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standard vs de-hydration buckling
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our physical context

4

Sapienza Università di Roma                                                             Università Roma Tre

20 25 30 35 40 45 50 55 60 65

0.9
1

1.1
1.2

✓̄

Water

Air

Water

Air

Water

Air

Water

Water

a) b)

Figure 1: Fig:ref

Water

Air

Water

Air

Water

Air

Water

Water

a) b)

Figure 1: Fig:ref

Water evaporates both
from walls and cavity

Standard buckling De-hydration buckling

pi 6= 0pi = 0

pe = 0pe 6= 0

Vc = V̄cVc free

Figure 4: Fig:ref

standard instability de-hydration instability

3



chemo-mechanical states
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2 STEP 1: STATE VARIABLES

dVd

fd

dv

Figure 9: Left: a cubic gel at dry conditions, immersed in a solvent bath. Right: the
same gel after swelling; for an unloaded and unconstrained specimen, the swelling ratio Jd is
determined by the chemical potential of the bath and the elastic properties of the gel.

The key measures for the dry-reference are the volume-element dVd, and the surface
element dAd; their corresponding actual elements dv, and da, are defined by (see 10.7))

Volume of Bt =

Z

Bt

dv =

Z

Bd

Jd dVd , Area of @Bt =

Z

@Bt

da =

Z

@Bd

|F⇤
m| dAd . (2.3)

The choice of cd as state variable deserves some comments: let us consider the following three
quantities

c(x, t) actual molar concentration of solvent; [c] = mol/m3;

M molar mass of the solvent; [M ] = Kg/mol;

⌦ molar density of the solvent; [⌦] = m3/mol.

(2.4)

We note that c(x, t) represents a solvent concentration per unit of actual volume, to be
distinguished from cd, a concentration per unit of dry volume. The two quantities are related
by the pull back formula for scalar densities (10.36):

cd(Xd, t) = c(fd(Xd, t)| {z }
x

, t) Jd(Xd, t) , or, for short cd = cm Jd , with cm = c � fd . (2.5)

It follows that we can gauge solvent volume, or mass, by using densities per unit of both
dry-volume or actual-volume:

dvsol(x, t) = ⌦ c dv, elementary solvent volume, gauged by actual concentration;

dVsol(Xd, t) = ⌦ cd dVd, elementary solvent volume, gauged by dry concentration;

dm(x, t) = M cdv, elementary solvent mass, gauged by actual concentration;

dm(Xd, t) = M cd dVd, elementary solvent mass, gauged by dry concentration.

(2.6)
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modeling/state variables

ud : Bd ⇥ T ! E , displacement field
(Xd, ⌧) 7! u(Xd, ⌧) , [u] = m

cd : Bd ⇥ T ! R+ , molar solvent concentration
(Xd, ⌧) 7! cd(Xd, ⌧) , [cd] = mol/m3 per unit dry volume
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Figure 7: Left: a cubic gel at dry conditions, immersed in a solvent bath. Right: the
same gel after swelling; for an unloaded and unconstrained specimen, the swelling ratio Jd is
determined by the chemical potential of the bath and the elastic properties of the gel.Fig:cube

We now introduce the continuum model of gels. The first move in continuum physics is
the explicit declaration of the state variables, which of course encompasses their domain
of definition, and their range. We assume as reference state the dry condition of the gel,
denoted with Bd, and called dry-reference state; in the following, we shall use the subscript
‘d’ to denote quantities referred to Bd. We denote with Xd � Bd a material point, with � � T
an instant of the time T , and with VE the vector space associated to the Euclidean space E .
The state variables of our model are:

ud : Bd �T � VE displacement field;

(Xd, �) �� ud(Xd, �) , [u] = m;

cd : Bd �T � R molar solvent concentration per unit dry volume;

(Xd, �) �� cd(Xd, �) , [cd] = mol/m3.

