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Limiting Speed of Cracks

® Rayleigh wave speed limits cracks in tension
(Yoffe, 1951; Stroh, 1957; Freund, 1972)

® Shear waves can also travel at v/2c,
(Andrews, 1976; Burridge, Conn and
Freund, 1979; |Rosakis, Samudrala, Coker
1999; Gao, Huang, Abraham, 2001)

® In a discrete medium, there is no limit to
the speed of tensile cracks (Slepyan, 1982;
MM, 1995; Buehler, Gao, and Abraham,
2003)

® Integrity of crack surface behind tip is key

to whether supersonic solutions survive

(Ravi-Chandar and Knauss, 1984; Fineberg
et al, 1991; MM)
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Balloons

Controlled Experiments
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Apparatus
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No detailed theory yet
for oscillations... but

see Yang and Chen,
Phys. Rev. Lett. 95,
144301 (2005)

Wavelength (cm)
Amplitude (cm)

2.1 2.6 3.1
Extension ratio A,

D (©2005, Michael Marder




Tip has wedge-like shape like
Mach cone




Fxperimental OISEREINeIE
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Sound Speeds and Rupture Velocities

Longitudinal speed mea-
sured by time of flight

pulse

Fixed clamps
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Fxperimental OISEREINeIE
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Sound Speeds and Rupture Velocities

Longitudinal speed mea-  Longitudinal speed mea-
sured by time of flight sured from force extension

curves.

Fixed clamps

ox sin(wt)
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Sound Speeds and Rupture Velocities

Two methods agree
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Fxperimental OISEREINeIE
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Sound Speeds and Rupture Velocities

Shear wave speed measured from force
extension curves.
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Rupture

Speed (m/s) /A,
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Extension Ratio A,
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Sound Speeds and Rupture Velocities
Over range of extensions covered by our experiments
(Azy, Ay~ 200%-350%), the speed of sound waves
is well described by the Mooney-Rivlin free energy:

6([1, [2) — A([l -+ 23[2)
= A|(Epe + Eyy+ E..) + 2B (E,. By, — E})) + 2BE.. 1]
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Sound Speeds and Rupture Velocities
Over range of extensions covered by our experiments
(Azy, Ay~ 200%-350%), the speed of sound waves
is well described by the Mooney-Rivlin free energy:

6([1, [2) — A([l -+ 23[2
= A[(Ews + Eyy + ) + 2B (B By — E7,) + QBXZ[Q]
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Sound Speeds and Rupture Velocities
Over range of extensions covered by our experiments

(Azy Ay~ 200%-350%), the speed of sound waves
is well described by the Mooney-Rivlin free energy:

6(]1, [2) — A([l -+ B[Q)
= A|(Ewp + Ey) + B (EwEy — E2)]
E
’qéj Longitudinal, c,;
>
F% Shear, ¢,
A

(©2005, Michael Marder



Fxperimental OISERGEINEILE

iy

Sound Speeds and Rupture Velocities
Over range of extensions covered by our experiments

(Azy Ay~ 200%-350%), the speed of sound waves
is well described by the Mooney-Rivlin free energy:

6(]1,[2) A([l —|—B]2)

A (B + Eyy) + B (EuaEyy — By

LY
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Numerical StneiEs

Multi-Particle Modeling
» Tethered Membranes (Nelson, et al.)

o Virtual Bond Method (Gao and Klein)

® Peridynamics (Silling and Bobaru)

®» Mesodynamics (Holian)

Distance between near neighbors Lattice spacing
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or alternatively,
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Investigations

Obtained ruptures resembling experiment. What was needed, what
was not?
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Numerica

Investigations

Obtained ruptures resembling experiment. What was needed, what
was not?

® Increase in sound speed near tip of rupture (hyperelasticity)




Obtained ruptures resembling experiment. What was needed, what
was not?




Numerical StneiEs

Investigations

Obtained ruptures resembling experiment. What was needed, what
was not?

® Increase j

® Increase in sound speed as rubber retracts




Obtained ruptures resembling experiment. What was needed, what
was not”?




Obtained ruptures resembling experiment. What was needed, what
was not”?

® Second term in Mooney-Rivlin theory proportional to I




Obtained ruptures resembling experiment. What was needed, what
was not”?




