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2D Heisenberg Antiferromagnets at Finite Temperature

Hohenberg-Mermin-Wagner No Long-Range Order
Theorem (1966) > at Finite Temperatures
5 ~ aje%

Escape Clause: Frustration

“Order from Disorder” (Villain 1985)

l

Discrete Relative Degree of Freedom

M, - My = +1

Sublattices classically decoupled

§z, — OO Iz, Chandra, Coleman and Larkin (90)

Emergent Z, Phase Transition in a disordered Heisenberg System.
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p>5 > Kosterlitz-Thouless Transition
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Z, generalizedto Z, ?7?

p>5 > Kosterlitz-Thouless Transition

Jose et al (77)

Can we find a model that has an emergent critical phase
even though its underlying Heisenberg degrees of freedom have
a finite correlation length?
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2D Heisenberg AFM Hamiltonian

Jtt — th =1
H = Hhh ok Htt e Ht.h Jon < 1
Ny |
Hog=Jog ¥ Y Sa(i)Ss(j+0ag) | @B €{t,A B}
=1 6013

Classically: two decoupled sublattices.
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2D Heisenberg AFM Hamiltonian

Jtt — th =1

H = Hpp + Hy + Hyp, Jin € 1

Ny
Hop=Jop » > Sa(4)Ss(i +0ag) | *B €t A B)

7=1 (5045

Classically: two decoupled sublattices.

Order from disorder drives coplanarity.
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Coplanarity
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Coplanarity
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Coplanarity 0
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Coplanarity
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Coplanarity
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Coplanarity
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The Coplanarity Cross-over Temperature

f — coherence length of coplanar flucs
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leads to a power law phase in which the 6-fold anisotropy is irrelevant.
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Magnetism, Gravity and String Theory.

X(z,y) = (9,0,9,a)

O @

Magnetization = 4D vector

Regarding (X,y)= (x,1), then X(x,t) defines
a string moving in a 4D “target” space.

X(X,1)
— O

X(x,1) S1

S3XS;

1 . .
S = 5 /degij(X(x))ﬁuX’L@MXj

Long-wavelength action = 4D string theory.

Covariance of the action under co-ordinate
transformations in target space means that
the scaling equations must also be covariant.

dg®? | L
— __RCL (14 39
7 o Ricci Flow

Friedan ‘80, Hamilton ‘81, Perelmann ‘06

The decoupling of the U(1) degrees of freedom
from the SO(3) degrees of freedom is a kind of

compactification from a four to a one dimensional
universe.
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Scaling details.

1
S = /d2 <11Q2 1 —|—IQQ2 1 —|—13Q )

+—/d2 804 /deﬁonug

dgi; 1
— R,
dl o

N | —

/ d*z i [V, X'V, X]
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Scaling details.

1
S = /d2 <11S221+12S221+13S2 )

+—/d2 804 /de(?onug

dg; 1 Small mathematica code to

o= —%Rij calculate the Ricci tensor

N | —

/ d*z i [V, X'V, X]
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Scaling details.

N | —

1
S = /d2 (11Q _|_IQQ —|—13Q271> > S =

+—/d2 804 /d2$8OAQN3

Small mathematica code to

dgq;j 1
calculate the Ricci tensor

a - om

Metric Tensor

(sin’(6) (I1sin’(¥) +I2cos’®(¥)) +13 cos’(6) sin(e) (I1-1I2) sin(¥) cos(¥)

sin(e) (Il -1I2) sin(¥) cos(¥) I1 cos? (¢) + I2 sin? (¢)
I3 cos(6) 0

% x cos (8) 0

/ d*z i [V, X'V, X]

I3 cos (6) -zl-xcos(e) \

0 0
I3 z
2

2
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For[i=1, is4, ise, Cristoffel Symbol
Por[k:l, k<d, kes,
For[l:l, 1<4, l++,
ri{i, k, 1]] =
L)
(DIg1 ([, k11, x[[111] +D[gL[[i, 111, x[[k1]] -
Dlgll[k, 11, x[[311D)]]]