(2.1) state_var

The displacement ud is the standard state variable in mechanics, and it is naturally defined
as a material field: it gives the actual position x � E of a point Xd � Bd at time t as

x = Xd + ud(Xd, t) = fd(X, t); (2.2)

fd is called motion, and we denote with Fd and Jd its gradient and its determinant, respec-
tively. The set Bt = fd(Bd, �) describes the actual configuration of Bd at time � , Fig.7.

A field defined on Bd � T is called a material field (aka, Lagrangian); conversely, a field
defined on Bt �T is called a spatial field (aka, Eulerian). Any variable of a continuum model
can be described with a material or a spatial field, as the two descriptions convey the same
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the constitutive eqns for stress and 
chemical potential come from Flory-
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modeling/balance equations & BCs

divSd = 0 balance of forces

in Bd

ċd = �divhd balance of solvent

@

@t

Z

Pt

c dv = �
Z

@Pt

h · n da , 8 Pt ⇢ Bt , )
Z

Pd

ċd dVd = �
Z

@Pd

hd · m dA

3.1 Balance of Solvent Mass 3 STEP 2: BALANCE LAWS

Both left and right terms of (??) can be pulled back on the dry-reference part Pd; using (??),
(??) and (??), we have

�

�t

�

Pt

c dv =

�

Pt

(
�
c + c div v) dv =

�

Pt

(ċ + div (c v) ) dv =

�

Pd

ċd dVd , (3.4)

�

@Pt

h · n da =

�

@Pd

Jd F�1
d hm · m dA =

�

@Pd

hd · m dA =

�

Pd

div hd dVd ,

with hd = hd(Xd, �) and qd = qd(Xd, �) defined by

hd = Jd F�1
d hm , molar flux gauged on the dry-reference state (pull back of h);

hm = h � fd , the material description of h;

qd = �hd · m , boundary source per unit dry-reference area.

(3.5)

It follows that h · n da and hd · m dA represent the same elementary flux rate, measured in
mol/s, see Fig. (??).

m

hd · m = Jd F�1
d h · m

dA

n =
F�

d m

|F�
d m|

h · n =
1

Jd
Fd hd · n

da = |F�
d m| dA

Figure 10: Geometrical interpretation of dry-reference and actual fluxes. The left and right
parallelepipeds share the same elementary volume: hd ·m dA = h·n da; such volume measures
the moles per second crossing the surfaces dA (left) or da (right).

Thus, it follows from (??) the balance law of solvent mass in strong, or di�erential form,
written on the dry-reference configuration, which has to be supplemented by initial and
boundary conditions:

ċd = �div hd, on Bd � T , balance of solvent mass;

�hd · m = qd, on �hBd � T , flux control at boundary �hBd;

cd = c̄d, on �cBd � T , solvent control at boundary �cBd;

cd = cdo, on Bd � {0} , initial conditions.

(3.6)

Some remarks

• It is worth introducing here the chemical potential µ, a scalar-valued quantity measuring
the molar energy, that is, the energy-density for mole: [µ]=J/mol; its proper definition
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balance equations

4

4 STEP 3: CONSTITUTIVE PRESCRIPTIONS

4 Step 3: Constitutive Prescriptions

We shall pose the following constitutive assumptions and derive their consequences:

• Change in volume is only due to solvent uptake or release;

• Free energy is the sum of an elastic term plus a chemical one;

• Inertial forces are negligible;

• Dissipation is only related to solvent flux.

We note that balance laws (3.6), (3.22) are not coupled; the important chemo-mechano
coupling comes as consequence of the constitutive recipes: in particular, the first request in
the previous list couples detFd to cd.

4.1 Volumetric Constraint

Change in volume is only due to solvent uptake or release: the actual volume-element dv is
the sum of the dry volume-element dVd, plus the solvent volume-element dVsol = ⌦ cd dVd:

dv = Jd dVd = dVd + dVsol = (1 + ⌦ cd) dVd , Jd = detFd = Ĵd(cd) = 1 + ⌦ cd . (4.1)

This assumption relates the Jacobian Jd, a mechanical quantity, to the solvent concentration
cd; more important, it implies a coupling between our two balance laws, the balance of forces
and the balance of solvent mass.

