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Energy and Information Transport in Non-Equilibrium Quantum Systems
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Thermodynamics of Quantum Systems: 

Measurement, Engines, and Control

... problem solved @ KITP!
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Overview

• Status of the 2nd Law (Maxwell demon)


• examples of successful master equations 


• concept "strong coupling to bath"


• coupled oscillators (Walls 1970, Levy & Kosloff 2014, Henkel 2021)


• non-Markov/initial slip, non-CP, H(mean force)



2nd Law — Status
fluctuation theorem (Crooks, Evans & Searles, Jarzynski)





“intrinsic entropy production”    over arb process    (endpoints in eq)
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via free energy difference
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Kullbäck-Leibler distance (not metric)

(another application of Jensen's inequality)



Maxwell Demon à la Szilard

Charles H. Bennett  
Demons, Engines and the Second Law 
Sci. Am. 257 (Nov 1987) 108

  overwrite   demon internal memory

convert heat into work“Left or right?” 

 bill of overwriting

   
  —R. Landauer
$tot = kB log 2

information

entropy

work



Successful Master Equations  
for Open Quantum Systems

non-th steady states


• driven systems

Hrf = − ℏΔσz +
ℏ
2

(Ωσ† + Ω*σ) + decay (γe)

resonance fluorescence (Mollow triplet)
single-mode laser (Scully & Lamb)

Lg = G a†(1 + βa†a)−1/2

analysis of photon statistics

www.quantum.physik.uni-potsdam.de/teaching



non-th steady states


• driven systems

• strong damping

zero-point energy of (over)damped oscillator

Intravaia & CH (PRL 2009) 
Grabert, Weiss, Talkner (Z Phys B 1984)
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ρst ∝ exp(−βH?)

Successful Master Equations  
for Open Quantum Systems



Two Oscillators – Local vs. Global Coupling

two heat baths,  


• local coupling: violation of 0th Law

T1 = T2

expect equilibrium state:

Walls (Z Phys 1970)

ρst ∝ exp[−βω(a†a + b†b)]

a b

ba
th

1 bath
2

H = Ha + Hb + ϵ(a†b + b†a) + {a†Γa + b†Γb + h . c . } + HB1 + HB2

d
dt

a = − (iω + γa) a − iϵ b − iΓa
La = γa(1 + n̄a) a

Ga = γan̄a a†

ρeq ∝ exp[−βω(a†a + b†b)

−βϵ(a†b + b†a)]
Problem: 

Lindblad operators not computed precisely enough

(neglecting a b coupling)

n̄a =
1

eβ1ωa − 1



Local vs. Global Coupling

two heat baths,  


• restore conformity with 0th Law

T1 = T2

equilibrium state  👍

Walls (Z Phys 1970)

a b
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2

H = Ha + Hb + ϵ(a†b + b†a) + {a†Γa + b†Γb + h . c . } + HB1 + HB2

d
dt

a = − (iω + γ) a − (iϵ − δ) b − iΓa

L± = γ±(1 + n̄±)/2 (a ± b)

G± = γ±n̄±/2 (a† ± b†)

ρst ∝ exp[−βω(a†a + b†b)
−βϵ(a†b + b†a)]

normal modes  ω± = ω ± ϵ − i(γ ± δ)

a†
i Γi = A†

j Γ̃j

Aj = Uji ai [Γ̃i, Γ̃†
j ] ≠ δij if γa ≠ γb

supervise your Lindbladians!



Heat Transport – Local vs. Global Coupling

two heat baths,  


• local coupling: violation of 2nd Law

T1 ≠ T2

Levy & Kosloff (Europhys Lett 2014) 
De Chiara & al (New J Phys 2018)

·Qa→b = − iϵωa⟨a†b − b†a⟩ = 2γωa
ϵ2(n̄a − n̄b)

(ωa − ωb)2 + 4ϵ2 + γ2

a b
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th

1 bath
2

H = Ha + Hb + ϵ(a†b + b†a) + {a†Γa + b†Γb + h . c . } + HB1 + HB2

d
dt

a = − (iω + γa) a − iϵ b − iΓa
La = γa(1 + n̄a) a

Ga = γan̄a a†

heat current ... sign not fixed by  T1 − T2



two heat baths,  


• local coupling: violation of 2nd Law ... no!


