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[ecture Zero

Green’s function for free electrons



Single electron quantum mechanics

Hr
ih‘ii—f “HY, Y({t)=e "¥(0)

We define the (retarded) Green's function by

i . I, =20
Gr ¢ :__et —th/h, Ht _ 9
(¢) - (¢)e (¢) {O, <0

then

Y(t)=ihG' ()Y (0), t>0



Green’s function 1n energy space

Fourier transform to £ space

l. +oo E+in—-H

G(E)= | G(t)eiE’/h_"t/hdt=—£ [e 7 ar

0

=(E+in-H)', n—-0"

(z — H) ™1 is called resolvent of the operator H.



Perturbation theory, single electron

H=h+V
use A =B"'+B ' (B-A)A"
-1 -1
Let (G') =A=z-H, (g) =B=z-h, z=E+iy
then G' =g" + g'VG’

The last equation 1s known as the Dyson equation,

equivalent to the Lippmann-Schwinger equation



Annihilation/creation operators

2 2 : . .
(c j) =0, (cj) =0, <—Pauli exclusion principle
T T _ .
€ T6C; =0y defining
c;c, +ee, =0 - property of
P e fermion
c.c,tece, =0

T _
c;[0>=|1, >



Many-electron Hamiltonian and
Green’s functions

c, Annihilation
0=t He. . operator c 1S a
column vector, H
1s N by N matrix.
KCN/ {A, B} =AB+BA

G%UJDz—%QU—ﬂN@KQWHﬂH>

G (t.1) ==+ (e, (06l (1)



Why Green’s functions?

Solutions to differential equations

Retarded Green’s function 1s related to the linear
response theory

Im G" gives electron density of states

Related to (non-equilibrium) physical observables
such as the electron or energy current



end of lecture zero
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Lecture Two

History, definitions, properties of
NEGF
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A Brietf History of NEGF

Schwinger 1961
Kadanoff and Baym 1962
Keldysh 1965

Caroli, Combescot, Nozieres, and Saint-James
1971

Meir and Wingreen 1992



Equilibrium Green’s functions using a
harmonic oscillator as an example

* Single mode harmonic oscillator 1s a very
important example to illustrate the concept of
Green’s functions as any phononic system
(vibrational degrees of freedom 1n a collection
of atoms) and photonic system at ballistic
(linear) level can be thought of as a collection
of independent oscillators 1n eigenmodes.
Equilibrium means that system 1s distributed
according to the Gibbs canonical distribution.




Harmonic Oscillator

p2 1 k m
H=2 +"kx*, u=xJm W
2m 2

H = 12+1
2 2

u—\/Z(aJraT) [x, pl=ih, [a,a']

Q’ 2—hQ(aa+;j Q= |~

1



Eigenstates, Quantum Mech/Stat Mech

H\n>:E,,,\n>, En:(n+;jh§2, n=0,12,-

a\n>=\/2\n—1>, a'|n >=m\n+1>
e 1

Tr( ) p= k
\aa)=(a'a")=0, (a'a)=lad’)-1

) =Tr(p-), N=eﬁhi_1

D=




Heisenberg Operator/Equation

Ht Ht

_ S hn, O: Schrodinger operator
O(t) =e " 0e O(t): Heisenberg operator
dO(r) 1

=—|0(t),H
dt ih[ (), H]
da(t) 1 1 T 1
=—la(t),H|=—|a(t),h Ha(t)+ —
00— a0, 1= [a(), 10 (0a(0) + )]
=—iQ a(?)

a(t)=ae™, a'(t)=a'e™
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Defining >, <, ¢, ¥ Green’s Functions

g(tt)—— u(u(t"), i=~-1
u(t) = \/7 a(t) + aT(t) a(t)=ae™”

> N l iQ(t—t") —iQ(t—t")
t,t")=——-| Ne +(1+N)e
g (t,1") ZQ[ (1+N) |



g (1) == (u(thu(t) = (1)
g'(t,t") = —;<Tu(t)u(t ) =0(t—t")g (t,t")+6(t'-t)g~(¢,t")

o (11" = —;<Tu(t)u(t')> = 0= 1)g” (1)) + Ot — )2~ (£.1")