Jd
Xd

dVd

x

dv = Jd dVd

= +

dVd dVsol = ⌦ cd dVd

Figure 11: Consider a dry volume-element dVd at Xd; the solvent uptake swells dVd to the
actual volume dv = Jd dVd. The change in volume is entirely due to the added volume of
solvent: dv = dVd + dVsol, with dVsol = ⌦ cd dVd.

We can now re-introduce the polymer volume fraction �, the same parameter as in (1.3),
that now is a function measuring point-wise the ratio between the volume occupied by the
polymer, that is the volume at dry state, and the total volume of the gel; it holds

� =
dVd

dv
=

1

Jd
) � = �(Jd) = �(Ĵd(cd)) is a function of the state variable cd . (4.2)

4.2 Free Energy

The classical Flory-Rehner theory describing the swelling of cross-linked polymer networks
[6], postulates the free-energy density for unit of dry-volume  to be the sum of the elastic
energy  e =  e(Cd) of the polymer network, which depends on the strain Cd = F

T
d Fd,
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1 FORMULE: STRESS-DIFFUSION

b�
2
ob

R h
2�� h

�h
2

�b(x3) + b�
2
ot

R h
2
h
2�� h

�t(x3) = 0 , � = ht/h

b�
2
ob

R h
2�� h

�h
2

x3 �b(x3) + b�
2
ot

R h
2
h
2�� h

x3 �t(x3) = 0

�et = ��
�1
ot & �eb = ��

�1
ob

(1.8)

div (Ŝd(Fd)� pF?
d) = 0 , Fd = I+rud

div (�M(Fd, cd)r(µ̂(cd) + p⌦)| {z }
hd

) = �ċd

Jd := detFd = det(I+rud) = 1 + ⌦cd =: Ĵd(cd)

(1.9)

 r(Fd, cd, p) =  e(Fd) +  m(cd) + p(Jd � Ĵd(cd))

µ = RT

⇣
log

⌦cd
1 + ⌦cd

+
1

1 + ⌦cd
+

�

(1 + ⌦cd)2

⌘

| {z }
µ̂(cd)

+p⌦

Ŝ =
@ 

@Fd
& µ̂ =

@ 

@Fd

µ̂(cd) = RT

⇣
log

⌦cd
1 + ⌦cd

+
1

1 + ⌦cd
+

�

(1 + ⌦cd)2

⌘

3

local VC incompressibility effect

3 FORMULE PER KITP PRESENTATION

� = (r3c �R
3
co)/R

3
co (2.79)

⌫0 = Rd/Rco (2.80)

3 Formule per KITP presentation

Sdm = t̂ and µ = µe (3.1)

� hd ·m = q (3.2)

µ = µe (3.3)

J0 = 1 + ⌦ c0

divS0 = 0

divh0 = 0

divSd = 0 Sd = Ŝd � pF⇤
d

ċ = �divhd hd = Mr(µ̂+ ⌦ p)

S0RR(Rd) = 0

µ(Rd) = µe

µ(Rc) + ⌦Q2
0(Rc)S0RR(Rc) = 0

Q0(R) = R/r(R) (3.4)
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volumetric constraints
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global VC

1 FORMULE

⇤o(G,µb
e,�µe) & o(G,µb

e,�µe) (1.16)

ā = ⇤2
o

✓
1 0
0 1

◆
b̄ = o

✓
1 0
0 1

◆
(1.17)

