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Few-body hadronic resonances in lattice QCD
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Big picture:
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Big picture:
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few-body physics in QCD
Big picture:

most states in QCD are unstable resonances, 
 nuclear physics dependence on nature’s fundamental parameters, 
 determining experimentally inaccessible quantities,
  determining QCD contributions to BSM physics,
… 
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neutrionless double-beta decay
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Lattice QCD in a nut shell
Non-perturbative tool to study non-perturbative QCD phenomena:

 broad and narrow resonances,
strongly coupled systems, 
 structure of few-body systems, 
 … 



let’s say you want to study 
how two mesons interact…

Lattice QCD in a nut shell
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Lattice QCD in a nut shell
lattice spacing: 
finite volume: 

a ∼ 0.03 − 0.12 fm
L ∼ 6 − 12 fm

Dµ = ( ((L/a)3 ⇥ (T/a)
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Lattice QCD in a nut shell
lattice spacing: 
finite volume: 
quark masses
Euclidean spacetime:  
Monte Carlo sampling
Correlation functions, …

a ∼ 0.03 − 0.12 fm
L ∼ 6 − 12 fm

tM → − itE
C2pt.(tE) ⌘ h0|O(tE)O

†(0)|0i =
X
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Lattice QCD in a nut shell

never free
no asymptotic states
no scattering

lattice spacing: 
finite volume: 
quark masses
Euclidean spacetime:  
Monte Carlo sampling
Correlation functions,… 

a ∼ 0.03 − 0.12 fm
L ∼ 6 − 12 fm

tM → − itE



Figure 43: Lattice results and FLAG averages for the isovector axial charge gu�d
A for Nf = 2,

2 + 1 and 2 + 1 + 1 flavour calculations. Also shown is the experimental result as quoted in
the PDG [165].

axial charge by the interval 1.218  gu�d

A
 1.274, where the lower bound is identified

with the result of PNDME 18, while the upper bound is the weighted average plus the
scaled 1� uncertainty. Hence, for Nf = 2+1+1 we quote gu�d

A
= 1.246(28) as the FLAG

estimate, where the central value marks the mid-point of the interval, and half the width
is taken to be the error.

For QCD with Nf = 2 + 1 dynamical quarks, the calculations of �QCD 18 [101],
Mainz 19 [102] and NME 21 [965] are free of red tags, while the calculation by PACS 18A
[843] and LHPC 19 [845] do not o↵er enough control over lattice artefacts according to
the FLAG criteria. Since the result by NME 21 was published only as a preprint by the
FLAG deadline, it does not qualify for being included in a global average. Hence, for
Nf = 2 + 1 we compute a weighted average from �QCD 18 [101] and Mainz 19 [102],
assuming no correlations between the two calculations. This yields gu�d

A
= 1.248(23) with

�2/dof = 0.07.
Due to the modified criteria for excited-state contamination, none of the results ob-

tained in two-flavour QCD qualify for a global average. Nonetheless, we find it instructive
to show the results for Nf = 2 together with the calculations with Nf = 2+1 and 2+1+1
and the respective FLAG estimates in Fig. 43.

To summarize, the FLAG averages for the axial charge read

Nf = 2 + 1 + 1 : gu�d

A
= 1.246(28) Refs. [98–100], (430)

Nf = 2 + 1 : gu�d

A
= 1.248(23) Ref. [101, 102], (431)

Within errors, these averages are compatible with the result of gu�d

A
= 1.2724(23) quoted

by the PDG. While the most recent lattice calculations reproduce the axial charge at the
level of a few percent or even better, the experimental result is more precise by an order
of magnitude.
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“Simple quantities” from lattice QCD

0

2

4

6

8

10

Δ
M

 [M
eV

]

ΔN

ΔΣ

ΔΞ

ΔD

ΔCG

ΔΞcc

experiment
QCD+QED
prediction

BMW 2014    HCH

BMW Collaboration (2015) FLAG (2021) 

n p

⌫e

beta decay

W�

 Weak nuclear force

e

Coleman-Glashow mass difference  ΔCG = ΔMN − ΔMΣ + ΔMΞ



finite-volume 
spectroscopy 

infinite-volume  
scattering amplitudes

Lüscher (1986, 1991)

Rummukainen & Gottlieb (1995)

Kim, Sachrajda, & Sharpe (2005)

Christ, Kim & Yamazaki (2005)

Feng,  Li, &  Liu (2004)

Hansen & Sharpe (2021) 

RB & Davoudi (2012) 

RB (2014) 

Two-hadron systems

bound state and
resonance poles

det
h
F (EL, L) +M�1(EL)

i
= 0
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Wilson, RB, Dudek, Edwards, & Thomas (2015)
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Two “musts” for few-body systems:
Generalized eigenvalue problem (GEVP), 

large basis of ops,

diagonalization, 

Finite-volume formalisms.

C2pt.
ab (t,P) ⌘ h0|Ob(t,P)O†

a(0,P)|0i =
X

n

Zb,nZ
⇤
a,ne

�Ent

2 minimum requirements
GEVP with large basic is necessary

but not sufficient to trust spectrum!

Ob ⇠ q̄ �b q,⇡⇡,KK, . . . ,
<latexit sha1_base64="74jjpUfZTXAZ8ZuH6q72IFNqv4M="></latexit><latexit sha1_base64="74jjpUfZTXAZ8ZuH6q72IFNqv4M="></latexit><latexit sha1_base64="74jjpUfZTXAZ8ZuH6q72IFNqv4M="></latexit><latexit sha1_base64="74jjpUfZTXAZ8ZuH6q72IFNqv4M="></latexit>

C(t)~v(n)(t, t0) = �n(t, t0)C(t0)~v
(n)(t, t0)
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Why no-nucleons?
NPLQCD (2021)

NPLQCD (2017)

CALLAT (2017)

Hörz et al. (2021)

mπ ∼ 700 MeV

Nucleons introduce many challenges
More valence quarks

 Computational cost grows with number of valence quarks
Noise grows with baryon number

more statistics needed 
Noise grows for lighter quark masses
Hard…not impossible 



iM = + + + · · ·
Unitarity using all orders perturbation theory:

IR limit of QCD, only interested in 
hadronic d.o.f.