(1. ift>0 T: time order

9

T: anti-time order

O(t)=1-, ift=0

, 1fr<0

1
2
0



Retarded and Advanced Green’s
functions

g%r,r')=—;9<r—r'><[u<r>,u<r'>]>

:—H(t—t')smﬂ(t_t),

g (1,1 =;9<r'—r><[u<t>,u<r'>]>=g"<t',r>

g +Q'g (H=-0(), with g"(¢)=0 forz <0



Fourier Transform

~T ' r Lot r " ~T —iwt da)
g'lol= [ g’ e d, g ()= g [wle™ "
" e 27
gr[a)] — _I 9( )Slng()Qt) eia)t—ntdt
= 1 n—0"
(+in) —Q*
a r * 1
g lo]=g o], N:eﬁm—l

o [w] = —Z[N&(a) _Q)+ (14 N)S(@+ Q)]



Plemelj formula, fluctuation-
dissipation, Kubo-Martin-Schwinger

condition
P for Cauchy
1 1 principle value
—=P——ino(x)
X +1n X
g'lo]=(g'[0]- g [@]) N(w)
Valid only in
__ thermal

g>[ W] = eﬁha)g<[ ] equilibrium
g ()=g (-t+ifph) -
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Matsubara Green’s Function
I

g"(r,7") = —£<7;ﬁ(r)ﬁ(r')>
— —2IQ[N6Q(”') +(1+N )e_Q(H')}

Hr _Hr
where 0<7,7'< Bh, id(t)=u(—it)=e " ue "

g (r)=g" (z+ph)

B

gM[ia)n]: JgM(T)eiwanT, @, zzﬂ’ I/l="°,—1,0,1,2,--‘
0 Lh

g'[w]=g"[io, - w+in]



Nonequilibrium Green’s Functions

* By “nonequilibrium”, we mean, either the
Hamiltonian 1s explicitly time-dependent after
ty, or the initial density matrix p 1s not a
canonical distribution.

* We’ll show how to build nonequilibrium
Green’s function from the equilibrium ones
through product 1nitial state or through the
Dyson equation.



Definitions of General Green’s
functions (phonon/displacement)

Gt ==l (O ())s - G (bt == L, (¢ (1))
h h

G'(t,t"=0(t—t"G (t,t"+0(t'-1)G(t,1"),
G (t,tY=0(t'-)G (t,t)+0(t -G (¢t

G'(t,1')=0(t—1")(G" - G),
G*(1,t) =-0(1'-1)(G" - G*)



Relations among Green’s functions

G -G =G -G =—id
G'+G' =G +G°=G*, G =G'-G"
G'-G' =G +G", G =G -G

G, (tt)=G.(t'1)
G, (1) =G(t't)



Steady state, Fourier transform

G(t,t"Y=G(t-1"),

Glw] = TG(t)ei”tdt,

G'[o] =G'[o]



Equilibrium Green’s Function,
Lehmann Representation

—BH
H|n>=E |n>, p=‘32, Z= et

Ht Ht

; _
u,(t)y=eue ", Z|m><m|:1
m

G0y == el pu, (0,0

__IN s I
——hzn:e <n|uj(t)uk(0)|n>z

i(En_E )Z 1

_IBEn+
=—Ze f <n|uj|m><m|uk|n>Z




Fluctuation-Dissipation Theorem
(Callen-Welton 1951)

G<(w) = N(w)(G"(w) — G*(w))

67 (w) = (1 + N()(6"(w) — G*(w))

Fluctuations: < uu >
Linear response: u = —G"f, f is force
Dissipation: —w Im G f*



Pictures 1n Quantum Mechanics

* Schrodinger picture: O, W(r) =U(t,¢,)¥Y(¢))

* Heisenberg picture: O(¢) = U(¢,,t)OU(t,t,) , po,
where the evolution operator U satisfies

" ou(t,t"
Ot

= HU(t,t"),

I H e
U(t,t')=Te zh ,

t>t'

See, e.g., Fetter &
Walecka, “Quantum
Theory of Many-
Particle Systems.”



