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The Inhomogeneous Universe: evolution
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Cold Dark Matter lives on Lagrangian submanifold

1D singularities: Rampf, Frisch & OH (2021)

Solve Vlasov-Poisson on submanifold characteristics
<latexit sha1_base64="1HuHdmqQ5aHvOcw0VmkgaZlR0Eo=">AAACRXicbVBLSwMxGMz6rPVV9ehlsQgtlLIrRT0WvXisYB/QLSWbZtvQ7GZNvhXL0j/nxbs3/4EXD4p41Wy7h74GQoaZ+ciXcUPOFFjWu7G2vrG5tZ3Zye7u7R8c5o6OG0pEktA6EVzIlosV5SygdWDAaSuUFPsup013eJv4zScqFRPBA4xC2vFxP2AeIxi01M05BccVvKdGvr7ix3EJio6PQwVizngeL+dKs0q4IlDs5vJW2ZrAXCZ2SvIoRa2be3N6gkQ+DYBwrFTbtkLoxFgCI5yOs06kaIjJEPdpW9MA+1R14kkLY/NcKz3TE1KfAMyJOjsRY18l6+mkj2GgFr1EXOW1I/CuOzELwghoQKYPeRE3QZhJpWaPSUqAjzTBRDK9q0kGWGICuvisLsFe/PIyaVyU7cty5b6Sr96kdWTQKTpDBWSjK1RFd6iG6oigF/SBvtC38Wp8Gj/G7zS6ZqQzJ2gOxt8/R+S0fg==</latexit>

(q, t) 7! (x(q, t),p(q, t))

x00 +Hx0 = �r�
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⇔

Evolution of Fluctuations
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Cold Dark Matter lives on Lagrangian submanifold

1D singularities: Rampf, Frisch & OH (2021)

Solve Vlasov-Poisson on submanifold characteristics
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(q, t) 7! (x(q, t),p(q, t))

density + acceleration singularities

monokinetic, 
single-valued

multikinetic, 
multi-valued

(analytic treatment possible) (due to collisionless nature)

x00 +Hx0 = �r�
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Lagrangian Perturbation Theory

density 
constant

density⇢ = ⇢̄
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. q . x

Lagrangian map

Overdensity given by Jacobian

<latexit sha1_base64="iS/6X03VoKgbphL16f4GrsZ0Kp4=">AAACKnicbVBNS8MwGE7n15xfVY9egkPwNFoRFUWYehFPE9wHrGOkabqFpU1NUnGU/h4v/hUvOyjDqz/EdOtBtz0Q8vA875u87+NGjEplWWOjsLS8srpWXC9tbG5t75i7ew3JY4FJHXPGRctFkjAakrqiipFWJAgKXEaa7uAu85svREjKwyc1jEgnQL2Q+hQjpaWuefMAL6+h4xEFnSvHFwgnToSEoog5LmeeHAb6Sl7TdKH+nKZds2xVrAngPLFzUgY5al1z5HgcxwEJFWZIyrZtRaqTZI9jRtKSE0sSITxAPdLWNEQBkZ1ksmoKj7TiQZ8LfUIFJ+rfjgQFMptNVwZI9eWsl4mLvHas/ItOQsMoViTE04/8mEHFYZYb9KggWLGhJggLqmeFuI90XkqnW9Ih2LMrz5PGScU+q5w+npart3kcRXAADsExsME5qIJ7UAN1gMEb+ACf4Mt4N0bG2PielhaMvGcf/IPx8wsS9qkI</latexit>

J := det
@x

@q

(for single fluid with cold initial data)
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J := det
@x

@q

Buchert (1994), Catelan (1995), Bouchet+(1995), n=3

Rampf (2012), Zheligovsky&Frisch (2014), Matsubara (2015), all order

We want to solve this as a perturbative series (D is small parameter)

 (q, ⌧) =
1X

n=1

D(⌧)n (n)(q)
<latexit sha1_base64="+vfCdWXh3aAMMvPC14TSw6cciIk="></latexit>

(for single fluid with cold initial data)

We will go to n=3 (3LPT), Michaux et al. (2021), and n very large, Rampf & Hahn (2021)

For LCDM, actually                             , see Rampf, Schobesberger & OH(2022)D(n)(τ) ≠ Dn(τ)
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Shell-crossing — the limit of LPT?
gives rise to cosmic structure, and marks the breakdown of cold limit 

It has never been shown if LPT is convergent and if so what is  
its radius of convergence for realistic (random) ICs

 (q, ⌧) =
1X

n=1

D(⌧)n (n)(q)
<latexit sha1_base64="+vfCdWXh3aAMMvPC14TSw6cciIk="></latexit>

LPT expansion:

BUT: Does LPT provide a convergent expansion until equations break down?

