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¢ Hofstadter Hamiltonian
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* Non-trivial band structure:
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Topological states of light

Houck et.al., Nature Physics, 8, 2012
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Topological states of light
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¢ Remarks on topological order

¢ Geometric phases in non-interacting systems
* Single-band: U(1) Zak phase Ny

Atala et al., Nat. Phys. 9 (2013)

* Multi-band: U(2) Wilson-Zak loops
Li et al., arXiv:1509.02185 (2015)
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N

Population in first band

¢ Geometric phases in correlated systems

* Jopological polarons, FQHE

Grusdt et al., arXiv:1512.03407
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Remarks on top. order
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Ginzburg-Landau paradigm:

symmetry-broken symmetric

Jc 9
local order parameter,
long-range order no long-range order
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Remarks on top. order

Ginzburg-Landau paradigm:

symmetry-broken symmetric

Jc 9
local order parameter,
long-range order no long-range order

' Chen et al., PRB 82 (2010
Topological states of matter: (2010)

symmetric symmetric
Jc g
long-range entangled short-range entangled
W> 7& ULu ‘O> & ‘O> ‘¢> = ULU ‘O> =Y ‘O>
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vy Remarks on top. order
long-range entangled short-range entangled
) # Uru 0) @0)... ) = ULy |0) ®10)...

¢ Topological invariants:

— need be invariant under (almost) arbitrary unitaries!
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vy Remarks on top. order
long-range entangled short-range entangled
) # Uru 0) @0)... ) = ULy |0) ®10)...

¢ Topological invariants:

— need be invariant under (almost) arbitrary unitaries! (I)
— consider continuous symmetry ®
b= -+ (I)()

ﬂ (I)(J) )2 ( (I)(J+1))>

J=1
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Remarks on top. order

TS
long-range entangled short-range entangled
‘¢> 7é Uru |O> & ‘O> ‘Qﬁ) — ULU ‘O> X ‘O>

¢ Topological invariants:
— need be invariant under (almost) arbitrary unitaries! (I)
— consider continuous symmetry ®
b= -+ (I)()

Berry phase
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Remarks on top. order

) Tis)e
long-range entangled short-range entangled
‘¢> 7é UrLu |O> & ‘O> ‘ZM — (/]LU ‘O> 24 ‘O>

¢ Topological invariants:

Berry phase
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* U(1) Zak/ Berry phase:

L7ak :/ dk <uk|28k|uk>
BZ
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t1 to t1 oty ty
* U(1) Zak/ Berry phase:
b= [k {uglidyfu) = 0,7
BZ

quantized by
inversion symmetry
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Non-interacting systems
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F____

t1 to t1 oty ty
* U(1) Zak/ Berry phase:
b= [k {uglidyfu) = 0,7
BZ

quantized by
inversion symmetry

* Measurement by two-component BEC: Atala et al., Nat. Phys. 9 (2013)
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Non-interacting systems
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F_—__

t1 to t1 oty ty
* U(1) Zak/ Berry phase:
PZak =/ dk (ug|idg|lug) = 0,7
BZ

quantized by
inversion symmetry

* Measurement by two-component BEC: Atala et al., Nat. Phys. 9 (2013)
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Non-interacting systems

sl

F____

t1 1o
* U(1) Zak/ Berry phase:
PZak — / dk <uk|z8k\uk> — O, 70
BZ

quantized by
inversion symmetry

* Measurement by two-component BEC: Atala et al., Nat. Phys. 9 (2013)

Ramsey interferometry
=
Bloch oscillations
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Increasing force

Fabian Grusdt 8



PHYSICS

1030 1C0;

Non-interacting systems
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Increasing force

Propagator becomes Wilson line:
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Non-interacting systems
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¢ Measurement in honeycomb lattice (ultracold atoms):
Li et al., arXiv:1509.02185 (2015)