Calculating correlation
(A@DB()) =Tr[pA@)B(")] >0
=Tr[ p(t,)U (t,, ) AU (1,2, )U (1, ) BU (1',1,)]
=Tr[ p(t)U (1, ) AU (,6)BU(11y)]

T plty)Toe " 48, |

e
U(t,t'):Teht' ” ~
U(t,t')U(t ',t") — U(t,t")

t t t



Evolution Operator on Contour

U(Tz,rl):ﬂexp(—;j‘[{fdr), T, =T,

U(T3972)U(72971) = U(T3971)a T, 7T, m T

U(z,,7,)=U(z,,7,)", T, <7,

+

O(2) =U(t ,0)OU (1, ) ——————

T

Keldysh contour



Contour-ordered Green’s function

G(r,7") = —%<Tcu(2')u(f')T>

! H_dr

=Tt p(tO)TCurur'Te_% o

Contour order: the operators
earlier on the contour are to the

right. See, e.g., H. Haug & A..-

P. Jauho. e o —




Relation to real-time Green’s functions

T—> (o), or 7=t", o=x%

' oo s G G
G(r,7)—> G (t,t") or G:_G> G
G =G, G =G"
G '=G°, G =G
G =G -G e i




end of lecture two



[ .ecture three

Calculus on contour, equation of
motion method, current, etc
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Equation of Motion Method

la

* The advantage of equation of motion method 1s
that we don’t need to know or pay attention to the
distribution (density operator) p. The equations
can be derived quickly.

* The disadvantage 1s that we have a hard time
justified the initial/boundary condition in solving
the equations.

* Diagrammatic expansion (initial product states
satisfy Wick's theorem)



Heisenberg Equation on Contour

U(z,,t,) :Tcexp(—;j‘Hrdr), T, > T,

O(r)=U(t,,7)0U(1,t,)

i do(r) _

g~ LO@)H]



Express contour order using theta
function

G(r,7") = —% (Tou(m)u(z)")
— (—%j <u(z')u(z' e > O(r, ")+ (—%j <u(r Yu(r)" >T 0(t',7)

Operator A(7) 1s the same as A(¢) as far as commutation relation or effect on
wavefunction is concerned

[u(7), u(z) =ikl



Equation of motion for contour ordered
Green’s function

%G(Z‘,T'):(_%j<d(f)u( ' >9( )+(——j< (¢ )(r)" > o(zr',7)
+(—%j<u(r)u( ' >5( )+(——)< (zYu(zr)’ > (-6(z',7))
_ (_%j (Tai(oyu(z))
% G(r,7') = (_%j (ii(D)u(z)" )0z, 7)
+(—%j<u(r)u( " >5( )+(——j< (zYi(z)" > (-6(z",7))
:(_%j<TCii(r)u(r) )+ (—%y[ (0),u(r)'1)8(z,7)

= (—%j <TC (—Ku(t)u(r ')T)> —o(z,7")1

=—-KG(r,t")-o(r, "]
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2G :
882 r,a,t( KGUU _5(
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Solution for Green’s functions

2

% G (t,t"Y+ KG "' (t,t")=-6(t—1t")]

using Fourier transform:

—0’G ' [w]+ KG "' [w]=-1
G [w]=(0’ 1 -K) +c8(@-VK)+ds(@+VK)

-1

G'[w]=G"[0] =((w+in)'1-K) , n—>0'
G< _ N(Gr _Ga), G> _ eﬂha)G<
c and d can be fixed by

G =G +G- initial/boundary condition.



Junction system

Cool bath

Hot Bath

Key point: reducing from an infinite size problem

to finite degrees of the center through self-energy.
43



Junction system, adiabatic switch-on

« g, tor isolated systems where leads and centre
are decoupled

* G for coupled ballistic nonequilibrium system

H +H-+Hy +V
—>
G
H\+H +Hy
g |
== |
Equilibrium at 7, t=0

Nonequilibrium steady state
established



Sudden Switch-on

H +H-+Hy +V

Green’s function G

Ea

t=-o

v

Equilibrium at 7, t =00

Nonequilibrium steady state
established



Three regions

(u, ) /ui

2

u=\u, |, u ,=|u;
\MR] \

\

,

6.7 (Tt ),

a,f=L,C,R



Heisenberg equations of motion in
three regions

H=H,+H.+H,+u,V*u.+uV"*u.+H_,
1 1

H,=—wu, +—u K,
2 2




Force Constant Matrix
U<
K: VCL KC VCR

\ O VRC KR )

| | /uL\
\Up )
/uL\
p=u=|u,




Relation between g and G

Equation of motion for Gic

Go(7,7') = _;<TCML (T)uc(7 ) > ;

2 Getee) = T e

=—K"G,(7,7) V"G (1,7,

G, (r,7") = ng (T,T")VLCGCC(T",T')CZT "

82
5,28 t)+K'g, (7,7)==0(r,7)]



Dyson equation for Ge
Gee(7,7') = _%<Tcuc (Duc(r )" > )

82

5 Geee.7) = =Tl (e () )~ 18(2,7)

=—KG..(t,e)V V"G, (r, 7))~ VG, (r, 7= 15(,7")

= —KCGCC (T, T ') - ..

