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Elastic sheets

J. Dervaux, M. Ben Amar, PRL 2008 J. Guven et al., EPJE 2013

soft growing tissues & defects in paper

UNIVERSITE
DE LORRAINE

1/18



Surface model

® Use a continuum description and model the elastic sheet as a
two-dimensional surface.

® |ts energy is given as a surface integral over a scalar density #:

H:/dAH.
X

® Elastic sheets offer resistance to bending and tangential strain.

Helastic sheet — / dA (Hbend + Hstretching)
>
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Surface model

® Bending:

1 -
Hpend = 5kK2 + kKg Helfrich (1973)

k: bending modulus
k: saddle splay modulus
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Surface model

® Bending:

1
Hpend = §K2 + ke Ke Helfrich (1973)

Scaling: kg = k/k

. . ) 1
® Curvature in one dimension: ¢ = —
p
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Definition of K and Kg

In two dimensions:

Hpend = [ dA (3K? + keKq)

1 1
K = atao=—+—
rn rn
1 1
KG = C-C = —- -—
n nr
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Differential geometry

® Consider 2D surface %, which is described locally by its
position X (u!, u?) € R3, where the u? are a suitable set of
local coordinates on the surface.

® Basis:

eazi; n —=

® metric and extrinsic curvature tensor (a, b ¢ {1,2}):
on

oub
* Note that: K = Kapg?® and Kg =3(K? — KapK?P).

8ab = €5 €p ; Kb = e, e, Vpn.
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Surface model

® Elastic sheets offer resistance to tangential strain.

Helastic sheet — / dA (Hbend +Hstretching) h: thickness
> - Vh3' N——
[ oxh

e |IDEA for h — 0: fix the metric of the surface to gé(,z) via a
Lagrange multiplier T22.

1
H= / dA Hpend — / dA T%%(gap —gf,g))
¥ 2 s

J. Guven, M. M. Miiller, J. Phys. A 41, 055203 (2008).
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Shape equation

® Variation of the surface vector function: X — X + 46X = 6H
® Ground state in equilibrium = 6H =0

o0H = / dA (Vaf") -0X + 5Hboundary =0. (f?: stress tensor)
>
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Shape equation

® Variation of the surface vector function: X — X + 46X = 6H
® Decomposition: 6X = Ve, + dn

SH = /ZdA (€0~ Kan T*) &+ (VaT*) Wy + Houndary = 0.

K2
=| —AK - K(% —2Ks) - KapT®=0 and V,T*=0.

® This set of nonlinear partial differential equations has to be
solved to determine the shape of the sheet.

e But: What about the boundary conditions?
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Darboux frame adapted to the boundary

¢ Darboux frame adapted to the boundary Y (¢) with tangent
T =T%,;and conormal L=nx T = L%,

e Motion of the frame along the boundary (T =9, T, ...):

T 0 Kg —Kn T
L |=| —kg O Tg L
n kn —Tg 0O n
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Darboux frame adapted to the boundary

¢ Darboux frame adapted to the boundary Y (¢) with tangent
T =T%,;and conormal L=nx T = L%,

® Geodesic curvature kg = T L= L, TPV, T?
Normal curvature K, =0 - T = K,, T2 TP = K|
Geodesic torsion 7, = L-n=—K,L°Tb = —K|L
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The boundary integral

® Variation of the energy:

SH = / dA (Vaf?) - 5X + 6Hroundary -
>
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The boundary integral

® Variation of the energy due to surface boundary changes:

5Hboundary = —% dé L, (fa - 0X — Habeb . 5") ,
ox

where
1
fi = K(K®-— §Kgab + T%*)ep, — VK n and
/Hab — Kgab + kG(Kgab _ Kab).
® Decomposition w.r.t the Darboux frame:

5X:\U||T—|—\ULL+¢I1.
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The boundary integral

¢ In equilibrium (VL = L?V,):
5Hboundary = _f d/ [T}_)H WH + (TE - Hbend)wJ_
ox

— (VLK + keg) ® + (K + kglfn)vlq)] —0,

® Naively, W, W, ® and V| ® can be varied independently on
free boundaries.
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The boundary integral

¢ In equilibrium (VL = L?V,):
5Hboundary = _fi‘) d/ [T}_)H WH + (TE - Hbend)wJ_
)N

— (VLK + keg) ® + (K + kan)Vld)] —0,

® Naively, W, W, ® and V| ® can be varied independently on
free boundaries.

® However, consider the balance of torques captured by

K+ kecrkn=0.
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The boundary integral

¢ In equilibrium (VL = L?V,):
(5Hboundary = _72 d/ [T}_)H WH + (TE - Hbend)wJ_
)N

— (VLK + keg) ® + (K + kGKJn)VJ_CD] —0,

® Naively, W, W, ® and V| ® can be varied independently on
free boundaries.

