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Motivation
• Transport properties (e.g., heat, charge and spin 

diffusion constants) are among the most 
experimentally accessible and practically 
important features of quantum materials.


• It is worth improving existing methods for 
calculating these properties from first principles.


• Existing methods (exact evolution, tensor network 
evolutions) are strongly limited for such ab into 
studies.


• Issue: Memory required to story  grows 
as  .


ψ(t), O(t)
e𝒪(t)



Posing the problem
• Class of local (say nearest neighbour) translation 

invariant Hamiltonians on qubits.


• Generically has only a few local conserved quantities: 
Energy/charge.


• Generically ergodic.


• Generically exhibits diffusion of energy/charge at 
high temperature. 


• What classical resources (e.g., memory/time) are 
typically required to calculate a diffusion constant 
within tolerance ?


• How much faster can the same task be 
accomplished in a quantum simulator?


ϵ

tr(hr(t)h0(0))/tr(I) ∼
exp(−r2/4Dt)

4πDt



• Class of Floquet models where Floquet operator 
consists of low depth nearest neighbour, translation 
invariant quantum circuits each of which conserves 
total z-spin .


• Generically ergodic.


• Generically exhibits diffusion of z-spin at high 
temperature. 


• What classical resources are typically required to 
calculate a diffusion constant within tolerance ?


• How much faster can the same task be accomplished 
on a quantum computer?


∑
j

σz
j

ϵ

tr(σz
r(t = nT)σz

0(0))/tr(I) ∼
exp(−r2/4Dt)

4πDt

A slightly simpler problem



How hard is it to simulate quantum transport classically?

Brute Force (TEBD/ED/TDVP) 

•  in 1D hydro.

•

|D(t) − D | ≤ C/t1/2

  D(t) = ∫
t

0
dτ⟨J(τ)J(0)⟩/V

 D = ∫
∞

0
dτ⟨J(τ)J(0)⟩/V



How hard is it to simulate quantum transport classically?

Brute Force (TEBD/ED/TDVP) 

•  in 1D hydro.

• Need to simulate dynamics for 

minimum time  in order 
to obtain an estimate for  to within 
tolerance .

|D(t) − D | ≤ C/t1/2

tc = 𝒪(ϵ−2)
D
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t

0
dτ⟨J(τ)J(0)⟩/V
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∞

0
dτ⟨J(τ)J(0)⟩/V
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How hard is it to simulate quantum transport classically?

Brute Force (TEBD/ED/TDVP) 

•  in 1D hydro.

• Need to simulate dynamics for 

minimum time  in order 
to obtain an estimate for  to within 
tolerance .


• Operator entanglement grows linearly 
in time. Guess that required bond 
dimension grows as


|D(t) − D | ≤ C/t1/2

tc = 𝒪(ϵ−2)
D

ϵ

χ ∼ e𝒪(tc) ∼ e𝒪(poly(ϵ−1))
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Can we do better?
❖ Take ergodic system with U(1) conservation law 

   a hydrodynamical mode.


❖ Raw ingredient for diffusion constant: correlation 
functions.  
 

 

❖ Hilbert space of operators: On-site basis of operators 

❖ Pauli strings: 
❖ Correlation function is a transition amplitude, on 

space of operators. Express as sum over paths! 

Sz = ∑
x

σz
x /2 ⟹ σz

⟨σz
r(t) ∣ σz

0(0)⟩ = tr(σz
r(t)σz

0(0))/tr(I)

σ0,1,2,3 = I, σx, σy, σz

σ ⃗μ = ⊗r σμr
r

• Claim: More complicated diagrams give 
subleading contributions!!!
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DAOE Summary

❖ Throwing away processes with 
more than  operators incurs 

 error in hydrodynamical 
correlators/coefficients.


❖  Can save much memory 
with relatively little error! 

ℓ*
e−𝒪(ℓ*)

⟹
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if > ℓ*

❖ Throwing away processes with more than  
operators incurs  error in 
hydrodynamical correlators/coefficients.


❖ Need  to ensure error due to 
DAOE truncation is .


❖ Effective Hilbert space reduced! Space of short 
operators with support in light cone. 