Two-hadron scattering



iM = + + + · · ·
Unitarity using all orders perturbation theory:

non-perturbative kernel including 
all diagrams not shown…

“yep, the left hand cut is there”

{ }
{

+ + · · ·+ + · · ·+

Two-hadron scattering



1

+ PV=

=

Z
d4k

(2⇡)4
[iB(k, P )]2

i

k2 �m2 + i✏

i

(P � k)2 �m2 + i✏

=

Z
d3k

(2⇡)3
[iB(k, P )]2

(2!k)2
⇡�(E � 2!k) + “PV integral”

= [iBon]⇢ [iBon] + “PV integral”
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Unitarity using all orders perturbation theory:

Two-hadron scattering
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Unitarity using all orders perturbation theory:

Im[s]

Re[s]
2N sheets for N open channels

Two-hadron scattering
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+...=

{ }
{

K-matrix

+ + · · ·PV

Unitarity using all orders perturbation theory:

Two-hadron scattering
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= + + · · ·
1

Unitarity using all orders perturbation theory:

square root singularity. 

⇢ ⌘ p

8⇡E
⇠

p
s� sth

Im[s]

Re[s]

Two-hadron scattering
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= + + + · · ·
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Unitarity using all orders perturbation theory:

Im[s]

Re[s]

Sheet II

resonancesR = (ER � i
2�R)

2

bound state

=
i

K�1 � i⇢
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Unitarity using all orders perturbation theory:

=
i

K�1 � i⇢
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Equating this to the elastic S matrix…

S = e2i� = 1 + 2i⇢M
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K�1 = ⇢ cot �

M =
sin �

⇢
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Resonances
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it’s harder to see manifestation of broader 
states, but they are certainly there!

To build some intuition:

K�1 = ⇢ cot �

M =
sin �

⇢
ei�
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 Stable hadron size ~ 

 If , finite-volume errors are suppressed 
𝒪(1/mπ)

L ≫ m−1
π

p
pion cloud

L

mh(L) = mh(1) +O(e�m⇡L)
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One particle in finite volume



Consider the finite-volume two-particle correlator (E~2m):

+ + · · ·V V VC2pt.
L (P ) =

Im[s]

Re[s]

no continuum of states:
- no cuts
- no sheet structure
- no resonances

Two particle in finite volume



+ + · · ·V V V

= C1(P ) + · · ·

Consider the finite-volume two-particle correlator (E~2m):

C2pt.
L (P ) =

Two particle in finite volume



+ + · · ·V V V

= C1(P ) + · · ·+

Consider the finite-volume two-particle correlator (E~2m):

V �1

C2pt.
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V �1

F replaces 𝜌 a simple square root singularity is replaced by a 
function that has both simples poles and the 

square root singularity

Two particle in finite volume



+ + · · ·V V V

= C1(P ) + · · ·+

Consider the finite-volume two-particle correlator (E~2m):
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V �1

F replaces 𝜌 “a simple square root singularity is replaced by a function that 
has both simples poles and the square root singularity”

threshold singularity

imaginary piece

2 2.5 3 3.5 4
E?/m

°60

0

60 mL = 8

Two particle in finite volume



 Lüscher (1986, 1991)
 Rummukainen & Gottlieb (1995)

 Kim, Sachrajda, & Sharpe/Christ, Kim & Yamazaki (2005)

 Feng,  Li, &  Liu (2004); Hansen & Sharpe / RB & Davoudi (2012) 

 RB (2014) 

V �1

+ + · · ·V V V

= C1(P ) + + · · ·+

“smooth”= +A
i

F�1 +MB†

poles satisfy: det[F�1(P,L) +M(P )] = 0

Consider the finite-volume two-particle correlator (E~2m):

V �1 V �1

C2pt.
L (P ) =

Two particle in finite volume



Hansen, RB, Edwards, Thomas, & Wilson (2020)

M ⇠ 1

p cot � � ip
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det[F�1(P,L) +M(P )] = 0

ππ scattering  
(I=2 channel, )mπ ∼ 390 MeV



Hansen, RB, Edwards, Thomas, & Wilson (2020)

M ⇠ 1

p cot � � ip
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det[F�1(P,L) +M(P )] = 0

ππ scattering  
(I=2 channel, )mπ ∼ 390 MeV
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ππ scattering  
(I=1 channel)

Dudek, Edwards, & Thomas (2012)

Wilson, RB, Dudek, Edwards, & Thomas (2015)
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The vacuum channel in a finite volume  
(I=0 channel, )mπ ∼ 390 MeV
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The vacuum channel in a finite volume  
(I=0 channel, )mπ ∼ 390 MeV
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The vacuum channel in a finite volume  
(I=0 channel, )mπ ∼ 390 MeV
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No simple story…need to use quantization 
condition to constrain amplitudes 

The vacuum channel in a finite volume  
(I=0 channel, )mπ ∼ 390 MeV
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Isoscalar spectra // D-wave dominant 
(I=0 channel, )mπ ∼ 390 MeV
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two resonances?

Isoscalar spectra // D-wave dominant 
(I=0 channel, )mπ ∼ 390 MeV
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Isoscalar spectra // D-wave dominant 
(I=0 channel, )mπ ∼ 390 MeV
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f′2(1525)? - PDG [89%]

f2(1270)? - PDG [84%]
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Isoscalar spectra // D-wave dominant 
(I=0 channel, )mπ ∼ 390 MeV
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Dudek, Edwards, & Thomas (2012)

Wilson, RB, Dudek, Edwards, & Thomas (2015)

ππ scattering  
(I=0 // S-wave channel)
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Outline 
First half:

Elastic two-body scattering 
Second half:

Two-body, coupled-channel scattering 
Three-body scattering 



Coupled-channels analysis 
 Above 2mK, there is not a one-to-one correspondence

In general, must constrain (1/2) [N2  + N] functions of energy 
 Need that many energy levels at the same energy
 Alternatively, parametrize scattering amplitude and do a global fit
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Hansen & Sharpe / RB & Davoudi (2012) 
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Coupled-channels analysis 
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700 900 1100

30

60

90

120

150

180

880 900 920 940 960

-10

-20

-30

-40

-50

πK scattering  
(I=1/2 channel)