Population in first band
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Non-interacting systems
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¢ Measurement in honeycomb lattice (ultracold atoms):
Li et al., arXiv:1509.02185 (2015)
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Population in first band
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Non-interacting systems
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¢ Measurement in honeycomb lattice (ultracold atoms):
Li et al., arXiv:1509.02185 (2015)
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Non-interacting systems
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¢ Measurement in honeycomb lattice (ultracold atoms):
Li et al., arXiv:1509.02185 (2015)

adiabatic |
limit 1.0
© ,
c
808

[ transitions

c 0 into higher

c bands

S 04
© ﬁ
(31 l
2 0.2
al i
0.0
0

Wilson line different from Landau-

regime Zener dynamics!
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Non-interacting systems
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¢ Physical relevance of Wilson |loops:
transport by one reciprocal

lattice vector: T _ o /a

* Single-band: U(1) Zak phase

Dk — / dt B ((t)] 7 o(t))
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Non-interacting systems

Lits)

¢ Physical relevance of Wilson |loops:
transport by one reciprocal

lattice vector: T _ o /a

* Single-band: U(1) Zak phase

A

Dk — / dt B ((t)] 7 o(t))

Polarization
o PZak GZTW (1) GZ%P
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Non-interacting systems

Lits)

¢ Physical relevance of Wilson |loops:
transport by one reciprocal

lattice vector: T _ o /a

* Single-band: U(1) Zak phase

A

Dk — / dt B ((t)] 7 o(t))

Polarization
SiPzar _ GiZE(r) — iZEP —
* Multi-band: U(N) Wilson-Zak loops Wannier

x////funcﬂons

A . 27T ~ .
W=e'a® Pop = (wa|r|wg)
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Non-interacting systems
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¢ Measurement of Wilson-Zak loops Li et al., arXiv:1509.02185 (2015)
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Non-interacting systems
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¢ Measurement of Wilson-Zak loops Li et al., arXiv:1509.02185 (2015)

% 6 K 1%
w+5w1 w
R . -

@
N N R I

Real space Reciprocal space

* [wo-band tight-binding: W = diag (ez‘é-m) eiéOFB>
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Non-interacting systems
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¢ Measurement of Wilson-Zak loops Li et al., arXiv:1509.02185 (2015)

% 6 K 1%
w+5w1 w
R . -

y 9,
T—»x ﬁaﬁéwz T—»qx ﬁ |:2
Real space Reciprocal space
« Two-band tight-binding: W = diag (e@'G'FA, eiG'FB)
Theory: Experiment:

E=G-(Fa—75)=1/3 ¢ =1.03(2)r/3
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Non-interacting systems

Lits)

¢ Measurement of Wilson-Zak loops Li et al., arXiv:1509.02185 (2015)

% 6 K 1%
w+5w1 w
R . -

y 9,
L;x ﬁaﬁ&wz L’QX ﬁ F2
Real space Reciprocal space
« Two-band tight-binding: W = diag (e@'G'FA, eiG'FB)
Theory: Experiment:
§E=G - (Fy—7p)=m/3 ¢ =1.03(2)7/3

£ =1.04(4)m/3  with AB off-set
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Geometric phases
in correlated systems

* mostly: fractional guantum Hall,

“ T ? “ fractional Chern insulators
“ “ |$>+! )
* can be any other gapped,
topological system!
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- Hofstadter Hamiltonian
8% 84 8% 8%
NS G C/C/C
() 000,
- Hubbard term U ' ® @ @ @ @ a
m_—za*a;, (ala; —1) ‘

* Laughlin states Sorensen et al., PRL 94 (2005)
" K Hafezi et al., PRA 76 (2015)

““//
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Many-body topological invariants
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¢ Twisted periodic boundary conditions: H — (I)OH_:,;

27
Y(x1, ey s + Ly ooyxy) = ew‘”w(xl, ceis Ty rn TN LM%.‘K,
X -

S — /O " d0, (0(6,)ids, |1(0.))