VCLgL (T, T n)VLCGCC (T n’ T v) dT "

‘ VCRgR (7,7 ")VRCGCC (z",t")Ydt"-1o(7,7"),

Gee(r,7) =g (7,7")+ H g-(7,7))2(7,,7,)G (7,,7)drdT,,

S(r, 7=V g, (r,c W +V g (r, 0 W



The Langreth theorem

C(r,7)= [ Az, t"B(")dr" > Y [ A (6, B ("t "dt"
C'(t,t)=C'=C* = [A"(t,t"\B"(t"t)dt" — C'[o]=A"[0]B[]
C(t,t") = j A (t,tYB=(t",t")dt"+ j A (t,t"\B*(t",t" dt"

—  C[w]= A [0]B [0]+ A [@]B‘[0]

D(z,7) = || A(z,7,)B(z,,7,)C(z,, 7 ) dr,dT, —
D =A"B'C",
D-=A"B'C-+A"BC“+A4°B“C“



Dyson equations and solution

g : 1solated center
_ G : center coupled to baths
G=g+g20l, So=VCegVaC 3 =5, + 3,

U
G’”(a)):((a)+i77)2]—KC—Z’”)_l, n—0"
G- =G"2°G" (Keldysh equation)



Energy current

)=

in|| Gl (t,t)

0%, (t',1)

ot

+Go (2,1

—— | Tr(V" G5 lwl)hodao

O%’ (¢',1)

Ot

dt'



Meir-Wingreen formula,
symmetric form

Cdw
-[ 4r

—00

J =

a

hoTr(GS,-G%,), a=L,R



[Landauer/Caroli formula

dH,\ F o d
I, =_< er>: jthr(GCCrLGCCrR)(N —-N )2:
r,=i(z, -z
FDT for baths: X5 =N_I'
I, > =1, :
2

G =G'SG", i°=N,[,+N,I,
G -G =iG" (T ,+T,)G"



1D calculation

* In the following we give a complete
calculation for a simple 1D chain (the baths
and the center are 1dentical) with on-site
coupling and nearest neighbor couplings.

This example shows the steps needed for more
general junction systems, such as the need to
calculate the “surface” Green’s functions.




Ballistic transport in a 1D chain

e Force constants

—k
-k 2k+k,

—k

0

0

» Equation of motion

u; =hku,_ —(2k+kyu, +ku

0
—k
2k + k,
—k
0

j+1°

0
—k
2k +k,
—k

j:”°9_19091929”°



Solution of g

((@+in)’ —K")g, =1, n—0"
2k+k, —k 0 ]
or_ | ko 2k+k, k0
0 ~k  2k+k, —k
0 0 —k |
o ;tj+1

gjO: I > j:()alaz:"'a
A +(w+in) =2k—k)/k+A=0, |Ak]



Lead self energy and transmission

5 = 0 O .0 0 L Tlo]
O 0 -. O
1|
i 0 0 O]

l, k<o’ <dk+k,

T[w] = Tr(G'T LGaFR) - {O, otherwise

\ 4



Heat current and conductance

400 da)

[, = | hoT N,-N

= [ hoTl@)(N, = Ny) =

o~ im I, jha)aNda), N = hl
- T, —T, ol 2rx e’ —1
2

az”;‘;T, T—0,k =0 ® = hwN

K. Schwab, et al, Nature 404, 974 (2000)



General recursive algorithm for g

oh

00

o

R 10
K" =

n~=10""

c~107"

R

[E—

N
o

= o

Ken
o

s <k,
e <k,
o <k,
do {

g <—((a)+i77)2]—e)_1
L—a'
S < s+agf
e<—e+agf+ Pea
o< oaga

ywhile (o[> ¢)

—1

20 <—((a)+i77)2[—s)



Thermal Conductance ( 10° W/K)

(8,0) carbon nanotube

-
N

el

1N
|

-] .|°
| |

Thermaul Conductivity (WinK)
f 3

Length {nm)

[
|

1.0

15 -

Ballistic
o(T?
Mean Field

|
200

|
400
Temperature (K)

|
600

801

J.-S. Wang, J.
Wang, N. Zheng,
PRB 74, 033408
(2006).

Main figure:
center region one
unit cell (0.43 nm).
Inset: length
dependence of
thermal

conductivity at
300K.