M ⇠ 1

p cot � � ip
<latexit sha1_base64="TFMMpow2XC3Y9GRTm/BOYheup4c=">AAACEXicbVDLSsNAFJ3UV62vqEs3g0XoxpKIoMuiGzdCBfuAJpTJZNIOnTyYuRFKyC+48VfcuFDErTt3/o2TNgttPXDhcM693HuPlwiuwLK+jcrK6tr6RnWztrW9s7tn7h90VZxKyjo0FrHse0QxwSPWAQ6C9RPJSOgJ1vMm14Xfe2BS8Ti6h2nC3JCMIh5wSkBLQ7PhhATGlIjsNncUD51AEprZeZY4NAbHZwLIKU9wPjTrVtOaAS8TuyR1VKI9NL8cP6ZpyCKggig1sK0E3IxI4FSwvOakiiWETsiIDTSNSMiUm80+yvGJVnwcxFJXBHim/p7ISKjUNPR0Z3G/WvQK8T9vkEJw6WY8SlJgEZ0vClKBIcZFPNjnklEQU00IlVzfiumY6ExAh1jTIdiLLy+T7lnTtpr23Xm9dVXGUUVH6Bg1kI0uUAvdoDbqIIoe0TN6RW/Gk/FivBsf89aKUc4coj8wPn8AjiyeEg==</latexit><latexit sha1_base64="TFMMpow2XC3Y9GRTm/BOYheup4c=">AAACEXicbVDLSsNAFJ3UV62vqEs3g0XoxpKIoMuiGzdCBfuAJpTJZNIOnTyYuRFKyC+48VfcuFDErTt3/o2TNgttPXDhcM693HuPlwiuwLK+jcrK6tr6RnWztrW9s7tn7h90VZxKyjo0FrHse0QxwSPWAQ6C9RPJSOgJ1vMm14Xfe2BS8Ti6h2nC3JCMIh5wSkBLQ7PhhATGlIjsNncUD51AEprZeZY4NAbHZwLIKU9wPjTrVtOaAS8TuyR1VKI9NL8cP6ZpyCKggig1sK0E3IxI4FSwvOakiiWETsiIDTSNSMiUm80+yvGJVnwcxFJXBHim/p7ISKjUNPR0Z3G/WvQK8T9vkEJw6WY8SlJgEZ0vClKBIcZFPNjnklEQU00IlVzfiumY6ExAh1jTIdiLLy+T7lnTtpr23Xm9dVXGUUVH6Bg1kI0uUAvdoDbqIIoe0TN6RW/Gk/FivBsf89aKUc4coj8wPn8AjiyeEg==</latexit><latexit sha1_base64="TFMMpow2XC3Y9GRTm/BOYheup4c=">AAACEXicbVDLSsNAFJ3UV62vqEs3g0XoxpKIoMuiGzdCBfuAJpTJZNIOnTyYuRFKyC+48VfcuFDErTt3/o2TNgttPXDhcM693HuPlwiuwLK+jcrK6tr6RnWztrW9s7tn7h90VZxKyjo0FrHse0QxwSPWAQ6C9RPJSOgJ1vMm14Xfe2BS8Ti6h2nC3JCMIh5wSkBLQ7PhhATGlIjsNncUD51AEprZeZY4NAbHZwLIKU9wPjTrVtOaAS8TuyR1VKI9NL8cP6ZpyCKggig1sK0E3IxI4FSwvOakiiWETsiIDTSNSMiUm80+yvGJVnwcxFJXBHim/p7ISKjUNPR0Z3G/WvQK8T9vkEJw6WY8SlJgEZ0vClKBIcZFPNjnklEQU00IlVzfiumY6ExAh1jTIdiLLy+T7lnTtpr23Xm9dVXGUUVH6Bg1kI0uUAvdoDbqIIoe0TN6RW/Gk/FivBsf89aKUc4coj8wPn8AjiyeEg==</latexit><latexit sha1_base64="TFMMpow2XC3Y9GRTm/BOYheup4c=">AAACEXicbVDLSsNAFJ3UV62vqEs3g0XoxpKIoMuiGzdCBfuAJpTJZNIOnTyYuRFKyC+48VfcuFDErTt3/o2TNgttPXDhcM693HuPlwiuwLK+jcrK6tr6RnWztrW9s7tn7h90VZxKyjo0FrHse0QxwSPWAQ6C9RPJSOgJ1vMm14Xfe2BS8Ti6h2nC3JCMIh5wSkBLQ7PhhATGlIjsNncUD51AEprZeZY4NAbHZwLIKU9wPjTrVtOaAS8TuyR1VKI9NL8cP6ZpyCKggig1sK0E3IxI4FSwvOakiiWETsiIDTSNSMiUm80+yvGJVnwcxFJXBHim/p7ISKjUNPR0Z3G/WvQK8T9vkEJw6WY8SlJgEZ0vClKBIcZFPNjnklEQU00IlVzfiumY6ExAh1jTIdiLLy+T7lnTtpr23Xm9dVXGUUVH6Bg1kI0uUAvdoDbqIIoe0TN6RW/Gk/FivBsf89aKUc4coj8wPn8AjiyeEg==</latexit>

Wilson, RB, Dudek, Edwards, & Thomas (2019)



finite-volume 
spectroscopy 

infinite-volume  
scattering amplitudes

Hansen & Sharpe (’14, ’15)

Mai & Döring (’17)

RB, Hansen & Sharpe (’18)

Hansen, Romero-Lopez & Sharpe (’20)

Blanton & Sharpe (’20)

Jackura et al. (’20)

Three-hadron systems

bound state and
resonance poles

?

?

?

?

? ?

?

?
?

det
h
F3(EL, L) +K�1

df,3(EL)
i
= 0

<latexit sha1_base64="34zfmGEJCFUmToTFgPxWSrESdi8="></latexit><latexit sha1_base64="ix1DFwSzO0jXK98WCJj5EQzKG7w="></latexit><latexit sha1_base64="ix1DFwSzO0jXK98WCJj5EQzKG7w="></latexit><latexit sha1_base64="ix1DFwSzO0jXK98WCJj5EQzKG7w="></latexit>



