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Strong coupling  limit is very different.            gives a singlet 
ground state, with the energy gap of the singly occupied and 
single vacancy states determining the quasiparticle  gap and 
is an insulator.
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FIG. 1: Energy vs particle number + sz for the hamiltonian �d nd+U nd"·nd#+V ��(c†0,�d�+CC)

with each state numbered in canonical order.
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We look more carefully at the ground state atomic
singlet.

Can we create a local  quasiparticle operator which creates an 
electron or hole on a singlet site?
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Quasiparticles

Elementary excitations in a Fermi liquid is characterized by

quasiparticle creation and annihilation operators that have the

same relation to the Fermi ground state as the electron operators

do to the vacuum: cα |ΨG 〉 = 0 and {cα, c†β} = δαβ and

Hc†α |ΨG 〉 = Eαc†α |ΨG 〉
Note in particular that

cαc†α |ΨG 〉 = |ΨG 〉
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Do bare electron operators qualify?

Quasiparticles require:
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Quasiparticles require:

A

B

Let us now consider a collection of such sites on a square lattice as shown in Fig. 1. For

simplicity, we assume that the conduction eletrons can hop to the nearest neighbor site,

whereas the core electron is confined or can possibly only hop to the c electron. [1]

In the absence of the hopping between conduction electrons, the ground state is nonde-

generate, being a product of two-electron singlets at each site on the lattice with a gap of the

order of Jeff = t2cd/U to the lowest excited state consisting of a two-particle triplet. Given

the singlet ground state and a gap to the lowest lying excitation, standard perturbation

theory arguments would indicate that the symmetry properties and the existence of a gap

to the lowest lying excitation would persist persist even in the presence of a small hopping

between neighbor states. This state would then be a singlet Mott insulator; the condution

electron would simply delocalize slightly into virtual exciton pairs between neighborin sites.

Problems with defining charged quasiparticles

We shall now discuss the problems of charged quasiparticles that are necessary to describe

charge transport. Again, we begin by considering the atomic limit; we begin by considering

charged quasiparticles. Clearly, there are four di⇥erent excitations with an extra charge on

a single site, consisting of each of the four three-particle states. It is therefore tempting to

to make the ansats that there are therefore four quasiparticle creation operators consisting

of each of the four bare creation operators. Denoting ĉ†�,s as the quasiparticle operators, we

therefore explore the ansatz ĉ†�,s = c†�,s with � begin either c or f .

Upon inspection, we immediately see that these are very poor candidates for hole-creation

operators. The first problem is that

c†c,� | �G ⇤ = �1
1⇧
2
c†c,�c

†
c,⇥c

†
f,� | 0 ⇤ (2)

so that, although the operator indeed creates a hole on the site, the resulting state is not

normalized properly.

Second, we note

cc,� | �G ⇤ =
1⇧
2
c†f,⇥ | 0 ⇤ ⇥= 0 (3)

so that the presumed quasiparticle annihilation operator does not annihilate the atomic

ground state.
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therefore explore the ansatz ĉ†�,s = c†�,s with � begin either c or f .

Upon inspection, we immediately see that these are very poor candidates for hole-creation

operators. The first problem is that

c†c,� | �G ⇤ = �1
1⇧
2
c†c,�c

†
c,⇥c

†
f,� | 0 ⇤ (2)

so that, although the operator indeed creates a hole on the site, the resulting state is not

normalized properly.

Second, we note

cc,� | �G ⇤ =
1⇧
2
c†f,⇥ | 0 ⇤ ⇥= 0 (3)

so that the presumed quasiparticle annihilation operator does not annihilate the atomic

ground state.

3

^ ^

^

t

-



Physics Department
Quasiparticles

Elementary excitations in a Fermi liquid is characterized by

quasiparticle creation and annihilation operators that have the

same relation to the Fermi ground state as the electron operators

do to the vacuum: cα |ΨG 〉 = 0 and {cα, c†β} = δαβ and

Hc†α |ΨG 〉 = Eαc†α |ΨG 〉
Note in particular that

cαc†α |ΨG 〉 = |ΨG 〉

. – p.2/4

Quasiparticles

Elementary excitations in a Fermi liquid is characterized by

quasiparticle creation and annihilation operators that have the

same relation to the Fermi ground state as the electron operators

do to the vacuum: cα |ΨG 〉 = 0 and {cα, c†β} = δαβ and

Hc†α |ΨG 〉 = Eαc†α |ΨG 〉
Note in particular that

cαc†α |ΨG 〉 = |ΨG 〉

. – p.2/4

Quasiparticles require:

A

B

Let us now consider a collection of such sites on a square lattice as shown in Fig. 1. For

simplicity, we assume that the conduction eletrons can hop to the nearest neighbor site,

whereas the core electron is confined or can possibly only hop to the c electron. [1]

In the absence of the hopping between conduction electrons, the ground state is nonde-

generate, being a product of two-electron singlets at each site on the lattice with a gap of the

order of Jeff = t2cd/U to the lowest excited state consisting of a two-particle triplet. Given

the singlet ground state and a gap to the lowest lying excitation, standard perturbation

theory arguments would indicate that the symmetry properties and the existence of a gap

to the lowest lying excitation would persist persist even in the presence of a small hopping

between neighbor states. This state would then be a singlet Mott insulator; the condution

electron would simply delocalize slightly into virtual exciton pairs between neighborin sites.