* periodic BCs * phase of macroscopic wavefunction
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¢ Twisted periodic boundary conditions: H — (I)OH_:E
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£y Many-body topological invariants

¢ Twisted periodic boundary conditions: H — (I)OH_:,;

Fabian Grusdt



e g : : :
o5 Many-body topological invariants

¢ Twisted periodic boundary conditions: D — (I)Oe_a:
27

Y(x1, ey s + Ly ooyxy) = ewww(xl, ey Ty TN) 4

Topological gp excitation + mobile impurity
= topological polaron (TP)

Fabian Grusdt



e g : : :
o5 Many-body topological invariants

¢ Twisted periodic boundary conditions: D — (I)Oe_a:
27

Y(x1, ey s + Ly ooyxy) = ewww(xl, ey Ty TN) 4

Topological gp excitation + mobile impurity
= topological polaron (TP)
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Strong-Coupling Theory

L1is)

¢ Microscopic model: H=Ho+ Hint + H — °F - 7

host system free impurity
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Strong-Coupling Theory

Lits)

¢ Microscopic model: H=Ho+ Hint + H — °F - 7

host system free impurity

¢ Strong-coupling wavefunction:

Yre(q)) = [Yqp(q)) @ [¢1)

¢ Topological invariant (Zak phase):

VTP = Vgp + VI
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Strong-Coupling Theory

Lits)

¢ Microscopic model: H=Ho+ Hint + H — °F - 7

host system free impurity

¢ Strong-coupling wavefunction:

Yre(q)) = [Yqp(q)) @ [¢1)

¢ Topological invariant (Zak phase):

VTP — Vgp _I_ﬁ

\

represents topological order
of bulk groundstate
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Fractional Quantum Hall Effects
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¢ Laughlin states v=_ V

* many-body Chern number (winding of Zak phase)

1 *
C=— =%
&

™m

(m-fold degenerate gs)
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Fractional Quantum Hall Effects
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¢ Laughlin states V= 3V

* many-body Chern number (winding of Zak phase)

C:—:

™m

1 e™
— (m-fold degenerate gs)
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Fractional Quantum Hall Effects

Lits)

¢ Laughlin states V= 3V

* many-body Chern number (winding of Zak phase)

1 e*
C=—=— (m-fold degenerate gs)
m e
¢ Topological polarons: i o | >Lg "
¥ ¢
e
Ctp = — — m (non-degenerate)

&
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o5 Fractional Quantum Hall Effects

* Charge e/m vortex sees particles as a source of flux

A

— -

. gp = vortex
host particles
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Fractional Quantum Hall Effects
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* Charge e/m vortex sees particles as a source of flux

A

. oA = 2T

- u—

. gp = vortex
host particles
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o5 Fractional Quantum Hall Effects

* Charge e/m vortex sees particles as a source of flux

A

) PAB = 2T

- —

gp = vortex

N

host particles

* Host particle density: 1/m x flux density

reduced effective magnetic field: b =b,/m
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o5 Fractional Quantum Hall Effects

* Charge e/m vortex sees particles as a source of flux

A

) PAB = 2T

- —

N

host particles

gp = vortex

* Host particle density: 1/m x flux density
reduced effective magnetic field: b =b,/m

enhanced Berry curvature: Fr=Fxm
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o5 Fractional Quantum Hall Effects

* Charge e/m vortex sees particles as a source of flux

A

) PAB = 2T

- —

N

host particles

gp = vortex

* Host particle density: 1/m x flux density

reduced effective magnetic field: b =b,/m
enhanced Berry curvature: Fr=Fxm

1 *
enhanced TP Chern number:  Ctp = — &’k F*=m

27T BYZ
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e Fractional Quantum Hall Effects
¢ Effective field theory description of bulk: Wen, Adv.Phys. 44 (1995)
L= ﬁ@ié@@)ﬁ“m — %AutTaI/Q)\G'LWA‘I‘

+ Z a[uﬁfjm + kin. energy.
I=1
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w;ﬁm Fractional Quantum Hall Effects
¢ Effective field theory description of bulk: Wen, Adv.Phys. 44 (1995)
K-matrix
L= -l KO0, — = A, D0,
U(1) gauge fields: T En: arplrjru + kin. energy.