Obtained ruptures resembling experiment. What was needed, what
was not”?

® Dissipation (Kelvin, proportional to relative motion of neighbors)

o Y
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Obtained ruptures resembling experiment. What was needed, what
was not”?

® Dissipation (Kelvin, proportional to relative motion of neighbors)
Yes. Bc?V22L. (or more elaborate models)
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Obtained ruptures resembling experiment. What was needed, what
was not”?

® Dissipation (Kelvin, proportional to relative motion of neighbors)
Yes. Bc?V22L. (or more elaborate models)

® Toughening behind tip

~ \
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Obtained ruptures resembling experiment. What was needed, what
was not”?

® Dissipation (Kelvin, proportional to relative motion of neighbors)
® Yes. $c*V22L. . (or more elaborate models)

® Toughening behind tip

® Yes

~ \
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Theoretical VA

Elementary Considerations

Reference Frame Laboratory Frame

(z,y) (Azy Ayy)

Ay
Ae/v2/c2 — 1

— gin 6 laboratory slope =

(V)
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Theoratical Vaeawes

Continuum Theory

Following suggesion of Rice (following Shield) adopt Neo—Hookean
theory. Horizontal displacements are static, so obtain theory for

vertical displacement u.

i = 2V3u

® wu 1s not small.

c? BV 41

® (3 describes Kelvin dissipation (Fs, — 00)

Boundary conditions:

ou 0% u

= —0 for x<0; u=0 for x>0.

oy " Otdy
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Continuum Theory

This theory has supersonic solutions (v > c¢).

Recover laboratory slope of back edge =

At the origin, the slope of the rupture is

oul N
8y r=0,y=0 \/1 — (32/?]2 |

The theory can be closed with rupture -criterion
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Theoratical Vaeawes

Continuum Theory

Kelvin dissipation Sound speed

\\ Lattice SpaCiﬂg

® Dimensionless measure of dissipation is [Gc¢/A:
this theory applies when Gc¢/A > 1.

® Displacements and strains are finite near tip.
® Stress diverges as exp|—z/([c)|/+/x near tip

® There 1s no energy release.
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Theoratical Vaeawes

Discrete Theory

Discrete theory can be solved using Wiener-Hopt techniques
(Slepyan, MPM); find rupture speeds of 800-million-particle
systems in five minutes
Ly 2C
u; =

¢ 3a?

jEN(7)




Discrete Theory

Discrete theory can be solved using Wiener-Hopt techniques
(Slepyan, MPM); find rupture speeds of 800-million-particle

systems in five minutes

Ly 2 . »

3 — cos(w/?) — 3w2/[4(1 — ifw)]

2 cos(w/27)
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Theorethical Vacws

Discrete Theory

Neo-Hookean Discrete Theory

Continuum Approximation

\

Experiment-_-

O
/‘1’.' -

"

Direct integration, N = 200
Discrete Solution, N = 200
Discrete Solution, N = 2000
Discrete Solution, N = 20000

0 0.2 0.4 0.6 0.8 1
Ay = Ay/\/(‘l)‘?‘ —Az7)/3
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._. Direct integration, Mooney-Rivlin
. Discrete Neo-Hookean Solution, N=2000

0 0.2 0.4 0.6 0.8 1
Ay = Ay/\/(‘l)‘?‘ —Az7)/3
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Theorethical Vacws

Scaling Theory

Lattice dynamics, constraint of crack along line, explains
work of Buehler, Abraham, and Gao (2003), not hypere-
lasticity

0.8

Crack Velocity v
o
S

0.2 140
180
0 N extrapolated to infinity

Ki/Kj.
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Opening Angles

Opening angle comparisons are less successful (simulations involve
all measured features of experiment, including all sound speed varia-

tions. )

Opening angle (degrees)
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135
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125

° Simulation
= Experiment

120
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Conclusion

New Sort of Failure

® The rupture is supersonic
® There is no energy release; energy arrives from very near tip.

® Dissipation and toughening of front behind tip are key physi-
cal ingredients; variations in sounds speed are present in real
system but play no role in theory.

® Problem can be solved exactly in continuum and discrete for-
mulations

® Comparison of rupture speeds with experiment is good.

o Comparison of rupture angles with experiment less satisfac-
tory.

® Oscillatory instability and application to other systems re-
main to be studied.
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