2017) 

= (

+ i (

)

)

D=7



Spinon excitation

Z3 gauge (virtual) symmetry 

q=+1 q=0
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Q = 0,±1

N=3 charge sectors on the cylinder

Vison line (flux)



Chiral edge mode described by SU(3)1 WZW CFT 

ED spectra 

on 4x4 open system 

BAbulk

edge
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Nv

Nv=6 infinite PEPS cylinder

Q=+1 sector
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l

Numerical observation of

“conformal towers”



Conclusion & outlook

• Existence of SU(4) spin liquids needs to be substantiated - may be 
QMC ?  Also could be investigated on other lattices, triangular, etc…


• Simple SU(2) / SU(3) spin models hosting chiral topological spin liquids


• Can be extended to SU(N), N>3 (in progress, results up to N=10)


• More exotic non-Abelian CSL with SU(2)2, SU(2)3, SU(3)2, SU(4)2, etc… 
edges physics


Fibonacci anyons

JY Chen, L Vanderstraeten, S Capponi, DP
Physical Review B 98 (18), 184409 (2018)

Ising anyons

Higher irrep for physical spins
S=1