iD = iM2iGiM2 +

Z
iM2iG iD

<latexit sha1_base64="dBuKdgWU8DBWzEl7HxN1sLqGnkg=">AAACRXicbVDNS8MwHE3n16xfVY9egkMQlNEOQS/C0IFehAnuA9ZS0izbwtIPklQYpf+cF+/e/A+8eFDEq6ZbkbntQeDlvd+PvDwvYlRI03zVCkvLK6trxXV9Y3Nre8fY3WuKMOaYNHDIQt72kCCMBqQhqWSkHXGCfI+Rlje8zvzWI+GChsGDHEXE8VE/oD2KkVSSa9jU9pEcYMSSWgovIYV/97vUrUB6MyvpJ9CmgVwwaZ9Oi7VUd42SWTbHgPPEykkJ5Ki7xovdDXHsk0BihoToWGYknQRxSTEjqW7HgkQID1GfdBQNkE+Ek4xbSOGRUrqwF3J1VL6xOr2RIF+Ike+pySyjmPUycZHXiWXvwkloEMWSBHjyUC9mUIYwqxR2KSdYspEiCHOqskI8QBxhqYrPSrBmvzxPmpWyZZat+7NS9SqvowgOwCE4BhY4B1VwC+qgATB4Am/gA3xqz9q79qV9T0YLWr6zD/5B+/kFlUSv4w==</latexit><latexit sha1_base64="dBuKdgWU8DBWzEl7HxN1sLqGnkg=">AAACRXicbVDNS8MwHE3n16xfVY9egkMQlNEOQS/C0IFehAnuA9ZS0izbwtIPklQYpf+cF+/e/A+8eFDEq6ZbkbntQeDlvd+PvDwvYlRI03zVCkvLK6trxXV9Y3Nre8fY3WuKMOaYNHDIQt72kCCMBqQhqWSkHXGCfI+Rlje8zvzWI+GChsGDHEXE8VE/oD2KkVSSa9jU9pEcYMSSWgovIYV/97vUrUB6MyvpJ9CmgVwwaZ9Oi7VUd42SWTbHgPPEykkJ5Ki7xovdDXHsk0BihoToWGYknQRxSTEjqW7HgkQID1GfdBQNkE+Ek4xbSOGRUrqwF3J1VL6xOr2RIF+Ike+pySyjmPUycZHXiWXvwkloEMWSBHjyUC9mUIYwqxR2KSdYspEiCHOqskI8QBxhqYrPSrBmvzxPmpWyZZat+7NS9SqvowgOwCE4BhY4B1VwC+qgATB4Am/gA3xqz9q79qV9T0YLWr6zD/5B+/kFlUSv4w==</latexit><latexit sha1_base64="dBuKdgWU8DBWzEl7HxN1sLqGnkg=">AAACRXicbVDNS8MwHE3n16xfVY9egkMQlNEOQS/C0IFehAnuA9ZS0izbwtIPklQYpf+cF+/e/A+8eFDEq6ZbkbntQeDlvd+PvDwvYlRI03zVCkvLK6trxXV9Y3Nre8fY3WuKMOaYNHDIQt72kCCMBqQhqWSkHXGCfI+Rlje8zvzWI+GChsGDHEXE8VE/oD2KkVSSa9jU9pEcYMSSWgovIYV/97vUrUB6MyvpJ9CmgVwwaZ9Oi7VUd42SWTbHgPPEykkJ5Ki7xovdDXHsk0BihoToWGYknQRxSTEjqW7HgkQID1GfdBQNkE+Ek4xbSOGRUrqwF3J1VL6xOr2RIF+Ike+pySyjmPUycZHXiWXvwkloEMWSBHjyUC9mUIYwqxR2KSdYspEiCHOqskI8QBxhqYrPSrBmvzxPmpWyZZat+7NS9SqvowgOwCE4BhY4B1VwC+qgATB4Am/gA3xqz9q79qV9T0YLWr6zD/5B+/kFlUSv4w==</latexit><latexit sha1_base64="dBuKdgWU8DBWzEl7HxN1sLqGnkg=">AAACRXicbVDNS8MwHE3n16xfVY9egkMQlNEOQS/C0IFehAnuA9ZS0izbwtIPklQYpf+cF+/e/A+8eFDEq6ZbkbntQeDlvd+PvDwvYlRI03zVCkvLK6trxXV9Y3Nre8fY3WuKMOaYNHDIQt72kCCMBqQhqWSkHXGCfI+Rlje8zvzWI+GChsGDHEXE8VE/oD2KkVSSa9jU9pEcYMSSWgovIYV/97vUrUB6MyvpJ9CmgVwwaZ9Oi7VUd42SWTbHgPPEykkJ5Ki7xovdDXHsk0BihoToWGYknQRxSTEjqW7HgkQID1GfdBQNkE+Ek4xbSOGRUrqwF3J1VL6xOr2RIF+Ike+pySyjmPUycZHXiWXvwkloEMWSBHjyUC9mUIYwqxR2KSdYspEiCHOqskI8QBxhqYrPSrBmvzxPmpWyZZat+7NS9SqvowgOwCE4BhY4B1VwC+qgATB4Am/gA3xqz9q79qV9T0YLWr6zD/5B+/kFlUSv4w==</latexit>

The three-body scattering amplitude using all orders perturbation theory.
Sum over all connected 3-to-3 diagrams…
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Three hadrons in an infinite volume

satisfies an integral equationsG ⇠ 1

(P � p� k)2 �m2
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The three-body scattering amplitude using all orders perturbation theory.
Sum over all connected 3-to-3 diagrams…

+ · · ·+ + · · ·
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+ · · ·+
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two integral equations and you’re done!

Three hadrons in an infinite volume



Finite-volume correlator…
Three hadrons in a finite volume

V
C2pt.

L (P ) =
V

`0,m0`,m

~p ~k

the klm basis:

“spectator”

not a natural basis in a 
infinite volume…that’s ok!

More degrees of freedom. 
In infinite volume = (6 particles with 3 unfixed momenta)      
- (10 Poincare generators) = 8 d.o.f.
The klm basis has 1 + 4 + 6 = 11 d.o.f. …also ok!

+ · · ·



Finite-volume correlator…
Three hadrons in a finite volume

V
C2pt.

L (P ) =
V + · · ·
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Finite-volume correlator…
Three hadrons in a finite volume

+ + · · ·
V V V
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V
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V V+
V

+ · · ·V V+
V

“exchange cuts”

⇠ iK2 iG iK2
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Finite-volume correlator…
Three hadrons in a finite volume

+ + · · ·
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Consider the case where two-body system is an S-wave

F iso
3 (E,L) =

X

k,p

[F s
3 ]kp

F iso
3 (E, ~P ,L) = �1/Kiso

df,3(E
⇤)

Furthermore, consider the case where the K-matrix does not depend on the spectator 
momentum. Then the quantization condition reduces to:

Where:

[F s
3 ]kp =

1

L3


F s

3
� F s 1

1/(2!Ks
2) + F s +Gs

F s

�

kp
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Assuming  and partial wave-projecting onto  sector, 𝒦df = 0 ℓ = 0

Solving integral equations

D(u,u)
s (p, k) = �M2(E

?
2,p)Gs(p, k, ✏)M2(E

?
2,k)�M2(E

?
2,p)