Ū =

Z
(tr(a� ā)2 + tr2(a� ā))

p
ā dA

+

Z
(tr(b� b̄)2 + tr2(b� b̄))

p
ā dA

vc(t) = vw(t) (1.18) vol_cavity

Z

Bd

 r dV � pi (vc � vw) (1.19)

vc(t) =

Z

Ct
dv =

1

3

Z

@Ct
x · n da =

1

3

Z

@Cd
(Xd + ud) · F?

dm dAd (1.20) vi

vw(t) = vwo � viw(t) . (1.21) vw
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⇤o(G,µb
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o

✓
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0 1

◆
b̄ = o

✓
1 0
0 1

◆
(1.17)

Ū =

Z
(tr(a� ā)2 + tr2(a� ā))

p
ā dA

+

Z
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p
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Z

Bd

 r dV � pi (vc � vw) (1.19)

vc(t) =

Z

Ct
dv =

1

3

Z

@Ct
x · n da =

1

3

Z

@Cd
(Xd + ud) · F?

dm dAd (1.20) vi

vw(t) = vwo � viw(t) . (1.21) vw

8

1 FORMULE

vwo = vco = vc(0) =
1

3

Z

@Cd
(Xd + uo) · F?

o m dAd . (1.22)

v̇iw(t) =

Z

@Cd
qs dAd = �

Z

@Cd
hd ·m dAd , viw(0) = 0 (1.23)

vw(t) = vwo � viw(t)

vwo = vco = vc(0) =
1
3

R
@Cd(Xd + uo) · F?

o m dAd

v̇iw(t) =
R
@Cd qs dAd = �

R
@Cd hd ·m dAd , viw(0) = 0

(1.24)
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diffusion tensor in terms of the inverse of the Cauchy–Green strain tensor Cd as

M(Fd, cd) =
D
RT

cdC
�1
d , Cd =FT

d Fd , (2.6)

with D ([D]=m2/s) the diffusivity. Finally, the balance equations of the model are:

0 = div Sd and ċd =�div hd , (2.7)

on Bd ⇥ T . They are supplemented by the boundary conditions on @tBd ⇥ T and @uBd ⇥ T

Sd m=�p̄F?
dm and ud = ū , (2.8)

respectively, where we only considered boundary pressure p̄ and set ū for the assigned
displacement; and on @qBd ⇥ T and @cBd ⇥ T

� hd ·m= qs and µ̂(cs) + p ⌦ = µ̄ , (2.9)

respectively, with qs the boundary flux and cs the concentration field on @cBd which is assigned
implicitly by controlling the external chemical potential µ̄. The initial conditions

ud = udo and cd = cdo , (2.10)

on Bd ⇥ {0} make the problem doable: udo and cdo are the initial values of the fields ud and cd,
respectively. Everywhere, a dot denotes the time derivative and div the divergence operator.

(a) De-hydration of gel capsules
We discuss de-hydration of spherical shells confining spherical cavities. The dry system Bd is a
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Figure 1. A sketch of the de-hydration process. Initial steady stress-free swollen state of the spherical capsule: water fills

the cavity and the external environment (left). After exposition to air, the de-hydration process starts and water in the walls

and in the cavity moves towards the outer environment (right).

spherical shells of thickness Hd and external radius Rd; the cavity Cd has radius Rc. We assume
that: (i) the initial state of the system is a steady stress-free fully swollen state; (ii) the cavity is
completely filled with water. The shell size is increased to accomodate an amount of water which
is determined by the shear modulus Gd and the Flory parameter � through the equation

RT
⇣

log
�3

o � 1

�3
o

+
1

�3
o

+
�

�6
o

⌘
+

G
�o

⌦ = µo , (2.11)

corresponding to the conditions Sd = 0 and µ = µo [4]. The steady and stress-free swollen shell
Bo has radius �o Rd whereas the cavity Co has radius �o Rc.

2 FORMULE: ELASTIC METRICS

The evolution problem rewrites as follows: solve for (ud, cd, �r, �✓, p) satisfying
the following balance equations on (�rd, rd)⇥T and the chemo-mechanical
constraint (volume formula):

�r = u
0
d and �✓ =

ud
r

Er = 'e � �r �r + 'm � cd µ

E✓ = 'e � �✓ �✓ + 'm � cd µ .