❖  

ℓ*
e−𝒪(ℓ*)

ℓ* > 𝒪(log(1/ϵ))
< ϵ



DAOE Summary
❖ Throwing away processes with more than  

operators incurs  error in 
hydrodynamical correlators/coefficients.


❖ Need  to ensure error due to 
DAOE truncation is .


❖ Effective Hilbert space reduced! Space of short 
operators with support in light cone. 


❖
Dimension . Much smaller than 

. 


❖  gives effective HS required  
 

ℓ*
e−𝒪(ℓ*)

ℓ* > 𝒪(log(1/ϵ))
< ϵ

4ℓ* (2vtc
ℓ* )

42vtc

tc = 𝒪(ϵ−2)
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~Operators on 
interval length 2vt

∼ e𝒪(t)
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Pick  Pauli ops in 
light cone,


ℓ*

4ℓ* (2vt
ℓ* ) ∼ tℓ*

χ ∼ e𝒪(log(ϵ−1)2)



Punch-line
Resources for -accurate approximation to 
diffusion constant:


• Exact evolution/TEBD requires 




• DAOE is more efficient 

 

 

ϵ

tcpu, χnaive = e𝒪(Poly(ϵ−1)) .

tcpu, χDAOE = e𝒪(log(ϵ−1)2) .

• “DAOE”: Numerical technique for calculating 
hydrodynamical correlations/diffusion 
constants in many-body quantum systems.


• Modified evolution: We discard information 
corresponding to n-point functions with 

. Saves memory! 


• Today’s talk: Argue errors induced by 
truncation (“backflow”) are exponentially 
suppressed in .

n > ℓ*

ℓ*

|D − Ddaoe | ∼ e−𝒪(ℓ*)



Punch-line
Resources for -accurate approximation to 
diffusion constant:


• Exact evolution/TEBD requires 




• DAOE is more efficient 

 

•  Quantum simulators? (Decoherence limited) 
 
runs x circuit depth = 

 

ϵ

tcpu, χnaive = e𝒪(Poly(ϵ−1)) .

tcpu, χDAOE = e𝒪(log(ϵ−1)2) .

Poly(ϵ−1) = e𝒪(log(ϵ−1))

• “DAOE”: Numerical technique for calculating 
hydrodynamical correlations/diffusion 
constants in many-body quantum systems.


• Modified evolution: We discard information 
corresponding to n-point functions with 

. Saves memory! 


• Today’s talk: Argue errors induced by 
truncation (“backflow”) are exponentially 
suppressed in .

n > ℓ*

ℓ*

|D − Ddaoe | ∼ e−𝒪(ℓ*)
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❖ Throwing away processes 
with more than  
operators incurs  
error in hydrodynamical 
correlators/coefficients.


❖ Some consequences, and 
then we’ll address why.

ℓ*
e−𝒪(ℓ*)



Consequences for hydrodynamics

⟨zr(t) ∣ z0(0)⟩ = tr(zr(t)z0(0))/tr(I)
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Consequences for hydrodynamics

⟨zr(t) ∣ z0(0)⟩ = tr(zr(t)z0(0))/tr(I)
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Physical hypothesis: Contributions are suppressed in size and # of grey boxes

zr
z0

+

+
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Consequences for hydrodynamics
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if > ℓ*

If that’s valid, then ignoring processes with large boxes should introduce small error. This is 
a the principle behind “DAOE”, a numerical method we’ve recently proposed for 
calculating hydrodynamical correlations in many-body systems. 



Operator Feynman Diagrams

∂yKry(t1)

∂y′￼
Ky′￼0(t2)

Kr0(τ)

→ ∫y,y′￼

∫t1,t2,Δt
∂yKry(t1)∂y′￼

Ky′￼0(t2)Γℓ(y, y′￼, Δt)

Kr0(τ) ∼ e−r2/(4D0t)/ 4πD0t

Backflow associated with all such 
diagrams with 
ℓ > ℓ*



Boxes?
• Claim: Boxes are exp. suppressed in .



ℓ

|Γℓ | < e−𝒪(ℓ)



Boxes?
• Claim: Boxes are exp. suppressed in .




• Can prove exponential suppression in 
 on average, in random circuit 

calculation.  (CvK et al 2017). 

ℓ
|Γℓ | < e−𝒪(ℓ)

ℓ, Δt



• Claim: Boxes are exp. suppressed in .