Z kmax

0

k02 dk0

(2⇡)2!k0
Gs(p, k

0, ✏)D(u,u)
s (k0, k),

<latexit sha1_base64="77o2/Y6d+iQobIJhD6UfME23N7o="></latexit><latexit sha1_base64="77o2/Y6d+iQobIJhD6UfME23N7o="></latexit><latexit sha1_base64="77o2/Y6d+iQobIJhD6UfME23N7o="></latexit><latexit sha1_base64="77o2/Y6d+iQobIJhD6UfME23N7o="></latexit>

Jackura, RB, Dawid, Islam, & McCarty (2020)

Discretized momenta: meshes, splines,…
Soften or isolate possible singularities: non-zero epsilon, integrate out poles analytically, …
Write as a matrix form:  

Recover the exact results when taking . ϵ = η/N → 0

D(N, ✏) = �M ·G(✏) ·M�M ·G(✏) · P ·D(N, ✏)
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Consistency checks for toy model
Consider a toy theory with a two-body bound state

 Simple case 

if , there is a bound state with binding energy 

q cot δ = −
1
a

a > 0 Eb = 2 m2 −
1
a2

Im[s]

(m + Eb)2 (3m)2
Re[s]

(
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Alternatively to solving the integral equations, one can instead:
Fix  and 
obtain   using 3-body quantization by Hansen & Sharpe (2014), 
obtain   using the two-body Lüscher formalism. 

ma = 2 𝒦df = 0
EL
q cot δφb

Consistency checks for toy model

Romero-López, Sharpe, Blanton, RB, & Hansen (2019)
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F3(EL, L) +K�1

df,3(EL)
i
= 0
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Jackura, RB, Dawid, Islam, & McCarty (2020)

One can also solve the integral equations to find agreement! 
Two independent methods reproducing same exact amplitudes!
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EB(L) = 3� 2 � 96.35|A|22 e
�2L/

p
3

(L)3/2
<latexit sha1_base64="z/XeB1sPPjEbJh+6AeSobtRtPc8="></latexit><latexit sha1_base64="z/XeB1sPPjEbJh+6AeSobtRtPc8="></latexit><latexit sha1_base64="z/XeB1sPPjEbJh+6AeSobtRtPc8="></latexit><latexit sha1_base64="z/XeB1sPPjEbJh+6AeSobtRtPc8="></latexit>

Meißner, Ríıos, & Rusetsky  (2015)

rB ⇠ 1


<latexit sha1_base64="UIWeVSS2Suzh06hYPK6ADYz5OUY=">AAACAHicbVDLSgMxFM3UV62vURcu3ASL4KrMiKDLUjcuK9gHdIYhk2ba0CQTkoxQhtn4K25cKOLWz3Dn35i2s9DWAxcO59zLvffEklFtPO/bqaytb2xuVbdrO7t7+wfu4VFXp5nCpINTlqp+jDRhVJCOoYaRvlQE8ZiRXjy5nfm9R6I0TcWDmUoScjQSNKEYGStF7omKWoGmPEgUwrlf5MEESYmKyK17DW8OuEr8ktRBiXbkfgXDFGecCIMZ0nrge9KEOVKGYkaKWpBpIhGeoBEZWCoQJzrM5w8U8NwqQ5ikypYwcK7+nsgR13rKY9vJkRnrZW8m/ucNMpPchDkVMjNE4MWiJGPQpHCWBhxSRbBhU0sQVtTeCvEY2SiMzaxmQ/CXX14l3cuG7zX8+6t6s1XGUQWn4AxcAB9cgya4A23QARgU4Bm8gjfnyXlx3p2PRWvFKWeOwR84nz82g5bL</latexit><latexit sha1_base64="UIWeVSS2Suzh06hYPK6ADYz5OUY=">AAACAHicbVDLSgMxFM3UV62vURcu3ASL4KrMiKDLUjcuK9gHdIYhk2ba0CQTkoxQhtn4K25cKOLWz3Dn35i2s9DWAxcO59zLvffEklFtPO/bqaytb2xuVbdrO7t7+wfu4VFXp5nCpINTlqp+jDRhVJCOoYaRvlQE8ZiRXjy5nfm9R6I0TcWDmUoScjQSNKEYGStF7omKWoGmPEgUwrlf5MEESYmKyK17DW8OuEr8ktRBiXbkfgXDFGecCIMZ0nrge9KEOVKGYkaKWpBpIhGeoBEZWCoQJzrM5w8U8NwqQ5ikypYwcK7+nsgR13rKY9vJkRnrZW8m/ucNMpPchDkVMjNE4MWiJGPQpHCWBhxSRbBhU0sQVtTeCvEY2SiMzaxmQ/CXX14l3cuG7zX8+6t6s1XGUQWn4AxcAB9cgya4A23QARgU4Bm8gjfnyXlx3p2PRWvFKWeOwR84nz82g5bL</latexit><latexit sha1_base64="UIWeVSS2Suzh06hYPK6ADYz5OUY=">AAACAHicbVDLSgMxFM3UV62vURcu3ASL4KrMiKDLUjcuK9gHdIYhk2ba0CQTkoxQhtn4K25cKOLWz3Dn35i2s9DWAxcO59zLvffEklFtPO/bqaytb2xuVbdrO7t7+wfu4VFXp5nCpINTlqp+jDRhVJCOoYaRvlQE8ZiRXjy5nfm9R6I0TcWDmUoScjQSNKEYGStF7omKWoGmPEgUwrlf5MEESYmKyK17DW8OuEr8ktRBiXbkfgXDFGecCIMZ0nrge9KEOVKGYkaKWpBpIhGeoBEZWCoQJzrM5w8U8NwqQ5ikypYwcK7+nsgR13rKY9vJkRnrZW8m/ucNMpPchDkVMjNE4MWiJGPQpHCWBhxSRbBhU0sQVtTeCvEY2SiMzaxmQ/CXX14l3cuG7zX8+6t6s1XGUQWn4AxcAB9cgya4A23QARgU4Bm8gjfnyXlx3p2PRWvFKWeOwR84nz82g5bL</latexit><latexit sha1_base64="UIWeVSS2Suzh06hYPK6ADYz5OUY=">AAACAHicbVDLSgMxFM3UV62vURcu3ASL4KrMiKDLUjcuK9gHdIYhk2ba0CQTkoxQhtn4K25cKOLWz3Dn35i2s9DWAxcO59zLvffEklFtPO/bqaytb2xuVbdrO7t7+wfu4VFXp5nCpINTlqp+jDRhVJCOoYaRvlQE8ZiRXjy5nfm9R6I0TcWDmUoScjQSNKEYGStF7omKWoGmPEgUwrlf5MEESYmKyK17DW8OuEr8ktRBiXbkfgXDFGecCIMZ0nrge9KEOVKGYkaKWpBpIhGeoBEZWCoQJzrM5w8U8NwqQ5ikypYwcK7+nsgR13rKY9vJkRnrZW8m/ucNMpPchDkVMjNE4MWiJGPQpHCWBhxSRbBhU0sQVtTeCvEY2SiMzaxmQ/CXX14l3cuG7zX8+6t6s1XGUQWn4AxcAB9cgya4A23QARgU4Bm8gjfnyXlx3p2PRWvFKWeOwR84nz82g5bL</latexit>