Problems with defining charged quasiparticles

We shall now discuss the problems of charged quasiparticles that are necessary to describe

charge transport. Again, we begin by considering the atomic limit; we begin by considering

charged quasiparticles. Clearly, there are four di⇥erent excitations with an extra charge on

a single site, consisting of each of the four three-particle states. It is therefore tempting to

to make the ansats that there are therefore four quasiparticle creation operators consisting

of each of the four bare creation operators. Denoting ĉ†�,s as the quasiparticle operators, we
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The strong coupling Kondo lattice model as a Fermi gas
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Gothenburg 41296, Sweden

(Dated: March 3, 2008)

The strong coupling half-filled Kondo lattice model is an important example of a strongly inter-
acting dense Fermi system for which conventional Fermi gas analysis has thus far failed. We remedy
this by deriving an exact transformation that maps the model to a dilute gas of weakly interacting
electron and hole quasiparticles that can then be analyzed by conventional dilute Fermi gas meth-
ods. The quasiparticle vacuum is a singlet Mott insulator for which the quasiparticle dynamics are
simple. Since the transformation is exact, the electron spectral weight sum rules are obeyed exactly.
Subtleties in the behavior of electrons in the singlet Mott insulator can be reduced to a complicated
but precise relation between quasiparticles and bare electrons. The theory of free quasiparticles can
also be interpreted as an exactly solvable model for a singlet Mott insulator, providing an exact
model in which to explore the strong coupling regime of a singlet Kondo insulator.

PACS numbers: 71.10.-w, 71.27.+a, 71.30.+h
Keywords: Mott insulators, Kondo Lattice, Mott transition

Introduction. A Fermi liquid is described by starting
with an ideal non-interacting Fermi gas. We then adia-
batically “switch on” the interactions between particles.
States of the interacting system are then identified with
those of the non-interacting system. Fermi quasiparti-
cles have the same relation to Fermi liquid ground state
as the electron operators do to the vacuum; if | �G ⌃ is
the Fermi liquid ground state, there should exist a quasi-
particle creation operator c†⇥ so that 0 = c⇥ | �G ⌃ ,
{c�, c†⇥} = ��⇥ and Hc†�| �G ⌃ = e�c†�| �G ⌃. The spec-
tral weight sum-rule follows directly from this.

Although the spectral weight sum rule is so fundamen-
tal it has been surprisingly di⇤cult to implement in ap-
proximate theories of the Kondo lattice model.[1] The
present work demonstrates an exact transformation that
can be utilized to map the dense strongly interacting sin-
glet Mott insulator to a weak coupling dilute Fermi gas.
This allows conventional Fermi gas techniques to be used
in the new basis allowing us to derive both precise ground
state properties and exact spectral spectral weight sum
rules.

We begin by considering a lattice of sites each con-
sisting of conduction band “c” electrons that can hop
between neighboring sites and core “f” electrons that are
confined. At half filling a total of two electrons tend to
be located on the site. An onsite potential favors single
occupancy of the “f” electron, forcing the second electron
into the conduction band. The extended model consists
of a lattice of such sites with only the “c” electrons hop-
ping between neighbors.

There are four states with one “c” and one “f” electron
present. The resulting triplet-singlet degeneracy is lifted
by a spin exchange term that gives the singlet lowest

�Electronic address: ostlund@physics.gu.se

energy.[2] This behavior is most easily encoded in the
Kondo lattice Hamiltonian [3]

HKLM = t
�

rr�(c†c,⇤(r)cc,⇤(r⌅) + CC) +�
r (J Sc(r) · Sf (r) + Uf (nf (r)� 1)2 )

. (1)

The atomic ground state is given by | �G ⌃ =
1⇧
2

(c†c,⇥ c†f,⇤� c†c,⇤ c†f,⇥) | V ac ⌃. For t = 0 the full ground
state is a product of such two-electron singlets at each
site and is nondegenerate with finite gap to the excited
states. The gap will persist for small values of the hop-
ping t and the local conduction electron will then simply
make virtual excursions to the neighboring sites. The
system will remain a singlet Mott insulator.