• Can prove exponential suppression in 
 on average, in random circuit 

calculation.  (CvK et al 2017). 

ℓ
|Γℓ | < e−𝒪(ℓ)

ℓ, Δt

• Consequence: Leading backflow 
correction is exp. small in ℓ

|⟨zr(τ)z0(0)⟩ − ⟨zr(τ)z0(0)⟩daoe | ∼ ∫y,y′￼
∫t1,t2,Δt

∂yKry(t1)∂y′￼
Ky′￼0(t2)Γℓ(y, y′￼, Δt)

∼ e−𝒪(ℓ)τ−α

Boxes?



• Claim: Boxes are exp. suppressed in .



• Can prove exponential suppression in 
 on average, in random circuit 

calculation.  (CvK et al 2017). 

ℓ
|Γℓ | < e−𝒪(ℓ)

ℓ, Δt

• Consequence: Leading backflow 
correction is exp. small in ℓ

|⟨zr(τ)z0(0)⟩ − ⟨zr(τ)z0(0)⟩daoe | ∼ ∫y,y′￼
∫t1,t2,Δt

∂yKry(t1)∂y′￼
Ky′￼0(t2)Γℓ(y, y′￼, Δt)

Boxes?

Γℓ = ∑
μ:ℓ(μ)=ℓ

czy→σμ(Δt/2)cσμ→zy′￼
(Δt/2)

∼ e−𝒪(ℓ)τ−α



Proof sketch
Γ = ∑

μ:ℓ(μ)=ℓ

cz→μcμ→z
In ergodic systems, phases of  
random and (largely) uncorrelated 

c's



Proof sketch
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Proof sketch
Γ = ∑

μ:ℓ(μ)=ℓ

cz→μcμ→z

|Γ |2 = ∑
μ,μ′￼:ℓ(μ)=ℓ

cz→μc*z→μ′￼
cμ→zc*μ′￼→z

≤ ∑
μ:ℓ(μ)=ℓ

|cμ→z |2 × sup
μ:ℓ(μ)=ℓ

|cz→μ |2

In ergodic systems, phases of  
random and (largely) uncorrelated 

c's

∼ ∑
μ:ℓ(μ)=ℓ

|cz→μ |2 |cμ→z |2



Proof sketch
Γ = ∑

μ:ℓ(μ)=ℓ

cz→μcμ→z

|Γ |2 = ∑
μ,μ′￼:ℓ(μ)=ℓ

cz→μc*z→μ′￼
cμ→zc*μ′￼→z ∼ ∑

μ:ℓ(μ)=ℓ

|cz→μ |2 |cμ→z |2

≤ ∑
μ:ℓ(μ)=ℓ

|cμ→z |2 × sup
μ:ℓ(μ)=ℓ

|cz→μ |2

≤ sup
μ:ℓ(μ)=ℓ

|cz→μ |2

In ergodic systems, phases of  
random and (largely) uncorrelated 

c's



Proof sketch

|Γ |2 ≲ sup
μ:ℓ(μ)=ℓ

|cz→μ |2



Proof sketch

z σμ

Δt/2
vΔ

t≥
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Exp. many operators (in ) in light 
cone.

ℓ, Δt
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μ:ℓ(μ)=ℓ
|cz→μ |2



Proof sketch

z σμ

Δt/2
vΔ

t≥
ℓ

Exp. many operators (in ) in light 
cone.

ℓ, Δt

∑
μ:ℓ(μ)=ℓ

|cz→μ |2 ≤ 1

|Γ |2 ≲ sup
μ:ℓ(μ)=ℓ

|cz→μ |2



Proof sketch
Exp. many operators (in ) in light 
cone.

ℓ, Δt

→ |Γ |2 ∼ exp(−𝒪(ℓ))
z σμ

Δt/2
vΔ

t≥
ℓ

∑
μ:ℓ(μ)=ℓ

|cz→μ |2 ≤ 1

|Γ |2 ≲ sup
μ:ℓ(μ)=ℓ

|cz→μ |2



Proof sketch
Γ = ∑

μ:ℓ(μ)=ℓ

cz→μcμ→z

|Γ |2 = ∑
μ,μ′￼:ℓ(μ)=ℓ

cz→μc*z→μ′￼
cμ→zc*μ′￼→z ∼ ∑

μ:ℓ(μ)=ℓ

|cz→μ |2 |cμ→z |2

≤ ∑
μ:ℓ(μ)=ℓ

|cμ→z |2 × sup
μ:ℓ(μ)=ℓ

|cz→μ |2

≤ sup
μ:ℓ(μ)=ℓ

|cz→μ |2 = exp(−𝒪(ℓ))
Moral: Use sum rule + random phase 
assumption.