® For a flat sheet:
K=0.

This does not make sense!
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The boundary integral on free edges

® The three components of § X on free boundaries are not
independent!

® Proposition: Fix the intrinsic geometry of the boundary curve
itself, i.e., local arc-length ¢ and geodesic curvature rg.

e Using Lagrange multipliers 7 and A:

1
H**" = / dA Hpend — 2/ dA T%%(gap — gig))
5 b3

+}1{ dvT (VG- VGO)+ & dvA(VGrg — VG Ii(o)
ox

ox

finally yields
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The boundary integral on free edges

boundary

5Ht°t — —f;z d/ :TEH —I—T—‘r/.\lﬁg:| \UH
- 1 .
—fg d¢ Tf—§K2+/~egT—/\—(/\+/<G)K(,~}\|:L
z L

+7{ A0 |V LK + T + 2Arg + (A + ko )7g|®
ox -

+7§ e [K + (A + kG)/f,,)] V.0
)N -

J. Guven, M. M. Miiller & P. Vzquez-Montejo, Math. Mech. Solids 24, 4051 (2019).
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The boundary integral on free edges

5HE<O)Emdary = - f;z dg _TB‘ + + /\/w'g:| \U”

r 1
—j{ de | TP — ZK? + —/\—(/\+/<G)K(,~}wL
or L 2

+7{ de[v K+ +2/\,~g+(A+kG)+g}q>
ox -

+}[ e [K + (\ + kG)/{n)] V.0
)N -

Terms from bending and the constraints on surface isometry,
, and geodesic curvature
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Boundary conditions on free edges

e With A — A + kg, we obtain the boundary conditions:
TH + T+ Mg =0

1
2
V1K + kT + 2015 + Nig =0

TP — K% 4 kT —N—AKg =0

K+Ak,=0

Solve the shape equations subject to these boundary conditions!
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Boundary conditions on free edges

e With A — A + kg, we obtain the boundary conditions:

TH + T+ Mg =0 (1)
1 ..
Tf—§K2+/<agT—A—AKG:0 (2)
V1K + kT + 2015 + Nig =0 (3)
K+MNkp=0 (4)

® For a boundary with k, # 0, we obtain A = —Hﬁn from (4).
® Eq. (3) = T in terms of the boundary geometry

= TP and TEH via (1) and (2).
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Conical geometry
Position vector: 2
X(r,s) = ru(s)
Curvature (s, b) € {r,s}:

K“"’:’<8 ?))

with 5(s) = —n- = —n-t.

y, K 2
K +?+(1+I’ T)k=0

with T” = tathab = —C||(s)/r2.
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The conical defect

® For a circular outer boundary (r = R), the energy is
rotationally invariant = (| is constant.

e No need to solve the other shape equation V,T2? =0 to
determine the equilibrium geometry!

M. M. Miiller, M. Ben Amar & J. Guven, Phys. Rev. Lett. 101, 156104 (2008).
N. Stoop et al., Phys. Rev. Lett. 105, 068101 (2010). @gglﬁ#ﬂ&
J. Guven, M. M. Miiller & P. Vzquez-Montejo, J. Phys. A 45, 015203 (2012).
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Including the boundary conditions

e Let's do it now! Solution of V,T2? = 0:

Ti(s,r) = t7tTp = —ﬂ
) r2
1
TJ—H(S’ r) = /athab = —— (C|/| Inr+ C”J_)
C
7]_(57 r) = /a/bTab = — |:CH (In r+ 1) + CH + C||J_:| + i
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Including the boundary conditions

® Solution for a circular outer boundary (C = const.)

C
T = -5
Ty(s,r) = *%C\u(s)
TJ_(S, r) = 712 [CH + C”J_(S)/] + CLr(S)

® Boundary conditions (at r = R):
TH +T +Meg=0
1 .
TP — §K2+I€g7——/\—/\KG =0
V1K 4 knT + 2015 + Aig =0
K+MNkp=0 @ e
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Including the boundary conditions

® Solution for a circular outer boundary (C; = const.)

C
i = -5
Ty(s,r) = —%CHL(S)
TJ_(S, r) = 712 [CH + C”J_(S)/] + CJ_r(S)

® Boundary conditions (at r = R):
TH +T + Mg =0
1 ..
Tf—§K2+/<agT—A—AKG:0
VK + KT +2A15 + Nig =0
K+AK=0 @ e
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Including the boundary conditions

® Solution for a circular outer boundary (C; = const.)

C
i = -5
Ty(s,r) = —%CHL(S)
TJ_(S, r) = 712 [CH + C”J_(S)/] + CJ_r(S)

® Boundary conditions (at r = R):
TH +T + Mg =0
1 ..
Tf—§K2+/<agT—A—AKG:0
VK + KT +2A1g + Nig =0
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Including the boundary conditions

® Solution for a circular outer boundary (C; = const.)

