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Mutual Information & Entanglement Negativity

[0 Ground state p = |W)(¥| and
bipartite system H = Hao ® Hp
Reduced Rényi
: : [,OA = TerJ entroples

density matrix

(T 0
Entanglement g, = —Tr(palog pa) = lim og I’PAJ_ ~ lim
entropy - n—1I\ 1-—n n—1 0On

O Sa4 = Sp for pure states j

O Trepartite system H = Ha, @ Ha, ® Hp (PA1UA2 1S mixed)

O Sa,ua,: entanglement between A; U Ay and B

(Entanglement between A1 and AQ?J

[0 The mutual information S, + Sa, — Sa,uA,

gives an upper bound

O A computable measure of the entanglement
is the logarithmic negativity



Why disjoint intervals?

[Holzhey, Larsen, Wilczek, (1994)] p log 5 + const

[0 One interval on the infinite line at 7" =0 ( c ¢ J
Sq =
[Calabrese, Cardy, (2004)] 3

M Two intervals A; and As: Trp’d La, for small intervals

w.r.t. to other characteristc lengths of the system [Headrick, (2010)]
[Calabrese, Cardy, E.T., (2011)]

Trp’; for disjoint intervals contains all the data of the CF'T

(conformal dimensions and OPE coefficients)

[0 Generalization to higher dimensions [Cardy, (2013)]



Entanglement between disjoint regions: Negativity

O p = pa,uAa, is a mixed state @ @
is the partial transpose of p w

1 2 5 2 1 2 1 2
[0 ee®) = D@ 1plePe®) ] v ot

[Peres, (1996)] [Zyczkowski, Horodecki, Sanpera, Lewenstein, (1998)] [Eisert, (2001)] [Plenio, (2005)]
[Vidal, Werner, (2002)]

. Ts
O Trace norm [ 1pT2|| = Tr|pT2| = Z Nl=1-2>" X\ } Aj eigenvalues of p

i <0 Trp' =1

Logarithmic negativity (5 Ay = IHHPTQH = In Tr"OTQ‘J

O Bipartite system H = H; ® Ho in any state p =~ ———— £ = &,



Replica approach to Negativity

[Calabrese, Cardy, E.T., (2012)]

Tr(p'2)me = Z)\?e — Z A" + Z |\
0 A parity effect for i A;>0 X <0
Tl"(,OT2>nO _ Z)\:&o _ Z |)\Z|no . Z P\z‘no

') A; >0 A; <0

Ne

[0 Analytic continuation on the even sequence Tr(p'2)"™ (make 1 an even number)

( E = lim log [Tr(pTQ)ne}J lim Tl“(pT2)n° — TrpT2 —

Ne—1 no—1

] [Pure States] p = |UY(U| and bipartite system (H = H1 ® Ho)

1 > |
( n L Schmidt
To\n T P2 n =Ty odd (Jdecomposz’tion
Tr(p™2)" = <

2
(Tr pg/z) n=mne even
\ . y,

[ Taking n. — 1 we have [5 = 2log Trp%m] (Renyi entropy 1/2)




2D CFT: Renyi entropies as correlation functions

[ One interval (N = 1): the Renyi entropies can be written as

a two point function of twist fields on the sphere [Calabrese, Cardy, (2004)]

U (V)

[Holzhey, Larsen, Wilczek, (1994)]

14
SAzglog——l-Cll
3 €

[0 Twist fields have been largely studied in the 1980s

[Zamolodchikov, (1987)] [Dixon, Friedan, Martinec, Shenker, (1987)]
[Knizhnik, (1987)] [Bershadsky, Radul, (1987)]

] Integrable field theories [Cardy, Castro-Alvaredo, Doyon, (2008)] [Doyon, (2008)]



2D CFT: Renyi entropies for many disjoint intervals

[0 N disjoint intervals — 2N point function of twist fields

Ay Ay AN_1 An
o Ui U1 U2 U2 UnN—1 UN-1 un UN o
T To Tn  Ta Tn
0 im_ @ @3 may-4 TN-sl 100
N
n ZN,'n, = H'L’<'<uj
Trply = ot = ([T 7o) Ta () = e | ==
7 =1 1,]

0 Zn ., partition function of Ry, a particular

Riemann surface of genus g = (N —1)(n — 1)

obtained through replication




N intervals: free compactified boson & Ising model

N N-1 n—1
' n =(N—-1)(n—-1
RN’n i H (Z - x27_2> [ H (z - :U27_1)] gﬂnOIS(ki Grav21<72/2003>?