Problem
• Strong assumption of random phases

• Not true in systems with symmetry (even U(1) 
RUC). However, slightly weaker version 
holds.

∼ ∑
μ:ℓ(μ)=ℓ

|cz→μ |2 |cμ→z |2|Γ |2 = ∑
μ,μ′￼:ℓ(μ)=ℓ

cz→μc*z→μ′￼
cμ→zc*μ′￼→z



Problem
• Strong assumption of random phases

• Not true in systems with symmetry (even U(1) 
RUC). However, slightly weaker version 
holds.

• Change of Pauli-string basis. Let  represent 
strings of  operators.

μ
I, σ+, σ−, z

∼ ∑
μ:ℓ(μ)=ℓ

|cz→μ |2 |cμ→z |2|Γ |2 = ∑
μ,μ′￼:ℓ(μ)=ℓ

cz→μc*z→μ′￼
cμ→zc*μ′￼→z



Case with symmetry
Γ = ∑

μ:ℓ(μ)=ℓ

cz→μcμ→z

|Γ |2 = ∑
μ,μ′￼:ℓ(μ)=ℓ

cz→μc*z→μ′￼
cμ→zc*μ′￼→z



Case with symmetry

 is the  part of 

Exact in U(1) RUC
μ⊥ σ± μ

∼ ∑
μ,μ′￼:ℓ(μ)=ℓ

cz→μc*z→μ′￼
cμ→zc*μ′￼→zδ(μ⊥ = μ′￼⊥)

Γ = ∑
μ:ℓ(μ)=ℓ

cz→μcμ→z

|Γ |2 = ∑
μ,μ′￼:ℓ(μ)=ℓ

cz→μc*z→μ′￼
cμ→zc*μ′￼→z



Case with symmetry

 is the  part of 

Exact in U(1) RUC
μ⊥ σ± μ

∼ ∑
μ,μ′￼:ℓ(μ)=ℓ

cz→μc*z→μ′￼
cμ→zc*μ′￼→zδ(μ⊥ = μ′￼⊥)

Γ = ∑
μ:ℓ(μ)=ℓ

cz→μcμ→z

|Γ |2 = ∑
μ,μ′￼:ℓ(μ)=ℓ

cz→μc*z→μ′￼
cμ→zc*μ′￼→z

✅
σμ = σ+

1 z3σ−
9 → σμ⊥ = σ+

1 σ−
9

σμ′￼ = σ+
1 z1z7σ−

9 → σμ′￼⊥ = σ+
1 σ−

9



Case with symmetry

≲ e−𝒪(ℓ)…some work…

 is the  part of 

Exact in U(1) RUC
μ⊥ σ± μ

∼ ∑
μ,μ′￼:ℓ(μ)=ℓ

cz→μc*z→μ′￼
cμ→zc*μ′￼→zδ(μ⊥ = μ′￼⊥)

Γ = ∑
μ:ℓ(μ)=ℓ

cz→μcμ→z

|Γ |2 = ∑
μ,μ′￼:ℓ(μ)=ℓ

cz→μc*z→μ′￼
cμ→zc*μ′￼→z



Predictions
|Γℓ |2 ≲ e−𝒪(ℓ) ∫y,y′￼

∫t1,t2,Δt
∂yKry(t1)∂y′￼

Ky′￼0(t2)Γℓ(y, y′￼, Δt)



Predictions

|⟨zr(τ)z0(0)⟩ − ⟨zr(τ)z0(0)⟩daoe | ∼ {τ−1/2e−𝒪(ℓ) deterministic
τ−5/4e−𝒪(ℓ) stochastic/RUC

|D(τ) − Ddaoe(τ) | ∼ {e−𝒪(ℓ) deterministic
τ−3/4e−𝒪(ℓ) stochastic/RUC

∫y,y′￼
∫t1,t2,Δt

∂yKry(t1)∂y′￼
Ky′￼0(t2)Γℓ(y, y′￼, Δt)

|Γℓ |2 ≲ e−𝒪(ℓ)



Evidence

• Picture supported by numerics, 
discussed next.