Efimov-like physics 



60 65 70
mL

°4

°3

°2

°1

[ E
B
(L

)
°

E
B
] /

m
£

10
5

4 5 6 7 8 9 10
mL

2.6

2.8

3.0

E
B
(L

)/
m

(a) (b)

(c)

20 25 30 35 40
mL

2.96

2.97

2.98

2.99

3.00

E
B
(L

)/
m

EB(L) from q.c.
EB(1)

EB(L) from q.c.

EB(L) from q.c.
EB(1)

ENR(L)

ENR(L)ENR(L)

ma=-104

 Kdf is tuned to have a bound 
state at E=2.989m

p cot �2 = �1
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<latexit sha1_base64="v2IHkwRjVxNUymg09ttFp3KvE/s=">AAACCnicbVDLSsNAFJ3UV62vqEs30SIIYkmKoBuh6MZlBfuAJoTJZNIOnWTCzI1QQtZu/BU3LhRx6xe482+cPhbaeuDC4Zx7ufeeIOVMgW1/G6Wl5ZXVtfJ6ZWNza3vH3N1rK5FJQltEcCG7AVaUs4S2gAGn3VRSHAecdoLhzdjvPFCpmEjuYZRSL8b9hEWMYNCSbx6mLhHghpQD9utXZ24kMcmdIsfFqUtCAco3q3bNnsBaJM6MVNEMTd/8ckNBspgmQDhWqufYKXg5lsAIp0XFzRRNMRniPu1pmuCYKi+fvFJYx1oJrUhIXQlYE/X3RI5jpUZxoDtjDAM1743F/7xeBtGll7MkzYAmZLooyrgFwhrnYoVMUgJ8pAkmkulbLTLAOgzQ6VV0CM78y4ukXa85ds25O682rmdxlNEBOkInyEEXqIFuURO1EEGP6Bm9ojfjyXgx3o2PaWvJmM3soz8wPn8AH7Wahg==</latexit><latexit sha1_base64="v2IHkwRjVxNUymg09ttFp3KvE/s=">AAACCnicbVDLSsNAFJ3UV62vqEs30SIIYkmKoBuh6MZlBfuAJoTJZNIOnWTCzI1QQtZu/BU3LhRx6xe482+cPhbaeuDC4Zx7ufeeIOVMgW1/G6Wl5ZXVtfJ6ZWNza3vH3N1rK5FJQltEcCG7AVaUs4S2gAGn3VRSHAecdoLhzdjvPFCpmEjuYZRSL8b9hEWMYNCSbx6mLhHghpQD9utXZ24kMcmdIsfFqUtCAco3q3bNnsBaJM6MVNEMTd/8ckNBspgmQDhWqufYKXg5lsAIp0XFzRRNMRniPu1pmuCYKi+fvFJYx1oJrUhIXQlYE/X3RI5jpUZxoDtjDAM1743F/7xeBtGll7MkzYAmZLooyrgFwhrnYoVMUgJ8pAkmkulbLTLAOgzQ6VV0CM78y4ukXa85ds25O682rmdxlNEBOkInyEEXqIFuURO1EEGP6Bm9ojfjyXgx3o2PaWvJmM3soz8wPn8AH7Wahg==</latexit><latexit sha1_base64="v2IHkwRjVxNUymg09ttFp3KvE/s=">AAACCnicbVDLSsNAFJ3UV62vqEs30SIIYkmKoBuh6MZlBfuAJoTJZNIOnWTCzI1QQtZu/BU3LhRx6xe482+cPhbaeuDC4Zx7ufeeIOVMgW1/G6Wl5ZXVtfJ6ZWNza3vH3N1rK5FJQltEcCG7AVaUs4S2gAGn3VRSHAecdoLhzdjvPFCpmEjuYZRSL8b9hEWMYNCSbx6mLhHghpQD9utXZ24kMcmdIsfFqUtCAco3q3bNnsBaJM6MVNEMTd/8ckNBspgmQDhWqufYKXg5lsAIp0XFzRRNMRniPu1pmuCYKi+fvFJYx1oJrUhIXQlYE/X3RI5jpUZxoDtjDAM1743F/7xeBtGll7MkzYAmZLooyrgFwhrnYoVMUgJ8pAkmkulbLTLAOgzQ6VV0CM78y4ukXa85ds25O682rmdxlNEBOkInyEEXqIFuURO1EEGP6Bm9ojfjyXgx3o2PaWvJmM3soz8wPn8AH7Wahg==</latexit><latexit sha1_base64="v2IHkwRjVxNUymg09ttFp3KvE/s=">AAACCnicbVDLSsNAFJ3UV62vqEs30SIIYkmKoBuh6MZlBfuAJoTJZNIOnWTCzI1QQtZu/BU3LhRx6xe482+cPhbaeuDC4Zx7ufeeIOVMgW1/G6Wl5ZXVtfJ6ZWNza3vH3N1rK5FJQltEcCG7AVaUs4S2gAGn3VRSHAecdoLhzdjvPFCpmEjuYZRSL8b9hEWMYNCSbx6mLhHghpQD9utXZ24kMcmdIsfFqUtCAco3q3bNnsBaJM6MVNEMTd/8ckNBspgmQDhWqufYKXg5lsAIp0XFzRRNMRniPu1pmuCYKi+fvFJYx1oJrUhIXQlYE/X3RI5jpUZxoDtjDAM1743F/7xeBtGll7MkzYAmZLooyrgFwhrnYoVMUgJ8pAkmkulbLTLAOgzQ6VV0CM78y4ukXa85ds25O682rmdxlNEBOkInyEEXqIFuURO1EEGP6Bm9ojfjyXgx3o2PaWvJmM3soz8wPn8AH7Wahg==</latexit>