T(r)
TJ_”(S, r)

TJ_(S, r)

_ G
r2
= —%CHL(S)
= r—l2 [C“ + C”J_(S)/] + CJ_r(S)

® Boundary conditions (at r = R):

TH+T=0
Tf—%K2+/<cg7':0
ViK+KT =0
A=-1
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Including the boundary conditions

® Solution for a circular outer boundary (C; = const.)

T(r)
TJ_”(S, r)

TJ_(S, r)

® Boundary conditions

_ _G
r2
1
= —;CHL(S)

Ci(s
= 216+ Guls)]+ Lr( )
(at r=R):

TH+T=0
D K
TL — W + :‘igT: 0
K
_ar <?) r=R tRT=0
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Including the boundary conditions

® Solution for a circular outer boundary (C; = const.)

T(r)
TJ_”(S, r)

TJ_(S, r)

_ G
r2
= —%CHL(S)
= r—l2 [C“ + C”J_(S)/] + CJ_r(S)

® Boundary conditions (at r = R):

TH+T=0
D 2
TL 2R2 +f§gT 0
1
T: —E
/\ — _1 @DELDRRAINE
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Including the boundary conditions

® Solution for a circular outer boundary (C; = const.)

G
Tir) = -——»
1
Tysir) = =5Gu(s)
1 CJ_(S)
TJ_(S, r) = P [CH + C”J_(S)/] + .
® Boundary conditions (at r = R):
TH =0
2
p K I
T =0
1
T = % |
/\ — _1 @DELHRRAINE
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Including the boundary conditions

® Solution for a circular outer boundary (C; = const.)

G
Tir) = -——»
1
TJ_”(S, r) = _ﬁCHJ-(S)
1 CJ_(S)
TJ_(S, r) = P [CH + C”J_(S)/] + .
® Boundary conditions (at r = R):
TH =0
1 [k?
D _
o L(20)
1
T: —E
/\ _ _1 @DELHRRAINE
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Including the boundary conditions

® Solution for a circular outer boundary (C; = const.)

C
i = -5
Ty(s,r) = —%CHL(S)
TJ_(S, r) = 712 [CH + C”J_(S)/] + CJ_r(S)

® Boundary conditions (at r = R):
TfH =0=Ty(s.R)

1 2
TP (“2 4 1) — T.(s,R)

T R2
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Including the boundary conditions

® Solution for a circular outer boundary (C; = const.)

G
) = -2
TJ_”(S,I’) =0
G Ci(s
Ti(s,r) = 72”4— J'r()

® Boundary conditions (at r = R):
TfH =0="Ty(s.R)

D 1 (K2
T = =\ +1)=T.(s,R)
1
T="%
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Including the boundary conditions

® Solution for a circular outer boundary (C; = const.)

G
) = -2
TJ_”(S,I’) =0
G Ci(s
Ti(s,r) = 72”4— J'r()

® Boundary conditions (at r = R):
Tf” =0=T,(s.R)

Tf:1<”2+1> L0

R2\ 2 R2 " R
1
T="R
A—_1 @ e
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Including the boundary conditions

® Solution for a circular outer boundary (C; = const.)

G
) = -2
TJ_”(S,I’) =0
G Ci(s
Ti(s,r) = 72”4— J'r()

® Boundary conditions (at r = R):
Tf” =0=T,(s.R)

Ci(s) = % (“22 +1- C|>

A=—-1 @ e
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Including the boundary conditions

® Solution for a circular outer boundary (C; = const.)

G
Tir) = -2
TJ_”(S,I’) =0
C|| r 1 [ kK2
nen = 2 (-gr g (5

® Boundary conditions (at r = R):

Tf” =0="Ty(s,R)

Ci(s) = % <“22 +1- c”>

A— 1 QO et

14/18



Stresses in the bulk

® For the complete tangential stress, one has to add the
bending contribution:

K* G
o= ol
Il 22 2
fi” == 0
k2 q r 1 [ K2
o= - —7(1—4) (i
+ 2r2+r2 R+rR<2+>

® Example: icecream cone for which k = const.
2
= CH = % + 1 and thus

fi=-%, =0, f=3

UNIVERSITE
@ DE LORRAINE

15/18



Cones with non-circular boundary
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J. Guven, M. M. Miiller & P. Vzquez-Montejo, Math. Mech. Solids 24, 4051 (2019).
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Conclusions

® Introduction of a framework allowing to analyze the stress
distribution in isometric sheets.

® No need to introduce boundary layers!

® The introduction of two local constraints on the boundary
curve (arc-length and geodesic curvature) ensures that
boundary deformations are consistent with isometry.

® The equilibrium shapes of conical geometries are remarkably
insensitive to boundary conditions.

® The framework can easily be extended to other geometries.
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