• We also have an independent (but 
also non-rigorous) diagrammatic 
argument specific to the U(1) RUC. 
See paper. 



• Error due to regular dissipation



δD(ℓ*, τ) = D(ℓ*, τ) − D(τ)

Numerical evidence
D(ℓ*, τ) = ∑

x

x2

2τ
⟨zx ∣

n

∏
k=0

[𝒰(tk+1, tk)P≤ℓ*
] ∣ z0⟩,D(τ) = ∑

x

x2

2τ
⟨zx ∣ 𝒰(τ,0) ∣ z0⟩ .



• Error due to regular dissipation





• Error in D due to single dissipation event


δD(ℓ*, τ) = D(ℓ*, τ) − D(τ)

δ1D(ℓ*, τ) ≡ ∑
x

x2

2τ
⟨zx ∣ 𝒰(τ = 2t, t)P>ℓ*

𝒰(t,0) ∣ z0⟩

Numerical evidence
D(τ) = ∑

x

x2

2τ
⟨zx ∣ 𝒰(τ,0) ∣ z0⟩ . D(ℓ*, τ) = ∑

x

x2

2τ
⟨zx ∣

n

∏
k=0

[𝒰(tk+1, tk)P≤ℓ*
] ∣ z0⟩,



• Error due to regular dissipation





• Error in D due to single dissipation event





• Error in corr. function due to single 
dissipation event





δD(ℓ*, τ) = D(ℓ*, τ) − D(τ)

δ1D(ℓ*, τ) ≡ ∑
x

x2

2τ
⟨zx ∣ 𝒰(τ = 2t, t)P>ℓ*

𝒰(t,0) ∣ z0⟩

C>ℓ*
(τ) ≡ ⟨z0 |𝒰(τ = 2t, t)P>ℓ*

𝒰(t,0) |z0⟩

Numerical evidence
D(τ) = ∑

x

x2

2τ
⟨zx ∣ 𝒰(τ,0) ∣ z0⟩ . D(ℓ*, τ) = ∑

x

x2

2τ
⟨zx ∣

n

∏
k=0

[𝒰(tk+1, tk)P≤ℓ*
] ∣ z0⟩,



PREDICTIONS 

∼ {τ−1e−𝒪(ℓ) deterministic
τ−5/4e−𝒪(ℓ) stochastic/RUC

∼ {e−𝒪(ℓ) deterministic
τ−3/4e−𝒪(ℓ) stochastic/RUC

Numerical evidence
D(ℓ*, τ) = ∑

x

x2

2τ
⟨zx ∣

n

∏
k=0

[𝒰(tk+1, tk)P≤ℓ*
] ∣ z0⟩,D(τ) = ∑

x

x2

2τ
⟨zx ∣ 𝒰(τ,0) ∣ z0⟩ .

∼ {τ−3/2e−𝒪(ℓ) deterministic
τ−7/4e−𝒪(ℓ) stochastic/RUC

• Error due to regular dissipation





• Error in D due to single dissipation event





• Error in corr. function due to single 
dissipation event





δD(ℓ*, τ) = D(ℓ*, τ) − D(τ)

δ1D(ℓ*, τ) ≡ ∑
x

x2

2τ
⟨zx ∣ 𝒰(τ = 2t, t)P>ℓ*

𝒰(t,0) ∣ z0⟩

C>ℓ*
(τ) ≡ ⟨z0 |𝒰(τ = 2t, t)P>ℓ*

𝒰(t,0) |z0⟩



Deterministic C>ℓ*
(t) ≡ ⟨o ∣ 𝒰(2t, t)𝒫>ℓ*

𝒰(t,0) ∣ o⟩
7
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. To estimate the RHS

of this equation, we note the sum rule 1 �
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Using the same approximations leading to Eq. (19), this
bound may be expressed as
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The sum on the RHS of Eq. (20) has been estimated
using a saddle point approximation and the assumption
of large `. The upshot is that |T |