»gu[i, j]1]~

N -

dg;: 1 Small mathematica code to
(] . .
— ——R;; calculate the Ricci tensor
dl 27T
Meftric Tensor
(sin’(6) (I1sin’(¥) +I2cos?(¥)) +13 cos’(6) sin(e) (I1-1I2) sin(y¥) cos(¥) I3 cos(e) ixcos () )
sin(e) (Il -1I2) sin(y) cos(¥) I1 cos? (¥) + I2 sin? ()
gus I3 cos(6) 0
\ % x cos (8) 0

: e G
(I‘l)kl s - (‘71 9ik + Vk 931 - V5 gkl)

0
I3

=
2
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For i=1' 154’ i++,

Ricci Tensor
For[k:l, k<d;, kKes; X

Riccill([[i, k]] =
4

k
R'ij1 =T

D[r[[1, i, k]], x[[1]]]-D[r[[1, i, 1]], x[[k]]] +

1=1
4
2, (FlIm, 1, m]1+T[[1, i, k1] -T[[m, i, 111 «T[[1, Kk, mm)]];
m=1

Small mathematica code to

dgq;j 1
— calculate the Ricci tensor

a - om

Metric Tensor

(sin’(6) (I1sin’(¥) +I2cos’®(¥)) +13 cos’(6) sin(e) (I1-1I2) sin(¥) cos(¥)

sin(e) (Il -1I2) sin(y) cos(¥) I1 cos? (¥) + I2 sin? ()

I3 cos(6) 0
1
\ ;xcos(e) 0
:
(I‘l)kl s g™’ (‘71 9k + Vk 931 - V5 gkl)

k k n k n
11,3 =T 13,1 +T a T 11 -T 1a T" 44

k
Rij = R jxj

I3 cos(6) i x cos(6) |
0 0
I3 : :
2
2 )
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For|i=1, i<4, i++, Ricci Tensor
For[k=1, k<4, k++,
Riccill[[4i, k]] =

k

k k k n k n
Ri51=T"41,3-T7445,1 +T 5n T 1i =T 1n T i5

k
4 Rij = R jxj
D[r[[1, i, k]], x[[1]]] -D[r[([1, i, 1]], x[[k]]] +
1=1
4
2, (rlim, 1, m]]«T[[1, &, k]] -T[[m, i, 111 +T[[1, k, mm)]];
m=1
Ao 1 Small mathematica code to
ng R .. This is the renormalization of I3
F7R WL calculate the Ricci tensor
1
~FullSimplify [ — Riccill[[3, 3]] ]
2t
132 - (I1 - I2)?
47N I2

Metric Tensor

(sin’(6) (I1sin’(¥) +I2cos?(¥)) +13 cos’(6) sin(e) (I1-1I2) sin(y¥) cos(¥) I3 cos(e) i x cos(8) |
sin(e) (Il -1I2) sin(y) cos(¥) I1 cos? (¥) + I2 sin? () 0 0
gus I3 cos(6) 0 I3 ’;‘ .
\ i x cos(8) 0 ';< Io |

: e G
(Tl)kl e - (V1 9ik + Vk 931 - V5 gkl)
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For|i=1, i<4, i++, Ricci Tensor
For[k=1, k<4, k++,

Riccill[[i, k]] =
4
D[r[[1, i, k]], x[[1]]] -D[r[[1, i, 1]], x[[k]]] +

1=1
4
(F[Im, 1, m]]*T[[1, i, kK11 -T[[m, &, 1]]*T[[1, k, mm)]];
m=1
dg® 1 _ . Small mathematica code to
— =——R .. This is the renormalization of I3
dl 2 calculate the Ricci tensor

1
_FullSimplify [ -— Riccill([3, 3]] ]
7T

132 - (I1 - I2)?
471112
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For|i=1, i<4, i++, Ricci Tensor
For[k:l, k<4, k++,