(2.72)

P̄ = �Gd
(1 + �)2/3

2

✓
5 + 4�

(1 + �)4/3
� 4�⌫0 + 5⌫40

(� + ⌫30)
4/3

◆
. (2.73) Pbeta

r = r(R) , ✓ = ⇥ , � = � and r
2
r
0 = R

2 (2.74)

µe = µw and pe = patm ' 0 (2.75)

µi = µw and pi = patm ' 0 (2.76)

µe = µa and pe = patm ' 0 (2.77)

µi = ⌦pi(t) and pi = pi(t) (2.78)
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suction effect

5

boundary conditions

3 FORMULE PER KITP PRESENTATION

� = (r3c �R
3
co)/R

3
co (2.79)

⌫0 = Rd/Rco (2.80)

3 Formule per KITP presentation

Sdm = t̂ and µ = µe (3.1)

� hd ·m = q (3.2)

µ = µe (3.3)
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boundary pressure

chemical potential of the environment
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purely mechanical model based on 3D 
Wesolowski model for the spherical shell 
(Arch.Mech.Stosow.19(1), 1967)


liquid diffusion is frozen at the onset of 
instability (red circle) which occurs 
instantaneously with respect to the 
diffusion time


deformations are purely radial


shell stays spherical until the onset of 
instability
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with � = (r3
c � R3

co)/R3
co. It is worth noting that, at any time before instability occurs, the cavity

volume vc is determined by the liquid filling the cavity and the relationship between the radius
rc of the cavity and the volume vc, is

rc =

✓
3vc

4⇡

◆1/3

. (4.3)

Hence, � can be equivalently expressed in terms of rc and vc. Let us introduce R(r) = (r3 �
�R3

co)1/3 and Q(R) = R/r(R) so that the deformation gradient of the spherical deformation can
be cast in the form

F̄= diag(Q2,Q�1,Q�1) . (4.4)

Then, by assuming the neo-Hookean hyperelastic model, the Piola-Kirchooff stress tensor can be
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Figure 3. Pressure–� curves from numerics and analytics (left). Critical threshold �cr as function of 1/⌫. I use different

colors for different modes: l = 2 (brown), l = 3 (magenta), l = 4 (red), l = 5 (black), l = 6 (blue). The vertical dashed

line represent the ratio between the inner and the outer radius, in the Comsol simulation. The smallest threshold �cr =

�0.148 corresponds to the mode l = 4 (right)

written as
S̄= diag(�p̄Q�2 + GdQ2,�p̄Q + GdQ�1,�p̄Q + GdQ�1) , (4.5)

where p̄ is the Lagrangian multiplier that holds the incompressibility constraint. The balance of
forces divS̄= 0 yields:

rS̄rr,r + 2S̄rr � S̄✓✓ � S̄�� = 0 , (4.6)

that, observed that Q0 =Q(1 �Q3)R�1, reduces to p̄0R + 2GdQ(�1 + Q3)2 = 0. It can be cast in
the form

dp̄
dQ =�2Gd(1 �Q3) , (4.7)

and integrated to give

p̄ =�2 Gd

✓
Q� Q4

4

◆
+ C1 with C1 = Gd⌫0

4� + 5⌫3
0

2(� + ⌫3
0 )4/3

, (4.8)

determined by imposing S̄rr(Rd, ⇥, �) = 0, and ⌫0 = Rd/Rc. The inner pressure exerted by the
encapsulate liquid on the inner wall of the shell is

P̄ =�S̄rr(Rc, ⇥, �) =�Gd
(1 + �)2/3

2

 
5 + 4�

(1 + �)4/3
� 4�⌫0 + 5⌫4

0

(� + ⌫3
0 )4/3

!
. (4.9)