2 is bounded above by
the inverse of the number of operators of length ` within
the region of width d`. We can now bound Eq. (19) using
Eq. (20) to give

|�`(�)|2 . |T |
2 sup
0m`

Ç
d` � m

` � m

å
⇠ 3�`. (21)

The supremum is achieved for m = 0. Thus, if we assume
operators of length ` have somewhat uniform operator
spreading coefficients for large `, it is natural that back-
flow processes are exponentially suppressed in `. The
final step of this argument involves summing Eq. (21)
over contributions for all ` > `⇤, with the end result re-
sult is that the backflow due to a single dissipation event
is exponentially suppressed in `⇤

The above argument makes the assumption that � is
set by `. It also assumes that the size of operator spread
coefficients to operators of fixed length, within a forward
causal cone, are to good approximation uniform, which
is certainly not true in general. Therefore, it behooves us
to perform additional consistency checks on the results in
this section. We will perform multiple checks. First, we
investigate numerically our backflow hypothesis in some
ergodic (non-random) spin chains (see Fig. 2). Later, in
Sec. V we will give a more detailed analysis of the U(1)-
symmetric random circuit model. In that case, we can
evaluate backflow contributions at long times numerically
(see Fig. 5); all of these checks agree with our prediction
of exponentially suppressed backflow effects. Moreover,
the numerical checks in Fig. 2 suggest that our argu-
ments apply to systems for which the conserved quantity
is energy rather than the U(1) charge assumed in this
section. Finally, we will lend further support to our hy-
pothesis by evaluating analytically certain sub-classes of
contributions to |�`|

2 in the random circuit model and
showing that they are consistent with that quantities’
exponential suppression in ` and the conjecture that �
is set only by `.
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FIG. 2. Numerical results for backflow correction to autocor-
relations due to a single dissipation event. We plot C>`⇤(0, ⌧)
as defined in Eq. (12) for the conserved density o = hj (= zj)
in the Ising (XX ladder) model in a,b (c,d). a and c show
the dependence of the backflow correction against time; the
lines and dots correspond to two different bond dimension
� (� = 512, 1024 for Ising and � = 256, 512 for the ladder)
and allow for estimating truncation effects. b and d show the
maximum backflow over all times as a function of `⇤. The
data are broadly consistent with the prediction that backflow
is exponentially suppressed in `⇤.

3. Numerical checks in deterministic spin chains

In order to support our argument, here we investigate
backflow in two deterministic models (tilted-field Ising
and XX ladder) studied using DAOE in our previous
work [9], as well as in numerous other works using al-
ternative methods [8, 31–33]. We investigate the quan-
tity C>`⇤(⌧), as applied to the autocorrelation function
of a conserved density (energy in the Ising case, and z-
magnetization for the ladder). Both cases are consistent
(Fig. 2) with our conjecture that C>`⇤(⌧) decays expo-
nentially in `⇤, although the data are certainly less clean
and decisive than those calculated using random circuits.

We first consider the tilted-field Ising model

H =
X

j

hj ⌘

X

j

Å
gxXj + gzZj +

Zj�1Zj + ZjZj+1

2

ã
,

(22)

fixing gx = 1.4 and gz = 0.9045. The model is expected
to be strongly chaotic [34, 35]. hj is the energy asso-
ciated to site j. This is the only local conserved den-
sity in the model, and its correlations capture energy (or
heat) transport [35]. We represent hj(t) as an MPO and
evolve it using the TEBD method [36]. We calculate
the quantity C>`⇤(⌧) = hhj(�⌧/2)|P>`⇤ |hj(⌧/2)i which

H ≡ ∑
j

(gxXj + gzZj + Zj−1Zj)
gx = 1.4, gz = 0.9045
o = hj

H =
L

∑
j=1

∑
a=1,2

(Xj,aXj+1,a + Yj,aYj+1,a)

+
L

∑
j=1

(Xj,1Xj,2 + Yj,1Yj,2) .