heat current cold → hot

T1 < T2

Levy & Kosloff (Europhys Lett 2014) 
De Chiara & al (New J Phys 2018)

·Qa→b = − iϵωa⟨a†b − b†a⟩ = 2γωa
ϵ2(n̄a − n̄b)

(ωa − ωb)2 + 4ϵ2 + γ2

a b
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1 bath
2

rate of work to de/couple bath
·W→a,b =

ωb − ωa

ωa

·Qa→b

Heat Transport – Local vs. Global Coupling

refrigerator

refrigerator heat

engine

heat

engine



rate of de/coupling work

·W→a,b =
ωb − ωa

ωa

·Qa→b

= ⟨D*a (Vab) + D*b (Vab)⟩

System & Bath: “blow-up Map”

system ρ(t) ρ(t + Δt)

ρ(t) ⊗ ρB U(Δt) ρ(t) ⊗ ρB U†(Δt)

tr B

MEq

S&B ≠ ρ(t + Δt) ⊗ ρB

MEq
ρ(t + 2Δt)

...

replace by “fresh bath”, throw away correlations

L. S. Schulman and B. Gaveau 
Ratcheting Up Energy by Means of Measurement 
Phys. Rev. Lett. 97 (2006) 240405

D(ρ) =
1
2

[Lρ, L†] +
1
2

[L, ρL†]

D*(V) =
1
2

L†[V, L] +
1
2

[L†, V] L tr{D(ρ) V} = tr{ρ D*(V)}

De Chiara & al (New J Phys 2018)

blow-up



“Blow-up” in action: Micromaser

B T H Varcoe, S Brattke, M Weidinger, and H Walther  
Preparing pure photon number states of the radiation field 
Nature 403 (2000) 743 

C H, Laser theory in manifest Lindblad form [J. Phys. B 40 (2007) 2359]

dilute atom beam

system ρ(t) ρ(t + Δt)

ρ(t) ⊗ |e⟩⟨e | U(Δt) ⋯ U†(Δt)

tr A

MEq

S&B ρ(t + Δt) ⊗ |e⟩⟨e |

“fresh atom”

blow-up

resonant Rabi oscillation
pe(Δt)

Δt

∼ 1/ n + 1



Californian Odyssey

Toronto 2015 exhibition [sunwardhobbies.ca]
Paradise Beach

http://sunwardhobbies.ca


Entanglement of Fluctuations
finite T : two mode-entanglement and EPR paradox

correlation entropy (à la Klich)
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Dhar, Saito & Hänggi, Phys Rev E 85 (2012) 011126 
Ghesquière, Sinayskiy & Petruccione, Phys Scr 2012, 014017 
Dorofeyev, Can J Phys 91 (2013) 537 
Henkel, Ann Phys (Berlin) 533 (2021) 2100089

H =
p2

x

2m1
+

k1

2
x2 + H2(py, y) +

ϵ
2

(x − y)2 + HB1 + HB2

x y

ϵ, λ

HB1 = ∑
j

1
2mj

[p2
j + ω2

j (xj − cjx)2]bosonic heat bath

temperature

(cross) correlations ⟨px(t) py(t′ ) + py(t′ ) px(t)⟩

T1 > T2

px(t)

py(t)

σp+

steady state t → ∞

“Entanglement Spectra” of two Oscillators



Dhar, Saito & Hänggi [Phys Rev E 85 (2012) 011126]

Ghesquière, Sinayskiy & Petruccione [Phys Scr 2012, 014017]

Dorofeyev [Can J Phys 91 (2013) 537]

Henkel [Ann Phys (Berlin) 533 (2021) 2100089]

H =
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x

2m1
+

k1

2
x2 + H2(py, y) +

ϵ
2

(x − y)2 + HB1 + HB2

x y

ϵ, λ

HB1 = ∑
j

1
2mj

[p2
j + ω2

j (xj − cjx)2]bosonic heat bath

temperature

(cross) correlations ⟨px(t) py(t′ ) + py(t′ ) px(t)⟩

T1 > T2

px(t)

py(t)

σp+

steady state t → ∞EPR Correlations (two-Mode Squeezing) 

 

 