Partition function for a generic Riemann surface studied long ago in string theory
|Zamolodchikov, (1987)] [Alvarez-Gaume, Moore, Vafa, (1986)] [Dijkgraaf, Verlinde, Verlinde, (1988)]

Riemann theta function Ole](0|Q) = Z exp [ir(m +¢€)'- Q- (m +¢e) + 2ri(m +¢€)* - J]
with characteristic

m € ZP

Free CompaCtiﬁed boson (77 X RZ) [Coser, Tagliacozzo, E.T., (2013)]

[ R4+11 A

O(0|T}) inZ R T=RT1
FN,n(CU) — L 1, = ( . period matrix
\ ©(0]|7)[? ! R iI/n (9 % g)
[ -
Ising model Fleme(g) = 2_e |1©e](0[7)]
. | N,n 29 |©(0|7)| Nasty n dependence

Two intervals case: [Caraglio, Gliozzi, (2008)] [Furukawa, Pasquier, Shiraishi, (2009)]
[Calabrese, Cardy, E.T., (2009), (2011)]
[Fagotti, Calabrese, (2010)] [Alba, Tagliacozzo, Calabrese, (2010), (2011)]



Two disjoint intervals

[l Mutual information in XXZ7 model

(exact diagonalization) [Furukawa, Pasquier, Shiraishi, (2009)]
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(Tree Tensor Network) [Alba, Tagliacozzo, Calabrese, (2010)]

Rational interpolation:
an example

0.5[T T

0.4

[ Rational interpolation:

[De Nobili, Coser, E.T., (2015)]

ap(z) + a1(x)n +

oo _|_ ap(x)np

bo(x) 4+ b1(z)n +

cee bq(w)nq

Method first employed for Riemann theta functions

in 2+ 1 dimensions [Agén, Headrick, Jafferis, Kasko, (2014)]



Partial transposition: two disjoint intervals

| O The partial transposition
exchanges 7,, and 7,

[Calabrese, Cardy, E.T., (2012)]



Partial Transposition for bipartite systems: pure states

H=Ha @Ha,
B A B A B
] lim - 2 )
B—0 Uy U1 U V2
Tn Tn T, <—> Ty
_ Partial _ exchange
[TI‘(,O£2 )n = <7:12 (UQ)’];?(UQ)U [ Transposition ~ two twist ﬁelds}

[ 7, connects the j-th sheet with the (j + 2)-th one

Even n = n. — decoupling
4 ™

Tr(p2)" = (Tp, (ug) T, (v2)) = Tr pA,
" \ <

[ Two dimensional CFT's ‘) n :4
— /'\

C 1 c (n 2 C
2 = — _— — = 2 = — —6 R = — 1
ATno 12 (no n0> AT”O [ATne 6 ( 2 Ne )J [5 2 nt+ ConStJ

@MMMQT
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Partial Transpose in 2D CFT: two adjacent intervals

[ Three point function

[Tr(p%)” = <77@(—€1)7;2(0)77@(€2)>J




Partial Transpose in 2D CFT: two disjoint intervals

[Tr(pﬁiuAQ)” = 2 [0l (1 - y)] _g(n_"ll)gn(y)]

O Tr <p£2lu AQ)n is obtained from Trp'; 4, by exchanging two twist fields




Two adjacent intervals: harmonic chain & Ising model

[ Critical periodic harmonic chain
Finite system: ¢ — (L/m)sin(nf/L)

Tr(p,"2~)

n

rn = In
n Tas=L/4

Tr(py

)n

sin(m¢1 /L) sin(mly /L)
Sil’l(’ﬂ'[fl + Ez]/L)

1
[ Zlog

-+ cnst }

¢ L=100 @L=10"
" =150 oL=10"

* L=100 ©L=10"
‘blsofﬁf"z
sl s ; =

J

[ Ising model:
Monte-Carlo analysis [Alba, (2013)]

Tree Tensor Network [Calabrese, Tagliacozzo, E.T., (2013)]
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Two disjoint intervals: periodic harmonic chains

[0 Previous numerical results for &: [Wichterich, Molina-Vilaplana, Bose, (2009)]
Ising (DMRG) and harmonic chains [Marcovitch, Retzker, Plenio, Reznik, (2009)]

[l Non compact free boson [Calabrese, Cardy, E.T., (2012)]

4 iy 5, 1 1
no_ Tr(p'2)" R — (1—2)s = [T, 1F§(_=’17> Fr(l—a)|"
" T p'y k—lRe< Fi(3%5) Fr(15))
k J n n
| I ] ! ] |
R, I
0.9_— -
0-8:‘ L=1000, 5000, 10000 CFT 7
I n=3 X A o) —
07-_ n=4 X A — ) ]
[ n=>5 X A \\
- n=6 X A o) — "
0.6 ARG
[ 1 L L N | L L N | N L N | 1 1 1 | 1 ’ <O
0 0.2 0.4 0.6 0.8 1.0

[De Nobili, Coser, E.T., (2015)]



Two disjoint intervals: periodic harmonic chains

0.6

0.4 : v L=5000
[ : O L=10000

0O L =20000

, : : - 1
Analytic continuation for x ~ 1 £=—"log

[Calabrese, Cardy, E.T., (2012)] A (1 _ 'CU) + log K(Qj) + cnst

@ Analytic continuation n, — 1 for 0 < z < 1 not known

@ &(x) for x ~ 0 vanishes faster than any power

Numerical extrapolations (rational interpolation method) [De Nobili, Coser, E.T., (2015)]




Two disjoint intervals: Ising model

[Alba, (2013)] [Calabrese, Tagliacozzo, E.T., (2013)]
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One interval at finite temperature: a naive approach