o = Zj,1 + Zj,2
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FIG. 5. All simulations are carried out for system size L = 50,
except for the `⇤ = 1 series in (a), where L = 80 is needed to
go to sufficiently long times to resolve the power law decay. All
data shown appear to be converged in system size. (a,b) Show
the effect on the diffusion constant due to a single application
of DAOE with � = 1 at time t = ⌧/2. The data are well
converged with bond dimension (� = 400, 768 are both plot-
ted). (c,d) Shows the error in the diffusion constant induced
by acting with DAOE after every circuit layer. We achieve
reasonable convergence in bond dimension: � = 100, 300, 500
are plotted in increasingly bold hues.

the numerical simulations do not rule out but which is
inconsistent with theory, is that there is power law decay
with an exponent between ⌧�5/2 and ⌧�3. In the bottom
panel (b), we plot the same quantity as a function of `⇤
for various values of t, rescaling all results by t5/2. The
results appear consistent with exponential decay in `⇤.

In Fig. 5c,d we plot the average value of |�D|
2, the

error in the diffusion constant when the dissipation P>`⇤

is applied after every two layers of the circuit. We again
find that the error decays algebraically in time. Here the
fit is of a better quality and we extract an exponent of
decay from the `⇤ = 1 data that is ⌧�1.55(8), in good
agreement with our prediction of ⌧�3/2. Panel (d) also
shows evidence of exponential decay in `⇤, although we
were not able to test larger `⇤ in this case for want of
computational resources.

C. Consistency with hydrodynamical picture

The update rules above allow us to estimate the ef-
fects of backflow. But first, we will show that they are
consistent with the hydrodynamical picture presented in
Sec. III.

Let us examine the circuit averaged behavior of

|C(⌧, x)|2 = ho⇥2

0
| U2(⌧, 0) | o⇥2

x
i, (35)

a correlator in the absence of any dissipation events. Take
o0,x to be local strings of 1, z,�± that are charge neutral
(i.e., each has the same number of �+ and ��). Consider
the limit of very large ⌧ (in comparison to the lengths of
o0,x). In this limit, |C(⌧, x)|2 represents the amplitude
for a local operator o0 to evolve to another local operator
ox over a long period of time.

We have already mentioned p,m tend to lead to further
operator growth. On the other hand, r, b undergo single-
file diffusion, which is a slow/hydrodynamical process.
Thus, we expect the leading order behavior of Eq. (35) in
⌧ to involve the propagation of these slow r, b operators.

o 0
⇥

o† o

o x
⇥

o† x

(36)
The grey triangles in Eq. (36) represent processes

whereby the initial/final operators o contract into r, b.
Unless o is initially small, said processes necessarily in-
volve the propagation and annihilation of pm pairs and
so are short-lived (in comparison to O(⌧)). For example,
if we choose o0 = zy1zy2zy3zy4 , a pm will need to be gen-
erated (using rule 7) in order to remove three of the rb
pairs (using rule 4)

y1

y3

y4

y2
7

7

4

4 4

(37)

On the other hand if we choose o0 = �+

0
��
y

then the
operator begins with a p,m pair; these will annihilate
quickly (compared to O(⌧)) through rule 7:

0

y

7

(38)

These examples illustrate a general point; unless ox, o0
have overlap with Sz [40], one needs to use rule 7 in order
to reduce the operator down to an rb pair. However,
note that rule 7 produces rb in the combination @r@b,
which includes two spatial derivatives (which scale as @ ⇠

9

D. Periodic dissipation

So far we examined the effect of a single dissipation
event on a correlation function, with the conclusion that
the error introduced by dissipation is exponentially sup-
pressed in `⇤. What effect do multiple applications of a
dissipator have on correlators (e.g., as would be required
to calculate Eq. (6))? In other words, we want to esti-
mate the error

�C(⌧, �) ⌘ hox|[
n�1Y

j=0

U(tj+1, tj)G(`⇤, �)] � U(t, 0)|o0i

(27)
where tj = jtD and tn = ⌧ . We will use our hydrodynam-
ical picture of backflow processes to argue that @��C(⌧, �)
is exponentially suppressed in `⇤ for all �. From this
it follows (integrating over �) that �C(⌧, �) = e�O(`⇤).
For simplicity, we will be satisfied with showing that
@��C(⌧, �) |�=0 is exponentially suppressed; the compu-
tation for finite � goes through in the same way provided
one assumes that DAOE dissipation does not change the
fact that the system undergoes diffusion (our previous
work [9] supports this assertion).