Duan-Simon Criterion: entangled continuous Variables 
– positive partial Transpose 
– “optimal” Quadrature  

σp+ = Δ(px + py) < Heisenberg: ℏmω

[px + py, x − y] = 0

Q𝖤𝖯𝖱 = αx + βy + γpx + ηpy

“Entanglement Spectra” of two Oscillators



Oscillators driven out of Equilibrium

Langevin equations
Langevin forces

damping
Fourier solution

Ki(ω) = ki + λ − miω2 − iωμi(ω)
D(ω) = K1(ω)K2(ω) − λ2

resonant denominator

thermal spectrum 

f

S1

S2

S1(ω) ← ⟨F1(t), F1(t′ )⟩

Coupled quantum oscillators within independent quantum reservoirs 
I. Dorofeyev, Can. J. Phys. 91 (2013) 537

k′ i = ki + λ



Oscillators driven out of Equilibrium

Langevin equations
Langevin forces

damping
Fourier solution

Ki(ω) = ki + λ − miω2 − iωμi(ω)
D(ω) = K1(ω)K2(ω) − λ2

resonant denominator

thermal spectrum 

f

S1

S2

S1(ω) ← ⟨F1(t), F1(t′ )⟩

… ⟨xy⟩ −⟨xpy⟩
⟨pxy⟩ −⟨pxpy⟩

… …

cross-correlations

Coupled quantum oscillators within independent quantum reservoirs 
I. Dorofeyev, Can. J. Phys. 91 (2013) 537

k′ i = ki + λ



Entangled Oscillators

symplectic eigenvalues/-vectors

SCΓS𝖳 = diag(η1, η1, η2, η2)
η1 = ΔQ2

1 = ΔP2
1

g = (λ2/m1m2)1/4

T1, T2 = (0.1, 0.15)ℏω1
Peres (1996), Horodecki³ (1996) 
Simon (2000),  Duan, Giedke, Cirac & Zoller (2000)

case (a)

case (c) (qi) = (x, px, y, py)
Cij = lim

t→∞
⟨qi(t) , qj(t)⟩

Henkel, Ann Phys (Berlin) 533 (2021) 2100089

CΓ =

⟨x2⟩ ⟨xpx⟩ ⟨xy⟩ −⟨xpy⟩

⟨p2
x ⟩ ⟨pxy⟩ −⟨pxpy⟩

⟨y2⟩ −⟨ypy⟩

… ⟨p2
y ⟩

covariance matrix

EPR entanglement: min(η1, η2) < ℏ/2

Q1 = x − y, P1 = px + py

partial transpose: −py

Optimal quadrature, e.g.,



Entanglement Spectrum

g = (λ2/m1m2)1/4

T1, T2 = (0.1, 0.15)ℏω1

g ≈ 0.51 ω1

T1, T2 = (0.5, 0.25)ℏω1

− − − T = 0 limits for  from 

fluctuation-dissipation theorem

Sx±y(ω)

case (a)

case (c)

ω10 ω10

g



Heat Transfer Spectrum

The local approach to quantum transport may  
violate the second law of thermodynamics 
Levy & Kosloff [Europhys Lett 107 (2014) 20004] 

critique: Hewgill, De Chiara & Imparato 
[Phys Rev Research 3 (2021) 013165]

Jh = ·Q1→2

Th Tc

V ∼ a†b + h.c.



Heat Transfer Spectrum

∼ − i(ωa + ωb)⟨a†b − b†a⟩ + i(ωa − ωb)⟨ab − a†b†⟩

F1
·x

F2
·y

λ x ·y /2

λ ·xy /2·x (μ1⋆ ·x)

·y (μ2⋆ ·y)

x y

ba
th

1 bath
2

sign OK for

all parameters

(weak/strong damping,

 Markov or not)

Henkel, Ann Phys (Berlin) 533 (2021) 2100089



Master Equations – acquitted?

• versatile in weak coupling: coherent evol’n (H) & losses (L) compete


• thermalisation OK with detailed balance (Lindblad rates)


• heat transport OK with full work balance 


• correct entropy production if completely positive*


• “strong damping” challenge – blurred system | bath boundary


*R Alicki 
The quantum open system as a model of the heat engine 
J. Phys. A 12 (1979) L103 
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