Riccill[[i, k]] =
4
p[r([1, i, k]], x[[1]]]-D[r[[1, i, 1]], x[[k]]] +

1=1

4
2, (FlIm, 1, m]1+T[[1, i, k1] -T[[m, i, 111 +T[[1, Kk, m]]))]];
m=1

dg® 1 _ . Small mathematica code to
—~ =——R . This is the renormalization of I3
dl 2 calculate the Ricci tensor
1
~FullSimplify [ — Riceill[[3, 3]] ]
2 2 2 2 2
% _ ([2;‘[;)[_]12 . (]1 _IQ)H 2 132_(11_12)2
o1 1671512 (190 _ ;Tg) e
dIQ (Il — Ig)2 — 122 (Il2 — 122) lﬁ',2
dr 7P A > E
113 167113 (1, - 4 )
dls (L —I)'-13
. 4l I,
a,
dl B 167’(’]1[2
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1
S=-3 /d% (Ilﬁi,l + L, 1 + I3Q2’1>
r2o [ 200,002 + 5 [ d220,00
5 XL ,ua) + § PR3
dah  _ (I — I3)* — I (I - 13) s
e T
wlyl3 1671213 (Lp - E)
an (- ) - I2 . (I3 — I3) &*
dl Al 15 1671113 ([so - %)
dly (L -D) - 13
dl Al 15
a, &
dl 16714 I

Monday, October 8, 2012

19



b= =dtra

1
= — — | @2 L%, + L,O2, + L,O?
2/ ( 136,10 7 2288,1 T 338,01 r= K/QIS'
I |
70‘ d*x(0,a)* + /dzx(’) allys
aly  _ (I — I;)° — I} (i —15) v
e T
wlyl3 1671213 (Lp - E)
an (- ) - I2 . (I3 — I3) &*
dl Al 15 1671113 ([so - %)
dly  (L—1)" - I3
dl Al 15
a, &
dl 16714 I
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i (- L) - 12 (I3 — I3) ?
dl Amlals 1671213 (Lp - %)
dl, (I, — )" — I3 Ui —15) v
@ amnn ¢ :
mil113 167'('[1]% ([go — szS)

dly (L -D) - 13

dl o 471']1]2
dly, _ &

dl 16714 I

b= =dtra

r=k/2I3

~r

I, > I' = I, — k2/4l;
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b= =dtra

1
S:—_/d?x LY |+ LY, | + 130

2 ( 19641 23%u,1 35,1 r = I{/QIS'

4 Lo d*z(0,a)? I #
2 p Ia%]azla_li/lllg
Decoupling becomes complete as
I,->I>

% _ (12 — ]3)2 _Il2 _ ([12 _ 122) "
dl Amlo 15 1671213 (Iso - %)
dly _ (L-L) -1 (-13)s
dl Al 15 1671113 ([so - %)
dly (L -D) - 13
dl Al I
a, &
dl 16711 15
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b= =dtra

1
S:—_/d2x LY |+ LY, | + 130

2 ( 135,01 77 42981 7T 23351 r = K/QIS'

4 Lo d*z(0,a)? I #
2 H Ia%]a:]a_ﬁz/lllg
Decoupling becomes complete as
Ii->I>

% _ (12 — —73)2 - Il2 _ (]12 _ 122) "
dl Amlo 15 1671213 (Icp - %)
an (- ) - I2 . (I3 — I3) &*
dl Al 15 1671113 (Iso - %)
dly  (L—1)" - I3
dl Al 1o
a, &
dl 16714 1o

dr (I = L)*| | ar, (1, - L)%

Al arl Ll | | @ T arhbh
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) VoY=t

r=k/2I3
I, 2 2 T )
t+5 [d z(Opr) I, =1, =1, — %2/413
Decoupling becomes complete as
Il—>Iz

dh, (-’ -}  (IF-13)+’

dl ALyl 1671513 (I, — 47 )

dly  (L-13)° 13 N (I - I3) v?

di Amli I 167113 (1, - 4 )

dls (L —I)'-13

a Al I

dy, _ __#

dl B 167’(’]1[2
As isotropy develops, r stops renormalizing, U(1) phase decouples with

dr (I, — I5)? A (I — 1) finite stiffness

A~ Arl Ll | | @ T arhl
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b= =dtra

r=k/2I3

~r

I, > I' = I, — k2/4l;

Decoupling becomes complete as
Il—>Iz

10 20 30 40 50 =In(A/Ao)

As isotropy develops, r stops renormalizing, U(1) phase decouples with

dr

E:

(I, — I5)? A (I — 1) finite stiffness

T
47’(’[1]2[3 dl Al 5
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) Y=Y =v+ra

r=k/2ls

~r

I, > I' = I, — k2/4l;

(I, —11)/1 Decoupling becomes complete as
J = B I;->I,
o
T
|
10 20 30 40 50 [=In(A/Ag) 10 2 30 40 5 ébzzln(A/Ao
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b= =dtra

r=k/2I3

~r

I, > I' = I, — k2/4l;

Decoupling becomes complete as
Il—>Iz

Decoupling of U(1l) Degrees of Freedom in Both Parameter
Regimes
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Sy, = %/dQ:E[(I&((?Ma)Q + Acos(6ar)] .