Efimov-like physics 
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iM3(k, p) ⇠
<latexit sha1_base64="pI/PEVEj+NS5lZP2l3BizhYchSk=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaLUEFKooIui27cCBXsA5oQJtNJO3RmEmYmQgnZ+CtuXCji1s9w5984bbPQ1gMXDufcy733hAmjSjvOt1VaWl5ZXSuvVzY2t7Z37N29topTiUkLxyyW3RApwqggLU01I91EEsRDRjrh6Gbidx6JVDQWD3qcEJ+jgaARxUgbKbAPqMeRHmLEsrs8OK+NTpMTT1Ee2FWn7kwBF4lbkCoo0AzsL68f45QToTFDSvVcJ9F+hqSmmJG84qWKJAiP0ID0DBWIE+Vn0wdyeGyUPoxiaUpoOFV/T2SIKzXmoemcXKvmvYn4n9dLdXTlZ1QkqSYCzxZFKYM6hpM0YJ9KgjUbG4KwpOZWiIdIIqxNZhUTgjv/8iJpn9Vdp+7eX1Qb10UcZXAIjkANuOASNMAtaIIWwCAHz+AVvFlP1ov1bn3MWktWMbMP/sD6/AEF/pYE</latexit><latexit sha1_base64="pI/PEVEj+NS5lZP2l3BizhYchSk=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaLUEFKooIui27cCBXsA5oQJtNJO3RmEmYmQgnZ+CtuXCji1s9w5984bbPQ1gMXDufcy733hAmjSjvOt1VaWl5ZXSuvVzY2t7Z37N29topTiUkLxyyW3RApwqggLU01I91EEsRDRjrh6Gbidx6JVDQWD3qcEJ+jgaARxUgbKbAPqMeRHmLEsrs8OK+NTpMTT1Ee2FWn7kwBF4lbkCoo0AzsL68f45QToTFDSvVcJ9F+hqSmmJG84qWKJAiP0ID0DBWIE+Vn0wdyeGyUPoxiaUpoOFV/T2SIKzXmoemcXKvmvYn4n9dLdXTlZ1QkqSYCzxZFKYM6hpM0YJ9KgjUbG4KwpOZWiIdIIqxNZhUTgjv/8iJpn9Vdp+7eX1Qb10UcZXAIjkANuOASNMAtaIIWwCAHz+AVvFlP1ov1bn3MWktWMbMP/sD6/AEF/pYE</latexit><latexit sha1_base64="pI/PEVEj+NS5lZP2l3BizhYchSk=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaLUEFKooIui27cCBXsA5oQJtNJO3RmEmYmQgnZ+CtuXCji1s9w5984bbPQ1gMXDufcy733hAmjSjvOt1VaWl5ZXSuvVzY2t7Z37N29topTiUkLxyyW3RApwqggLU01I91EEsRDRjrh6Gbidx6JVDQWD3qcEJ+jgaARxUgbKbAPqMeRHmLEsrs8OK+NTpMTT1Ee2FWn7kwBF4lbkCoo0AzsL68f45QToTFDSvVcJ9F+hqSmmJG84qWKJAiP0ID0DBWIE+Vn0wdyeGyUPoxiaUpoOFV/T2SIKzXmoemcXKvmvYn4n9dLdXTlZ1QkqSYCzxZFKYM6hpM0YJ9KgjUbG4KwpOZWiIdIIqxNZhUTgjv/8iJpn9Vdp+7eX1Qb10UcZXAIjkANuOASNMAtaIIWwCAHz+AVvFlP1ov1bn3MWktWMbMP/sD6/AEF/pYE</latexit><latexit sha1_base64="pI/PEVEj+NS5lZP2l3BizhYchSk=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaLUEFKooIui27cCBXsA5oQJtNJO3RmEmYmQgnZ+CtuXCji1s9w5984bbPQ1gMXDufcy733hAmjSjvOt1VaWl5ZXSuvVzY2t7Z37N29topTiUkLxyyW3RApwqggLU01I91EEsRDRjrh6Gbidx6JVDQWD3qcEJ+jgaARxUgbKbAPqMeRHmLEsrs8OK+NTpMTT1Ee2FWn7kwBF4lbkCoo0AzsL68f45QToTFDSvVcJ9F+hqSmmJG84qWKJAiP0ID0DBWIE+Vn0wdyeGyUPoxiaUpoOFV/T2SIKzXmoemcXKvmvYn4n9dLdXTlZ1QkqSYCzxZFKYM6hpM0YJ9KgjUbG4KwpOZWiIdIIqxNZhUTgjv/8iJpn9Vdp+7eX1Qb10UcZXAIjkANuOASNMAtaIIWwCAHz+AVvFlP1ov1bn3MWktWMbMP/sD6/AEF/pYE</latexit>

= i�(k)
i

s� sB
i�(p)