ℜD

ℑD

D⋆

convergence limiting singularity

series

convergent

consider L2 norm
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To go where no-one has gone before…

Rampf+OH (2021)

Have now implementation of 
all-order recursion relations 

of LPT!

on request: all order monofonIC code

until recently: 2LPT was state of art

LPT converges everywhere 
even after first shell-crossing in field

But: For late times, converges very  
slowly for isolated set of points 
(see also Nadkarni-Ghosh & Chernoff 2011)
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Convergence limiting singularities

0
a

Spherical collapse has a physical 
singularity, acceleration is infinite

This leads to slow convergence 
of LPT, also no transition to  

bound states 

numerous ad hoc  
UV completions in the literature  
e.g. ALPT (Kitaura&Hess 2013),  

MUSCLE (Neyrinck 2016),…

Rampf & Hahn 2023
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Convergence limiting singularities

0
a

Spherical collapse has a physical 
singularity, acceleration is infinite

This leads to slow convergence 
of LPT, also no transition to  

bound states 

numerous ad hoc  
UV completions in the literature  
e.g. ALPT (Kitaura&Hess 2013),  

MUSCLE (Neyrinck 2016),…

Rampf & Hahn 2023

pos. curvatureneg. curvature

Singularity has mathematical properties of criticality / a phase transition 
can be tamed using renormalisation group (we know how to in spherical 1D), 
see Rampf&Hahn 23
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Discrete evolution vs. fluid evolution
Lagrangian description, evolution of fluid element

Q ⇢ R3 ! R6 : q 7! (xq(t),vq(t))

The N-body approximation:  
cover distribution function with N characteristics, estimate fm from them

i 2 {1 . . . N} 7! (xi,vi)

This can re-introduce short-range interactions -> softening…

Dfm
Dt

= 0

<latexit sha1_base64="XrRW1vUBsrMLJE7kG1mGMi0UNXQ=">AAACCHicbZDLSsNAFIYnXmu9RV26cLAIrkoiBXUhFHXhsoK9QBPCZDpph85MwsxEKCFLN76KGxeKuPUR3Pk2TtsI2vrDwMd/zuHM+cOEUaUd58taWFxaXlktrZXXNza3tu2d3ZaKU4lJE8cslp0QKcKoIE1NNSOdRBLEQ0ba4fBqXG/fE6loLO70KCE+R31BI4qRNlZgH3iRRDjLPMnhdR4FPP9hncML6AR2xak6E8F5cAuogEKNwP70ejFOOREaM6RU13US7WdIaooZycteqkiC8BD1SdegQJwoP5scksMj4/RgFEvzhIYT9/dEhrhSIx6aTo70QM3WxuZ/tW6qozM/oyJJNRF4uihKGdQxHKcCe1QSrNnIAMKSmr9CPEAmGW2yK5sQ3NmT56F1UnVr1fPbWqV+WcRRAvvgEBwDF5yCOrgBDdAEGDyAJ/ACXq1H69l6s96nrQtWMbMH/sj6+AYHnZlW</latexit>
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Convergence of LPT and N-body…

Particle motion on small scales not isotropic.  
Can be calculated for Bravais lattices:

cf. Joyce+2005, Joyce&Marcos 2007, Marcos 2008, 

but also Garrison+2016

I’ve talked a lot about discreteness and Vlasov in the past. Here is a new take:

… discreteness effects large at early times. better to start as late as possible…

SC
(simple cubic)

0.97

0.98

0.99

1.00

1.01

%
( :
) /
%

re
f
( :
)

I = 0

Istart = 199.0
Istart = 99.0
Istart = 49.0
Istart = 24.0 Istart = 11.5

0.97

0.98

0.99

1.00

1.01

%
( :
) /
%

re
f
( :
)

I = 1 3LPT 2LPT ZA

10�1 100

:
⇥
⌘ Mpc�1⇤

0.97

0.98

0.99

1.00

1.01

%
( :
) /
%

re
f
( :
)

I = 3

Michaux+2020

same line style = same z_start,  same color = same order LPT



Oliver Hahn (UVienna) KITP CosmicWeb, 6/2/2023

Perturbation-theory informed integrators
Integrators for N-body simulations are agnostic about perturbation theory  
(derived naively from Hamiltonian)

D

K
D

Exception: FastPM (Feng+16 - match Zel’dovich) 
BUT: Can make them agree to 2nd order!