2 FORMULE: ELASTIC METRICS
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d and �✓ =
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3 FORMULE PER KITP PRESENTATION

� = (r3c �R
3
co)/R

3
co (2.79)

⌫0 = Rd/Rco (2.80)

3 Formule per KITP presentation

Sdm = t̂ and µ = µe (3.1)

� hd ·m = q (3.2)

µ = µe (3.3)

J0 = 1 + ⌦ c0

divS0 = 0

divh0 = 0

S0RR(Rd) = 0

µ(Rd) = µe

µ(Rc) + ⌦Q2
0(Rc)S0RR(Rc) = 0

Q0(R) = R/r(R) (3.4)
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bulk equations

boundary conditions
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W h e r e t h e e x t e r n a l 
c h e m i c a l p o t e n t i a l 
suddenly drops to its 
plateau value and the 
pressure rises at nearly 
constant cavity volume 
the static solution cannot 
reproduce the numerical 
values
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 the incremental chemo-mechanical problem

spherical solution incremental unknown fields

incremental bulk equations

3 FORMULE PER KITP PRESENTATION

x(R,⇥) = r(R)eR + ✏(u(R,⇥)eR + v(R,⇥)e⇥)

p(R,⇥) = p0(R) + ✏p1(R,⇥)

Jd(R,⇥) = J0(R) + ✏J1(R,⇥)

J1 = J0tr(F�1
0 F� 1)

divS1 = 0 with S1 = �J0p1F
�T
0 � J1p0F

�T
0 + J0p0F

�T
0 FT

1 F
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divh1 = 0 with h1 = �M0rµ1 �M1rµ0
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1X

l=1
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step 4 Ansatz of the solution

incremental boundary conditionsstep 3

the analysis of the global volume constraint 
shows that to first order the perturbation of 
the cavity volume vanishes for any 
incremental displacement field and the 
pressure fields of the enclosed liquid remains 
unchanged up to the first order
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2
dS (3.8)
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Z L/2

S̄
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r
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L
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given by solving equation (4.19). The shape observed solving the complete multi-physics problem in Figure 2 is the mode

l = 6 obtained by using the Wesolowski approach.

Nontrivial solutions of the boundary value problem (4.19) and (4.23) give us u(R, ✓), v(R, ✓)

and p1(R, ✓) up to a moltiplicative constant. To remove this indeterminacy, we consider higher
order terms in the expansion

r(R) = r̄(R) + ✏u1(R, ✓) + ✏2u2(R, ✓), p(R, ✓) = p̄(R) + ✏p1(R, ✓) + ✏2p2(R, ✓) (4.24)

where u2 = u2(R, ✓)er + v2(R, ✓)e✓ . Accordingly, equations have to be written up to O(✏2). Thus,
at O(✏) we have the system of linear equations (4.15), which we write in a compact form as
L(u, v, p1) = 0, with L a linear operator. At O(✏2), the equilibrium equation yields L(u2, v2, p2) =

g(u, v, p1), where g is quadratic function vanno aggiunti dettagli? qui o in appendice?. This allows
us to use the Ansatz

u2(R, ✓) =
1X

k=1

A
(2)
k (R)Pk(cos ✓) ,

v2(R, ✓) =
1X

k=1

B
(2)
k (R)@✓[Pk(cos ✓)] , (4.25)

p2(R, ✓) =
1X

k=1

C
(2)
k (R)Pk(cos ✓) .