<latexit sha1_base64="0RiPuIyzhvzN2LtGlf05rGtnk+8=">AAACEnicbVDLSsNAFJ34rPUVdelmsAgt1JKIoBuh1IUuK9gHNCFMppN26EwSZiZCCfkGN/6KGxeKuHXlzr9x2kbQ1gMXDufcy733+DGjUlnWl7G0vLK6tl7YKG5ube/smnv7bRklApMWjlgkuj6ShNGQtBRVjHRjQRD3Gen4o6uJ37knQtIovFPjmLgcDUIaUIyUljyzAi+pc404R+VRxak6gUA4pVkqT6TXyJzqjxlXPLNk1awp4CKxc1ICOZqe+en0I5xwEirMkJQ924qVmyKhKGYkKzqJJDHCIzQgPU1DxIl00+lLGTzWSh8GkdAVKjhVf0+kiEs55r7u5EgN5bw3Ef/zeokKLtyUhnGiSIhni4KEQRXBST6wTwXBio01QVhQfSvEQ6RTUTrFog7Bnn95kbRPa7ZVs2/PSvVGHkcBHIIjUAY2OAd1cAOaoAUweABP4AW8Go/Gs/FmvM9al4x85gD8gfHxDSccnIQ=</latexit><latexit sha1_base64="0RiPuIyzhvzN2LtGlf05rGtnk+8=">AAACEnicbVDLSsNAFJ34rPUVdelmsAgt1JKIoBuh1IUuK9gHNCFMppN26EwSZiZCCfkGN/6KGxeKuHXlzr9x2kbQ1gMXDufcy733+DGjUlnWl7G0vLK6tl7YKG5ube/smnv7bRklApMWjlgkuj6ShNGQtBRVjHRjQRD3Gen4o6uJ37knQtIovFPjmLgcDUIaUIyUljyzAi+pc404R+VRxak6gUA4pVkqT6TXyJzqjxlXPLNk1awp4CKxc1ICOZqe+en0I5xwEirMkJQ924qVmyKhKGYkKzqJJDHCIzQgPU1DxIl00+lLGTzWSh8GkdAVKjhVf0+kiEs55r7u5EgN5bw3Ef/zeokKLtyUhnGiSIhni4KEQRXBST6wTwXBio01QVhQfSvEQ6RTUTrFog7Bnn95kbRPa7ZVs2/PSvVGHkcBHIIjUAY2OAd1cAOaoAUweABP4AW8Go/Gs/FmvM9al4x85gD8gfHxDSccnIQ=</latexit><latexit sha1_base64="0RiPuIyzhvzN2LtGlf05rGtnk+8=">AAACEnicbVDLSsNAFJ34rPUVdelmsAgt1JKIoBuh1IUuK9gHNCFMppN26EwSZiZCCfkGN/6KGxeKuHXlzr9x2kbQ1gMXDufcy733+DGjUlnWl7G0vLK6tl7YKG5ube/smnv7bRklApMWjlgkuj6ShNGQtBRVjHRjQRD3Gen4o6uJ37knQtIovFPjmLgcDUIaUIyUljyzAi+pc404R+VRxak6gUA4pVkqT6TXyJzqjxlXPLNk1awp4CKxc1ICOZqe+en0I5xwEirMkJQ924qVmyKhKGYkKzqJJDHCIzQgPU1DxIl00+lLGTzWSh8GkdAVKjhVf0+kiEs55r7u5EgN5bw3Ef/zeokKLtyUhnGiSIhni4KEQRXBST6wTwXBio01QVhQfSvEQ6RTUTrFog7Bnn95kbRPa7ZVs2/PSvVGHkcBHIIjUAY2OAd1cAOaoAUweABP4AW8Go/Gs/FmvM9al4x85gD8gfHxDSccnIQ=</latexit><latexit sha1_base64="0RiPuIyzhvzN2LtGlf05rGtnk+8=">AAACEnicbVDLSsNAFJ34rPUVdelmsAgt1JKIoBuh1IUuK9gHNCFMppN26EwSZiZCCfkGN/6KGxeKuHXlzr9x2kbQ1gMXDufcy733+DGjUlnWl7G0vLK6tl7YKG5ube/smnv7bRklApMWjlgkuj6ShNGQtBRVjHRjQRD3Gen4o6uJ37knQtIovFPjmLgcDUIaUIyUljyzAi+pc404R+VRxak6gUA4pVkqT6TXyJzqjxlXPLNk1awp4CKxc1ICOZqe+en0I5xwEirMkJQ924qVmyKhKGYkKzqJJDHCIzQgPU1DxIl00+lLGTzWSh8GkdAVKjhVf0+kiEs55r7u5EgN5bw3Ef/zeokKLtyUhnGiSIhni4KEQRXBST6wTwXBio01QVhQfSvEQ6RTUTrFog7Bnn95kbRPa7ZVs2/PSvVGHkcBHIIjUAY2OAd1cAOaoAUweABP4AW8Go/Gs/FmvM9al4x85gD8gfHxDSccnIQ=</latexit>

k
<latexit sha1_base64="FN4g9GFe+3ziaTgM0DMwdUeUKp0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORmUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4A0oWM7w==</latexit><latexit sha1_base64="FN4g9GFe+3ziaTgM0DMwdUeUKp0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORmUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4A0oWM7w==</latexit><latexit sha1_base64="FN4g9GFe+3ziaTgM0DMwdUeUKp0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORmUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4A0oWM7w==</latexit><latexit sha1_base64="FN4g9GFe+3ziaTgM0DMwdUeUKp0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORmUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4A0oWM7w==</latexit>
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Not a fit! Matching of the Efimov 
wave function to the residue of the 
scattering amplitude.

Efimov-like physics 



Hansen, RB, Edwards, Thomas, & Wilson (2020)

mπ ∼ 390 MeV

πππ 
(I=3 channel, )mπ ∼ 390 MeV

103 energy levels described by 
three numbers:  mπ, aππ, 𝒦3,iso
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Hansen, RB, Edwards, Thomas, & Wilson (2020)

mπ ∼ 390 MeV

πππ scattering 
(I=3 channel, )mπ ∼ 390 MeV

first 3body scattering amplitude from the lattice QCD!
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πππ scattering 
(I=3 channel, )mπ ∼ 390 MeV

first 3body scattering amplitude from the lattice QCD!
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Raúl A. Briceño,1, ⇤ Jozef J. Dudek,1, 2, † and Ross D. Young3, ‡

1Thomas Je↵erson National Accelerator Facility, 12000 Je↵erson Avenue, Newport News, Virginia 23606, USA

2Department of Physics, College of William and Mary, Williamsburg, Virginia 23187, USA

3Special Research Center for the Subatomic Structure of Matter (CSSM), Department of Physics,
University of Adelaide, Adelaide 5005, Australia

(Dated: June 17, 2017)

The vast majority of hadrons observed in nature are not stable under the strong inter-
action, rather they are resonances whose existence is deduced from enhancements in
the energy dependence of scattering amplitudes. The study of hadron resonances of-
fers a window into the workings of quantum chromodynamics (QCD) in the low-energy
non-perturbative region, and in addition, many probes of the limits of the electroweak
sector of the Standard Model consider processes which feature hadron resonances. From
a theoretical standpoint, this is a challenging field: the same dynamics that binds quarks
and gluons into hadron resonances also controls their decay into lighter hadrons, so a
complete approach to QCD is required. Presently, lattice QCD is the only available tool
that provides the required non-perturbative evaluation of hadron observables. In this
article, we review progress in the study of few-hadron reactions in which resonances and
bound-states appear using lattice QCD techniques. We describe the leading approach
which takes advantage of the periodic finite spatial volume used in lattice QCD calcula-
tions to extract scattering amplitudes from the discrete spectrum of QCD eigenstates in
a box. We explain how from explicit lattice QCD calculations, one can rigorously gar-
ner information about a variety of resonance properties, including their masses, widths,
decay couplings, and form factors. The challenges which currently limit the field are
discussed along with the steps being taken to resolve them.
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mπ ∼ 390 MeV
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