List&Hahn 23
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Adding baryons: two fluid baryon+CDM simulations
N-body two-fluid sims have completely dominant discreteness errors

Angulo,OH,Abel 2013

Bird+2020

we thought it requires large softening,  
or decorrelated particle arrangements…
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Adding baryons: two fluid baryon+CDM simulations
N-body two-fluid sims have completely dominant discreteness errors

Angulo,OH,Abel 2013

Bird+2020

we thought it requires large softening,  
or decorrelated particle arrangements…

correct solution is to incorporate 
isocurvature perturbations correctly:

by perturbing not only particle pos+vel 
but also particle masses 
(see Hahn,Rampf,Uhlemann 2021,  
Rampf,Uhlemann,Hahn 2021)
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Lagrangian Perturbative Dynamics in a Field Framework I

Obtain a field version of Zeldovich trajectories:

Uhlemann, Rampf, Gosenca & OH (2019)

Interference = multi-streaming

dynamics ‘smoothed’ by hbar scale

Use QM inspired transition matrix q->x to predict transition probabilities 
to go from Lagrangian to Eulerian space



Oliver Hahn (UVienna) KITP CosmicWeb, 6/2/2023

This can be expanded to n-th order LPT
Comparison 1LPT, 2LPT with 1PPT, 2PPT for phased wave ICs

Uhlemann, Rampf, Gosenca & OH (2018)

phased w
ave ICs: Valinia+1997

Lagrangian Perturbative Dynamics in a Field Framework II
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This can be expanded to n-th order LPT
Comparison 1LPT, 2LPT with 1PPT, 2PPT for phased wave ICs

Uhlemann, Rampf, Gosenca & OH (2018)

phased w
ave ICs: Valinia+1997

Lagrangian Perturbative Dynamics in a Field Framework II

Can upgrade also to 2-fluid baryon+CDM version, use as ICs for Eulerian codes

built into monofonIC, see OH et al. 2021, Rampf et al. 2021
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A fairer comparison of Eulerian and Lagrangian codes for precision cosmology…

OH et al. 2021, Rampf et al. 2021
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PPT as forward model for IGM
In LPT:

As propagator:
q

x
s

Porqueres+2020



Oliver Hahn (UVienna) KITP CosmicWeb, 6/2/2023

PPT as forward model for IGM
In LPT:

As propagator:
q

x
s

Porqueres+2020

redshift-space transmitted flux 
 
-> fast field-level forward model

Upgrade to photon absorption 
probability using FGPA
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The cosmICweb platform - a protohalo database for Zooms

cosmICweb: 
A database and web interface for 

1. Finding the right objects to re-
simulate 

2. Obtaining initial conditions for 
these objects 

3. Referencing objects in 
articles / papers

1: create ICs from cosmo 
parameters and random seed 

2: running simulation, storing 
snapshots 

3: structure finding and linking 
across time: merger trees

4: for each halo, find 
Lagrangian patch (origin) 

5: for chosen halo, refine that 
patch in ICs 

6: run zoom simulation with 
additional physics, etc.

slide courtesy M. Buehlmann

Enhancing the MUSIC1 ecosystem for the next decade

Buehlmann, OH, et al. 2023, in prep.

http://cosmicweb.astro.univie.ac.at

If interested, do get in touch!

w/ Michael Buehlmann

http://cosmicweb.astro.univie.ac.at
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MUSIC2 monofonIC

• direct integration of CLASS

• up to 3LPT, (nLPT exists already, not public just yet)

• PLT corrections

• more accurate treatment of baryons

• new propagator approach for Eulerian baryons

• modular architecture: multi code, easily extensible

• MPI+threads (no more memory limits)


single resolution (=only full cosmological volume) version

SUMMARY
• LPT has key role in ICs for cosmological simulations

• Demonstrated convergence of LPT beyond shell-crossing

• 3LPT needed for precision era N-body simulations,  

push to late starts to reduce errors

• new propagator approach for LPT on the grid  

- can be used for Eulerian grid code ICs 
- and for IGM/field-level forward modelling


• new LPT inspired integrators (beyond ‘FastPM’)


https://bitbucket.org/ohahn/monofonic

MUSIC2 cosmICweb https://cosmicweb.univie.ac.at
• proto-halo patches for full merger tree (incl. Agora, Eagle, …)

• numerical observatory (unified framework for zoom resimulations)


https://bitbucket.org/ohahn/monofonic
https://cosmicweb.univie.ac.at

