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Quantum Computational Complexity 

Complexity of a quantum state is defined as the minimal 
number of elementary unitary operations applied to a 
simple (unentangled) reference state in order to obtain 

the state of interest. 



Example – Spin/Qubit Chain 



Complexity Geometry 





Circuit Complexity from Nielsen Geometry 

Illustration from “Quantum Computation as Geometry” M. A. Nielsen, M. R. 
Dowling, M. Gu, and A. M. Doherty, Science 311 (2006) 1133–1135. 



Complexity evolution 

Illustration from “quantum complexity and negative curvature” A.  Brown, L. Susskind, and Y. Zhao 



Complexity in QFT 

-Nielsen construction can 
be generalized to study 
the complexity of 
Gaussian states in QFT. 

- For example - the ground 
state of a free scalar 
QFT. 

- Discretize the field 
theory on the lattice and 



Complexity in QFT 



Vacuum of free scalar: R. A. Jefferson and R. C. Myers, JHEP 10 (2017) 107, 
SC, M. P. Heller, H. Marrochio, and F. Pastawski,  Phys. Rev. Lett. 120 no. 12, (2018) 121602.  
Vacuum of free fermions: R. Khan, C. Krishnan, and S. Sharma, arXiv:1801.07620, 
L. Hackl and R. C. Myers, JHEP 1807 (2018) 139 



Thermofield Double State 
To appear: Shira Chapman, Jens Eisert,  Lucas Hackl,  Michal P. 
Heller,  Ro Jefferson, Hugo Marrochio, and Robert C. Myers. 



TFD for Free QFT 



It is time dependent! The reduced density 

matrix of one side is time independent. 





Gaussian States 
Focus on pure 

Gaussian states 

with vanishing one 

point function. 





Group Structure 



Finding the minimal geodesics 
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Results – Complexity of Formation 

massless 

Need to integrate over all modes (all momenta up to a cutoff). 
 

For a massive theory  

The ratio increases exponentially 

with the mass (and the dimension). 



jTF D(t)i '
Y

~k

X

n~k

e¡ n~k
¯ ! ~k

=2 e¡ i (n~k
+ 1

2 )! ~k
t jn~k

i L jn~k
i R

Time dependence – infinite line 



Time dependence on the circle  
- On the circle have a zero 

mode (mode of lowest 

frequency).  

- When m=0 complexity not well 

defined.  

- Introduce small mass as IR 

regulator.  

- Zero mode causes logarithmic 

growth which terminates at 

times which are inversely 

proportional to the mass. 

- Behaves similar to the line 

for high temperatures where 

the zero mode becomes less 

dominant. 

- Oscillations with frequency which 

is inversely proportional to the circle 

length as if two wave packets were 

propagating on a circle with the 

speed of light in opposite directions. 



Block structure of the covariance matrix. 

Time evolution does not influence the thermal blocks.  

But the mixed Right-Left blocks change, and so we see 

a change of the EE with time. 

Entanglement 
 entropy 



- T. Hartman, J. Maldacena,  

JHEP 05 (2013) 014 pointed 

out that this system is similar to 

a quench.  

- See also: P. Calabrese and J. L. 

Cardy, J. Stat. Mech. 0504, 

P04010 (2005). 

- The growth terminates at 

times of the order of half the 

size of the interval. 

- For longer times there are 

oscillations. These would 

disappear on the infinite line. 



Future direction 

Lots to explore! 



Thank you! 


