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Topological Physics for Photons
• Energy bands with topological invariants 

This Talk: 1st and 2nd Chern numbers 

• Topological edge states for unidirectional propagation of light 
• New topological physics: 4D quantum Hall effect
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energy bands with  
non-zero 1st Chern numbers

Hofstadter, PRB 14, 2239, (1976)



objective and an InGaAs infrared camera (640 × 512 pixel grid with
a 25 mm pitch; Fig. 1c). Such a set-up allowed us to measure the rela-
tive amount of light scattered from each site26. Transmission
through the device was measured using an optical vector analyser
(Luna Technologies OVA 5000).

To describe the essence of the scheme, we considered a single
plaquette of our lattice, which consisted of four site resonators
and four link resonators in the form of rounded rectangles
(Fig. 1a). The link and site resonators were coupled to one
another through directional couplers, so photons circulating in
one direction in the site resonators only coupled with each other
and with photons circulating in the opposite direction in the link
resonators. The effective length of the link resonators was chosen
to be larger than that of the site resonators by 2h, so that the
links and sites were resonant at different frequencies.
Consequently, a photon resonant with the site resonators spent sub-
stantially more time in the sites than in the links. We associate the
clockwise photons in site resonators with the up-component of a
pseudo-spin. By virtue of time-reversal symmetry, the pseudo-
spin-down component (anticlockwise photons in the site resona-
tors) is degenerate with the pseudo-spin-up component. For the
moment, we focus on the spin-up component. Depending on the
positioning of the links, the photon acquires a different phase
hopping forwards than backwards. In particular, the hopping
process between sites 1 and 2 in Fig. 1a is described by
â†

2â1e−if12 + â†
1â2eif12 , where âi is the creation operator of a

photon at site i. The phase arises from an offset of the link wave-
guides from the symmetric point (defined as equal amounts of
additional length above and below the directional coupler).
Specifically, the additional phase is given by the optical length
f12¼ 4pnx12/l, where n is the index of refraction, x12 is the position
shift of the link resonator, and l is the wavelength of the light. Note
that the additional length h and position shifts away from the sym-
metric point are designed to keep the lengths of the directional cou-
plers, the geometry of their coupling regions, and their coupling
efficiencies invariant (Fig. 1a). Thus, the overall Hamiltonian
describing photon hopping in the plaquette can be written as

− J â†
2â1e−if12 + â†

3â2 + â†
4â3eif34 + â†

1â4

[ ]
+ h.c. (1)

where J is the tunnelling rate and the photon going anticlockwise
around the plaquette acquires a 2pa phase (where a¼
2n(x342 x12)/l) and h.c. is the Hermitian conjugate. If the phase

per plaquette is uniform over a region, the photonic dynamics are
equivalent to those of charged particles in a uniform perpendicular
magnetic field9. Such a system is predicted to exhibit edge states
at the boundaries of that region27,28. In a photonic system, such
edge states can be excited by driving the system in specific
frequency bands.

To verify that the expected edge physics arises entirely from our
synthetic gauge field, we first designed a phase slip between 10 × 4
stripes, as shown in Fig. 1b. This results in magnetic domains that
are entirely due to passive, and controlled, interference effects.
The resulting edge states of the system then follow along the edge
of the magnetic domains induced by this phase slip (Fig. 1b),
rather than the physical edge of the system (Supplementary
Section S2). The effective uniform magnetic field in the stripe is
given by a≈ 0.15. The dispersion of the system is shown in
Fig. 2a, where the edge-state bands are shown between magnetic
bulk bands. The light is coupled to the two-dimensional ring reso-
nators using a bent waveguide at the two bottom corners (Fig. 1b).
Depending on the pumping direction, the two different pseudo-spin
components can be excited, for example, coupling light into the
system at port 1 (2), pumps the system in the spin-up (spin-
down) component.

Results
As a demonstration of the scheme we measured the transmission
spectrum of the two-dimensional system through various ports and
compared it with our simulation (Fig. 2). We first characterized the
different system parameters using simpler devices including a notch
filter (single resonator coupled to a waveguide) and an add/drop
filter (single resonator coupled to two waveguides) fabricated on the
same chip to allow for calibration and characterization of the wave-
guides and resonators (Supplementary Section S2). We estimated
the probing waveguide–resonator coupling rate (kex ≈ 15 GHz),
the intrinsic loss (kin ≈ 1 GHz) and the tunnelling rate between site
resonators (J ≈ 16 GHz), with all measurements within 2 nm of
the centre wavelength of 1,539 nm. Given these parameters, we simu-
lated a 10 × 10 lattice using the transfer matrix formalism
(Supplementary Section S2) (Fig. 2a). We also considered a random
onsite impurity shift of the resonance frequency with a standard devi-
ation of 0.8J. In a lossless system, the transmission spectrum for the
spin-down (T12) and spin-up (T34) should be identical, although
they may take different paths. However, the presence of loss breaks
this symmetry. We observed a qualitative agreement between simu-
lation and experiment (Fig. 2b,c).
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Figure 1 | Experimental set-up. a, A single plaquette consisting of four link resonators and four site resonators: grey and white rounded rectangles represent
site and link resonators, respectively. These two types of resonators differ due to an extra length of 2h in the link resonators. Moreover, due to the vertical
shift of the link resonators, a photon acquires a non-zero phase when it hops between resonators (1,2) and (3,4). Therefore, a photon progressing
anticlockwise (clockwise) around the plaquette acquires a 2pa (22pa) phase. b, Scanning electron microscope (SEM) image of the device. Stripes with
uniform magnetic field are delineated with white dashed lines. c, Schematic of the experimental set-up. EDFA, erbium-doped fibre amplifier.
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Focus on variants of Hofstadter model for charged particle:

• Energy bands with topological invariants 
This Talk: 1st and 2nd Chern numbers 

• Topological edge states for unidirectional propagation of light 
• New topological physics: 4D quantum Hall effect

Topological Physics for Photons

Hafezi et al, Nat. Photon. 
7, 1001, (2013)
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Also in solid-state 
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ultracold atoms…

in silicon photonics in Landau gauge



Synthetic dimensions in ultracold atoms
Ingredients: 
1. Choose degrees of freedom —> site indices in synthetic dimension 
2. Couple these degrees of freedom —>“hopping” 

Theory: 
Boada et al., PRL, 108, 133001 (2012) 

Celi et al., PRL, 112, 043001 (2014) 
… HMP et al, PRL 115, 195303 (2015) 

Experiments:  
Mancini et al, Science, 349, 1510 (2015) 

Stuhl et al. Science, 349, 1514 (2015)

I = 5/2

173Yb

Figure from Mancini et al.

3-leg Hofstadter ladder 
for atoms in a 1D 

optical lattice

1. Spin states 
2. Raman laser coupling



Synthetic dimensions in photonics so far…  

Schmidt et al, Optica 2, 7, 635 (2015)

1. Photons & phonons 
2. Optomechanical coupling

Luo et al, Nature Comm. 6, 7704, (2015)

1. Orbital angular momentum of cavity modes 
2. Spatial light modulators

…and also Schleier-Smith et al, KITP DenseLight conference

Ingredients: 
1. Choose degrees of freedom —> site indices in synthetic dimension 
2. Couple these degrees of freedom —>“hopping” 



2. Strong beam(s) modulates          at                  
via optical nonlinearity

Ozawa et al, arXiv:1510.03910

Synthetic dimensions in integrated photonics
Ingredients: 
1. Choose degrees of freedom —> site indices in synthetic dimension 
2. Couple these degrees of freedom —>“hopping” 
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coupling in  
synthetic dimension

Extending to a lattice of resonators

H = HJ +H⌦
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Now to specific systems: 

1. 1D chain —> effective 2D lattice 

2.  3D array —> effective 4D lattice
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 1D resonator chain with the synthetic dimension

H = HJ +H⌦

Ultracold atoms: Celi et al., PRL 112, 043001 (2014) (Theory)
Mancini et al, Science, 349, 1510 (2015) (Expt)

Stuhl et al. Science, 349, 1514 (2015) (Expt)
Optical cavities: Luo et al, Nature Comm. 6, 7704, (2015) (Theory)
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Energy spectrum with 
PBCs around w and 
finite length along x

A few more details about the Hofstadter model
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Driven-dissipative experiments

f
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(t) / e�i!drivet

Include losses  

and coherent driving 

assume

i.e. in non-rotating frame
!w + !drive

Ozawa & Carusotto, 
PRL, 112, 133902, (2014)

Look for long-time steady-state
• Consider single-site driving, couples to all momenta in the Brillouin zone  
• Vary position and frequency of drive to excite different supermodes

Carusotto & Ciuit, 
RMP, 85, 299, (2013)
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Topological edge states

!drive = �2J
Excite edge states:

� = 0.1J

{ { {{

with uniform loss rate:

Also see Luo et al, Nature Comm. 6, 7704, (2015)



Topological edge states

!drive = �2J
Excite edge states:

� = 0.1J

{ { {{

with uniform loss rate:

How to make an effective boundary in 
the synthetic dimension? 

Make one mode very lossy

the Zeno effect
e.g. Barontini et al., PRL, 110, 035302 (2014)
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Topological edge states for optical isolation

Yu & Fan, Nat. Photon., 3, 91, (2009)
Lira et al., PRL 109, 033901 (2012)

Tzuang et al., Nat. Photon., 8, 701, (2014)

• Extension of works on spatiotemporal 
modulation to include topological protection 



2D quantum Hall effect in photon transport in 1D chain 

2D quantum Hall for a filled 
band of fermions:

jx = �eE
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PRL, 112, 133902, (2014)

Optical bosonic analogue when  
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 3D resonator array with the synthetic dimension

What do we need for interesting 4D topological physics?
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topological 
2nd Chern number 
for TRS-breaking model

S.-C.Zhang & J. Hu, Science 294, 823, (2001), 
Qi, Hughes & Zhang, PRB 78, 195424, (2008)… 

 

What about 4D 
quantum Hall physics?



Minimal 4D topological lattice model

(a) (b)
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Two copies of Hofstadter models in “disconnected” planes

HMP et al., PRL, 115, 195303 (2015)
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4D quantum Hall effect in photon transport 

4D quantum Hall for a filled (non-degenerate) band of fermions:

Ozawa et al 
arXiv:1510.03910

Generalising 2D optical analogue effect to 4D, again when on resonance and 
when�Eband < � < �Egap
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1. Synthetic flux in xw plane: as for the 1D chain of resonators through 

2. Synthetic flux in yz plane: non-resonant links with a z-dependent displacement  
like in Hafezi et al.,

Nat. Photon. 7, 1001, (2013)

4DQH in 3D array with a synthetic dimension

3. Synthetic perturbing electric field           : e.g. let cavity size vary uniformly 

4. Synthetic perturbing magnetic field               : additional slow z-dependence 
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4DQH in 3D array with a synthetic dimension
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In summary

• Different modes of a silicon ring-resonator can be 
exploited as an extra synthetic dimension for photons 

• Topological physics in a 1D ring-resonator chain: 

• Optical isolation with topological edge states 

• 2D quantum Hall effect 

• Topological physics in a in a 3D resonator array: 

• 4D quantum Hall effect  
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