[Calabrese, Cardy, E.T., (2014)]

[0 Logarithmic negativity £ of one interval at finite T'=1/8

[ A naive approach: compute (7,2(u)7,?(v))s through the conformal map

relating the cylinder to the complex plane

c 6 ../
Ennive = 5 In (% sinh E) +21Incy 9

Problems:

=20 The Rényi entropy n = 1/2 is not an entanglement measure at finite T

+ Enaive 1S an increasing function of 7', linearly divergent at high T’

Entanglement should decrease as the system becomes classical



One interval at finite temperature in the infinite line

(connection to the (j + 1)-th cylinder following the arrows)

Single copy of pgA — It (pﬁ

Deformation of the cut along B

A cut remains connecting
consecutive copies

— No factorization for even n

(The double arrow indicates the connection to the (j + 2)-th copy)



Deforming the cut at zero temperature

n

Deformation of
the cut along B

The cut connecting consecutive copies shrinks to a point
Only the connection to the j & 2 copies along A remains
—> Factorization for even n




One interval at finite temperature in the infinite line

Two auxiliary twist fields at Re(w) = +L,
then L — oo

[eA — lm lim In (T, (—L)T2 (=0)T2 (0) ne<L>>5]

e

L—00 ne—1

[0 Conformal map the cylinder into the plane z = g2mw/B

_ ~ 7(12) F, C2 _ -

T T2 T ) Ty = - P p 1 R = 20T
21 "Rzt T Cn

v o e when Lo oo [ f2) = Jim (7, o)

é -

c g . Tl el o
Eq= iln [E sinh (E)} ~ 35 + f(e2m/P) + 2In ¢y /9
. J

Ea=¢Ep
& depends on the full operator content of the model
large 1" linear divergence of &, ,ive 1S canceled

semi infinite systems Re(w) < 0 (BCFT) have been also studied

AAA



XY spin chain: two disjoint blocks

O XY spin chain oo — 1ZL: L+ & L= 4 4
with periodic b.c.

Ising model in a transverse field for v = 1, XX spin chain for v =0

Y —10% ot +10%
[l Jordan-Wigner transformation Cj = ( H 0%) ’ ’ C} = < H ‘75@) ’ 9 ’

m<j m<j

then introduce Majorana fermions as; = ¢; + c;r- and ag;j_1 =1i(c; — c;f)

0 Two disjoint blocks B- Aq By Ao B

The string Pp, =] (iag;_1a2;) enters in a crucial way

j€B1
[Alba, Tagliacozzo, Calabrese, (2010)] [Igloi, Peschel, (2010)] [Fagotti, Calabrese, (2010)]

+ Rényi entropies can be written through 4 fermionic Gaussian operators
[Fagotti, Calabrese, (2010)]

L 4+ Py ptP
Trpy = Tr (pA il 32pA 22 | (Pp,

> pgl - PA210§1PA2 By _ Trp (PB1’\IJ><\IJ|)
2 Pa = <PB1>



XY spin chain: partial transpose of two disjoint blocks

[ Free fermion: ,0% is a sum of 2 fermionic Gaussian operators [Eisler, Zimboras, 1502.01369]

[ XY spin chain: Tr (p%)n can be written in terms of 4 fermionic Gaussian operators
[Coser, E.T., Calabrese, 1503.09114]

~B ~B n
> :OAl _ PA2pA1PA2>

2

~1 ~1
n + P P
Ir(ﬂ%) r<pA S (PB 2i

[0 CFT predictions of Tr (p%)n have been checked for:
Ising chain, XX chain and tight binding model at half filling (free fermion)

. I
E.g.. free fermion ]
=7(z/(x—1)) ]
1 T ° _-
(1 - .CC (n_ ) ~ 2 R5 : o ™ :
Gn () = =1 9(7 Z qn (0 (7) 0.7F o =16 a2 ]
I m (=32 o (=9 o U ]
0.6k (=64 £=27 v ]
. T e £=128 4 (=81 x extrapolation * 1
qn(0) known expression. [ v i=a56 o 42213 — OFT : ]
050, o o v e N T
0 0.2 0.4 0.6 0.8 1.0

x



Conclusions & open issues

Entanglement for mixed states.
Entanglement negativity in QFT (1+1 CFTs): Tr(p!2)" and &
=3 {ree boson, Ising model, free fermion

=3 finite temperature

Negativity. Some recent analysis:

=3 topological systems (tOI‘iC COde) [Lee, Vidal, (2013)] [Castelnovo, (2013)]

=3 results for holographic models  [Rangamani, Rota, (2014)]
[Kulaxizi, Parnachev, Policastro, (2014)]

=P cvolution after a quantum quench [Eisler, Zimboras, (2014)]
[Coser, E.T., Calabrese, (2014)]
[
[

Hoogeveen, Doyon, (2014)]
Wen, Chang, Ryu, (2015)]

Some open issues:

—3» Analytic continuations

= Higher dimensions

=» Interactions
=» Negativity in AdS/CFT