o I=1
J, = — E 0 a[)\E’uVA
Bogn r g
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i“iﬁ“f Fractional Quantum Hall Effects
¢ Effective field theory description of bulk: Wen, Adv.Phys. 44 (1995)
K-matrix external U(1) gauge field
L= -l KO0, — = At D0,
U(1) gauge fields: + Ifil arpbrjru + kin. energy.

e
J, = — g O, apret’
Bogn - Y
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Fractional Quantum Hall Effects

1)
¢ Effective field theory description of bulk: Wen, Adv.Phys. 44 (1995)
K-matrix external U(1) gauge field
[ — 1 TKa UV eA Ta QU A
— EQ’MZ v € — % ,ut v € +
U(1) gauge fields: T Z arpbrjr, + kin. energy.

I=1
(&
_ UV : :
Jy = o EI dyarre quasiparticle current
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25 Fractional Quantum Hall Effects
¢ Effective field theory description of bulk: Wen, Adv.Phys. 44 (1995)
K-matrix external U(1) gauge field
1 T v € T UV A
L = EQMKaVCLAG - %Auz Opa, e’ ™+
U(1) gauge fields: ™ Z arubrjrp + kin. energy.
I=1
Ju = % Z&/azxe“m quasiparticle current
I

* Euler-Lagrange equations w.rt a,,:

J'UJ:C%G'W/)\aVA)\ C: Z t[(K_l)]JZZ%]
‘ J
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25 Fractional Quantum Hall Effects
* Binding of gp to impurity I = (7 T
gp current impurity current
. Integrate out a
L:imp — qB,u .],u J.Mog‘e, Oxford :
Univ.Press (2014)
2 ) UV
Leﬂ“ — _Z_ﬂ' §T£_1£ GMVAA,uaI/A)\_FT‘-ETé_léjME 825)V j)x

+ (B + Ay (TK7'L)
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25 Fractional Quantum Hall Effects
* Binding of gp to impurity I = (7 T
gp current impurity current
r — uB. i integrate out a,,

imp — q W .],u J.Moore, Oxford

Univ.Press (2014)
2 ) g fractional
Log=——tT K 't A,0, A+l K105, Y j, statistics

47 o2

+ (B + Ay (TK7'L)
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25 Fractional Quantum Hall Effects
* Binding of gp to impurity I = (7 T
gp current impurity current
r — uB. i integrate out a,,

imp — q W .],u J.Moore, Oxford

Univ.Press (2014)
2 ) g fractional
Lo =~ t' K1t et A,0, A+l K0 j, > v ;i\ statistics

+ (B + Ay (TK7'L)

% 6]
reduced effective magnetic field: b, = b E KJ?
J
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o5 Fractional Quantum Hall Effects
* Binding of gp to impurity I = (7 T
gp current impurity current
. Integrate out a
L:imp — qB,u .],u J.Mog‘e, Oxford :
Univ.Press (2014)
2 ) g fracltiolnal
Lo =~ t' K1t et A,0, A+l K0 j, > v ;i\ statistics

+ (B + Ay (TK7'L)

* 6]
reduced effective magnetic field: b, = b Z KJ?
J
enhanced TP Chern number: CF(EQ — i*

€J
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Fractional Chern insulators
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¢ Hofstadter Fermi-Hubbard model;

A L _ .2 /\T ~ /\T ~
HO — _t E |:€ 1 W(chm+1,ncm,n —|— Cm’n+1cm’n _|_ th| _|_
m.n

+U > el o

((m,n),(m’,n'))

¢ Numerical simulation:
a=1/4, v=1/3

Ctp =3
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o Summary and Outlook

Summary

¢ Measure geometrical phases:
Bloch-oscillations + Ramsey interferometry

¢ Many-body:

Measure topology of “ “ ‘ ig “
elementary qp excitations V

¢ Quantum Spin liquids?

Outlook

¢ Investigation of other correlated phases?
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your attention!
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