On the other hand, we have shown that the perturbation of volume is o(✏) while correction
are now expected at O(✏2). However, it can be proved that the O(✏2) contribute to the volume
variation through terms of the type

✏2
2
3
⇡R2

co

Z⇡

0
[u2 � (1 + �)@ru2] sin ✓d✓, (4.26)

that upon substitution of (4.25) vanishes. Thus, the O(✏2) volume correction is completely
determined by the O(✏) displacement fields u and v. A tedious but straightforward calculation

13

rs
p

a
.ro

y
a

ls
o
c
ie

ty
p

u
b
lis

h
in

g
.o

rg
P

ro
c

R
S

o
c

A
0

0
0

0
0

0
0

..........................................................

the cavity volume perturbation due to the displacement field (4.23). By using the equation (2.17)
to compute the cavity volume via Nanson’s formula and using (4.13a), up to O(✏), we get

vc =
4
3
⇡r3

c + ✏
2
3
⇡R2

c

Z⇡

0
[(3u + @⇥v) sin ⇥ + v cos ⇥]d⇥ . (4.29)

The substitution of (4.23) into (4.29), shows that to first order the perturbation of vc vanishes, for
any incremental displacement field. As a consequence the hydrostatic pressure (the Lagrangian
multiplier associated with the inner volume constraint) of the enclosed liquid also remain
unchanged up the first order and, hence, it must be fR(Rc) = 0. Thus (4.28b)1 can be replaced
by the two conditions

g(Rc) = 0, fR(Rc) = 0. (4.30)

In so doing, the system of six first-order linear equations (4.26) is complemented with the six
boundary conditions (4.28a), (4.28b)2 and (4.30).

(c) Critical volumes and bifurcation modes

We recall that the ratio between the actual and the swollen volume enclosed by the spherical shell,
that is, the cavity volume, is measured by the parameter �, defined in (4.12). For � < 1, that is, for
shrinking cavities, we expect to observe a bifurcation from the spherical solution to a new shape,
since the spherical configuration becomes unstable.

Our problem is to find the values of � for which there exist nontrivial solutions of our system
of ordinary differential equations. As described in §(b), the coefficients of these incremental
equations are determined by the solution of the zeroth-order problem. It is important to observe
that the critical parameter � appears explicitly only in the boundary conditions of the zeroth-order
problem, see (4.10), (4.11) and (4.12). This couples the O(1) and the O(✏) problems so that, in order
to find the critical value �c, we need to solve the zeroth-order equations (4.2),(4.6),(4.7) in the
unknowns (r, p0, J0) and the first-order equations (4.26) in the unknowns (Ul,U

0
l ,Vl,V

0
l ,Pl,Hl),

simultaneously.
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Figure 31:
Figure 4: Critical ratio �c versus µe. Different colours indicate different modes: the order of
the mode is written along the lines whereas a few insets show the shapes corresponding to
the first 3 modes. The vertical dashed lines mark the initial (right) and final (left) values of the
external potential: µo = 0 J/mol and µf =�2000 J/mol which are the same used in the numerical
experiments (see Fig.2).

To this end, let yl = {r, p0, J0,Ul,U
0
l ,Vl,V

0
l ,Pl,Hl} be a new unknown variable, where l stands

for the order of the Legendre polynomial. The system of ODEs which put together both the zeroth

Critical modes and critical profile mode corresponding to the solution of the first order incremental problem
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the change of de-hydration across the thickness of the shell delivers a spontaneous curvature and a 
frustration which may be caught by 2D shell models

occurrence of cavitation instability is also interesting (and here is not considered, by assuming that 
adhesion energy density is infinite)

D.P. Holmes, J.H. Lee, H.S. Park,  M. Pezzulla, Physical Review E 102(2), 2020.
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Investigations on Michael’s catapult

March 15, 2021

1. Fase di compressione:

Stretch rettilineo della trave e generazione di curvatura spontanea. L’estensione
viene però bloccata poichè gli estremi sono fissati, e questo genera com-
pressione interna. Da un lato l’allungamento è bloccato da un incastro,
all’altro estremo dal peso del “proiettile” che genera attrito con la super-
ficie. La configurazione è rettilinea, compressa, con curvatura spontanea
diversa da zero.