The derivative with respect to � is

@��C(⌧, �) = �

nX

j=0

hox | U(⌧, tj)N>`⇤U(tj�1, 0) | o0i

(28)
The summand here is similar to Eq. (12), and for the
same reasons suppressed exponentially in `⇤. The novelty
in the present calculation is that we must sum over times
at which we insert the projector N [38].

Using the hydrodynamical assumptions above, we rep-
resent the derivative as

�

Z
⌧

0

dt

Z
dyh⌘x(⌧) | @zy(t)ih@zy(t) | ⌘0i�y,t. (29)

A result from a previous section is that for each fixed
t, Eq. (29) is exponentially decaying in `⇤ and also sup-
pressed by a further factor O(t�↵�1) when there is no
spatial randomness, and by a factor O(t�↵�5/4) when
there is.

When there is no randomness in space or time, we
therefore expect the backflow correction due to be of or-
der

R
t
O(t�↵�1) ⇠ O(t�↵); so the correction due to back-

flow is exponentially decaying in `⇤ but has the same
power of t as the original correlation function.

When there is randomness in space and time, we need
to integrate O(t�↵�5/4) over time, taking into account
the fact that the sign of the integrand will fluctuate ran-
domly in time (�y,t now depends randomly on t as well
as y). The result of that integral is an ⌧1/2 enhancement,
giving a result ⌧�↵�3/4.

The same reasoning can be applied to quantities like

""

"#, #"

##

FIG. 3. The random circuit brick-work geometry used in
Eq. 32. Each circuit element is chosen to be a different ran-
dom unitary subject to U(1) (Sz) symmetry. Each unitary
therefore has the block structure depicted in the figure, where
the blocks are independent 1⇥1, 2⇥2 and 1⇥1 Haar random
unitaries respectively.

the diffusion constant.

@��D(`⇤, ⌧) ⇠

Z

x,y

Z
⌧

0

dt
x2

2⌧
hzx(⌧) | @zy(t)ih@zy(t) | z0i�t,y.

(30)
When there is no noise, simple dimension counting in-

dicates that this term goes as �; i.e., it represents a cor-
rection to the diffusion constant which decays exponen-
tially with `⇤ because � does. Integrating over � leads to
the statement that �D = e�O(`)

When there is noise, we must account for the fluctuat-
ing signs of �t,y. In this limit, Eq. (30) may be approxi-
mated as
Z

dx

 
|�|2

Z
⌧

0

dt

Z
dy(

x2

2⌧
)2|hzx(⌧) | @zy(t)ihzy(t) | z0i|2.

(31)
Dimension counting, and integrating over �, predicts
that �D(`⇤, ⌧) ⇠ �⌧�3/4 which is indeed exponentially
decaying in `. We test this hypothesis numerically
in Fig. 5(c,d), for the U(1)-symmetric random circuit
model.

In summary, we have shown that the backflow cor-
rections to hydrodynamical quantities are accompanied
by an exponential suppression in `⇤, and a power law
which depends on whether or not the system has ran-
domness, and which hydrodynamical correlation is being
considered. In all cases, however, the backflow correction
decays in time at least as quickly as the original hydro-
dynamical correlation function.

V. U(1) RANDOM CIRCUIT ANALYSIS

In this section, we supplement our argument above
with a more thorough analysis of a U(1) symmetric ran-
dom circuit model and use it to estimate Eq. 12 both
numerically and analytically. Along the way, we will see
how the dynamics of U(1) RUCs agrees with the hydro-
dynamical picture just explained.

The random circuit model is defined as follows. The
random unitary circuit has a brick-work structure (see
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 systematic error. 
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. Much smaller than ! Much less 

memory required.
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Error analysis relevant to other 
methods on the market. CD White et 
al. (2018), Kvorning (2021).

• Some conjectured upper bounds on classical 
resources required for -accurate simulation 
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• For our new method:





•    Quantum simulators. (Decoherence limited)  
 
   runs x circuit depth =  
 
Rigorous results lacking!!!


ϵ

χnaive = e𝒪(poly(ϵ−1)) .

χDAOE = e𝒪(|log ϵ|2) .

Poly(ϵ−1) = e𝒪(log(ϵ−1))
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