21
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Sy, = %/dQ:L'[(I&(@Ma)Q + Acos(6ar)] .

dIn(\)

dl

= 2

n?/2
2ml]
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Sy, = %/de[(I&(ﬁuoz)Q + Acos(6ar)] .

dIn(\)

dl

= 2

n?/2 _ 5 n?
orl! 8

n>4, @ TBKT

Anisotropy Irrelevant
(Jose et al,1977)
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Sy, = %/dQ:C[(I&((?Ma)Q + Acos(6ar)] .

T

A

y

fugacity

Free vortices

dIn(\)

dl

= 2

n?/2 _ 5 n?
orl! 8

n>4, @ TBKT

Anisotropy Irrelevant
(Jose et al,1977)
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1

Sy, = 5 /dQ:U[(I&((?Ma)Q + Acos(6ar)] .

Free vortices

fugacity

A

y

BKT phase

T
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—9_
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Anisotropy Irrelevant
(Jose et al,1977)
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1

Sy, = 5 /dQ:C[(I&((?Ma)Q + Acos(6ar)] .

Free vortices

T
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fugacity
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BKT phase anisotropy
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1
52625

Free vortices

y

fugacity

T

A

/dQ:C[(I&((?Ma)Q + Acos(6ar)] .

<

BKT phase
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anisotropy
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Sy, = %/dQ:C[(I&((?Ma)Q + Acos(6ar)] .

T

y Tk
fugacity

Free vortices

BKT phase anisotropy

din(\) _, /2 nf
d orl! 8
n>4, Q@ TBKT
Anisotropy Irrelevant
(Jose et al,1977)
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Sy, = %/dQ:L'[(I&(@Ma)Q + Acos(6ar)] .

T

y Tk
fugacity

Free vortices

BKT phase anisotropy

T
T JA
—— J1/In(J1/J2)
TBkT oy
;(( Power law
X xy Order
Tze

O
clock

6-state Clock Order
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Bilayer: possible candidate for powerlaw phase?
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S and Q

® Emergent Ze¢ Clock order in 2D triangular-hexagonal AFM.

T
T J+
—— J1/In(J1/J2)
Tkt ——
Toe

o-state Clock Order
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S and Q

® Emergent Ze¢ Clock order in 2D triangular-hexagonal AFM.

e 2D Heisenberg model with emergent BKT transition.

T
T J+
—— J1/In(J1/J2)
TBKT pogm
ﬁ @
X
X
X
X Powerlaw phase
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® Emergent Ze¢ Clock order in 2D triangular-hexagonal AFM.

e 2D Heisenberg model with emergent BKT transition. T
e Practical Application of Friedan Scaling to Magnetism
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® Emergent Ze¢ Clock order in 2D triangular-hexagonal AFM.

e 2D Heisenberg model with emergent BKT transition.
e Practical Application of Friedan Scaling to Magnetism

X(x,1)
¢ Toy model for compactification —

X(x,1) S1
S3XS;

¢ Realization of mapping of RG into time. (cf AASCFT)
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S and Q

® Emergent Ze¢ Clock order in 2D triangular-hexagonal AFM.

e 2D Heisenberg model with emergent BKT transition. T
e Practical Application of Friedan Scaling to Magnetism
X(x,1) — J
e Toy model for compactification —_—
X(x,1) S1
S3XS;
¢ Realization of mapping of RG into time. (cf AASCFT) —— J1/In(J1/d2)
i ] TBkT mom
S:/dT 1ga’?gb—i}z - X
27 7Y o £ C%
X
5}9 O . R Thanks: D. Eried X Powerlaw phase
5gab =0 = gup o ab anks: D. Friedan = L.X

e Quantum version?

. . 6-state Clock Order
Can one suppress Tze to zero : power law spin-liquid?
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