2. Fase di buckling:

la compressione viene rilassata attraverso una configurazione deformata
con gobba. Si noti però che la curvatura generata nella configurazione non
aderente è opposta alla curvatura spontanea indotta dallo swelling. Nelle
equazioni di equilibrio una curvatura spontanea (costante) non gioca nes-
sun ruolo. Di conseguenza le soluzioni con buckling in questo caso sono
uguali a quelle con c0 = 0. Quello che succede però in questa fase è che:
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(1) l’allungamento viene rilassato e si può ragionevolemnte approssimare
la trave come inestensibile; per questo motivo non è necessario studiare la
fase 1. nel dettaglio. (2) la curvatura spontanea contribuisce ad accumu-
lare energia elastica che verrà poi rilasciata nella prossima fase.

3. Fase di lancio:

Quando la trave passa all’altra configurazione di equilibrio, con curvatura
uguale alla curvatura spontanea? Possiamo ipotizzare che ciò avvenga
circa quando il punto di distacco dal substrato raggiunge il punto finale
x̄ = a. In questa fase la di↵erenza di energia elastica tra le due con-
figurazioni di equilibrio viene rilasciata sotto forma di energia cinetica (e
smorzata dal materiale elastico stesso??), parte della quale viene trasferita
al proiettile e si genera l’e↵etto catapulta.

1 Equations for the buckled solution

Ref: [1]
In this Section we derive the equilibrium equations and the boundary condi-
tions as stationary points of the energy functional. We assume that there is no
deformation in z direction, so that the longitudinal profile of the sheet can be
regarded as a stretchable and flexible rod belonging to the (x, y)-plane. This is
represented by a parametric curve r(S) (see Figure 1), with S 2 [�L/2, L/2],
where L denotes the length of the strip in the stress-free configuration and S

is the referential arc-length. We denote with S̄ and x̄ the arc-length and the
abscissa of the detachment point, respectively. Poiché nello stato buckled sup-
poniamo che la trave non sia stretched, S rappresenta anche l’ascissa curvilinea
della configurazione deformata. Nel seguito supporremo la trave inestensibile.

In the plane of the curve, we introduce a Cartesian frame of reference
(O; ex, ey), where O is the origin and ex, ey are the unit vectors along, re-
spectively, the x and the y axes. We parametrize the tangent and the normal
unit vectors by

t(S) = cos ✓(S)ex + sin ✓(S)ey, n(S) = � sin ✓(S)ex + cos ✓(S)ey

and, hence, ez = t⇥ n.

2

phase 1 phase 2 phase 3

compression phase buckling phase catapult  phase 
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T.J.W Wagner, D. Vella, Soft Matter 9, 2013; G. Napoli, S. Turzi: PRSA 471(2183), 2015; G. Napoli, S. Turzi: Meccanica 52, 2017.
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work in progress: relate the change of de-hydration across the thickness of the beam to the spontaneous curvature, analyse the 
buckled problem and the role of the key parameters, study possible different catapult mechanisms 

Wbuck =
k

a
⇥ 2

a
2

`2ec


(`ecc0)

2(1 + ✏)� ✏

1� cos ✓0

�
. (22)

Considerando che l’energia immagazzinata della configurazione libera ha en-
ergia della trave Wc0 = 0, abbiamo che

• l’andamento non è monotono con `ec. Ci sono valori di `ec ⇡ 0.4 (a = 01)
particolarmente sfavoriti per la catapulta.

• Ad ogni valore di `ec c’è un valore di curvatura spontanea c0 che rende
possibile la catapulta. Valori maggiori vanno bene, valori minori di c0 no

• Nel caso di c0 = 0 non si ha mai e↵etto catapulta, perchè Wbuck anche
con `ec ! 1 sembra non superare mai il livello 0 di energia.
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VS

the pattern is not monotonic with lec;

to each value of lec, it corresponds a value of 
co which makes the catapult realizable;

for co=0, we can’t have the catapult 
mechanism as W never goes beyond the 0 
energy level
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