Before describing quasiparticles for nonzero t we begin
with the limit of zero hopping. For each site, there are
four charged spin half excitations consisting of each of
the four states with three electrons.[3] We first attempt
to define a quasiparticle operator simply by c†c,⇤ which
one might hope adds an extra conduction electron to the
singlet.

This ansatz immediately leads to problems. First we
find c†c,⇥ | �G ⌃ = � 1⇧

2
c†c,⇥c

†
c,⇤c

†
f,⇥ | V ac ⌃. Although the

operator indeed creates a state with an extra charge, this
state is not normalized.

A second problem is the following inequality:
cc,⇥ | �G ⌃ = 1⇧

2
c†f,⇤ | V ac ⌃ ⇤= 0 which shows that our

attempted quasiparticle annihilation operator does not
annihilate the atomic ground state. Finally, we note that
cc,⇥c

†
c,⇥ | �G ⌃ = � 1⇧

2
c†c,⇤ c†f,⇥ | V ac ⌃ ⇤= | �G ⌃ so that

this simple annihilation operator does not reconstruct the
original singlet ground state. We conclude that none of
the conditions we require of a proper quasiparticle op-
erator is fulfilled with this ansatz. This simple analysis
reveals the source of the di⇤culty; the ground state is
“entangled” in the sense that it cannot be created from
the true vacuum by a simple product of bare electron
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^

t

-



Physics Department
Quasiparticles

Elementary excitations in a Fermi liquid is characterized by

quasiparticle creation and annihilation operators that have the

same relation to the Fermi ground state as the electron operators

do to the vacuum: cα |ΨG 〉 = 0 and {cα, c†β} = δαβ and

Hc†α |ΨG 〉 = Eαc†α |ΨG 〉
Note in particular that

cαc†α |ΨG 〉 = |ΨG 〉

. – p.2/4

Quasiparticles

Elementary excitations in a Fermi liquid is characterized by

quasiparticle creation and annihilation operators that have the

same relation to the Fermi ground state as the electron operators

do to the vacuum: cα |ΨG 〉 = 0 and {cα, c†β} = δαβ and

Hc†α |ΨG 〉 = Eαc†α |ΨG 〉
Note in particular that

cαc†α |ΨG 〉 = |ΨG 〉

. – p.2/4

Bare electron operators are no good!

Quasiparticles require:

A

B

Let us now consider a collection of such sites on a square lattice as shown in Fig. 1. For

simplicity, we assume that the conduction eletrons can hop to the nearest neighbor site,

whereas the core electron is confined or can possibly only hop to the c electron. [1]

In the absence of the hopping between conduction electrons, the ground state is nonde-

generate, being a product of two-electron singlets at each site on the lattice with a gap of the

order of Jeff = t2cd/U to the lowest excited state consisting of a two-particle triplet. Given

the singlet ground state and a gap to the lowest lying excitation, standard perturbation

theory arguments would indicate that the symmetry properties and the existence of a gap

to the lowest lying excitation would persist persist even in the presence of a small hopping

between neighbor states. This state would then be a singlet Mott insulator; the condution

electron would simply delocalize slightly into virtual exciton pairs between neighborin sites.

Problems with defining charged quasiparticles

We shall now discuss the problems of charged quasiparticles that are necessary to describe

charge transport. Again, we begin by considering the atomic limit; we begin by considering

charged quasiparticles. Clearly, there are four di⇥erent excitations with an extra charge on

a single site, consisting of each of the four three-particle states. It is therefore tempting to

to make the ansats that there are therefore four quasiparticle creation operators consisting

of each of the four bare creation operators. Denoting ĉ†�,s as the quasiparticle operators, we
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We begin by taking a “generic” value of the 
Anderson impurity parameters and plotting the 
energy values for different values of the impurity 
site occupation number.
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Another simple Fermi system 
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A permutation is a canonical transformation ** and can be 
represented by: 

Invert this 

c†c = U†ĉ†eU

cf = U†ĉ†hU

This transformation is then done exactly with computer 
algebra ....

U = P (ĉe, ĉh, ĉ†e, ĉ
†
h)



Physics Department

This reordering generates a canonical transformation 
that by construction maps states properly

cc,↑
† = ĉh,↓!!2ne,↓ +

1
2

ĉh,↑
† ĉe,↓

† − !1ne,↑ −
1
"2

nh,↑#
+ ĉe,↑

† !!1nh,↓ +
− 1
2

ĉh,↑ĉe,↓ +
1
"2

ne,↓ − !2nh,↑#
+ ! 1

"2
ĉh,↓ −

1
"2

ĉe,↑
† # + ¯ ,

where !2= $1−1/ "2% and !1= 1
2 $"2−1 %. For the f electrons

the result is

cf ,↑
† = ĉe,↑

† !1
2

nh,↓ + ne,↓ +
− 1
2

ĉh,↑ĉe,↓ +
1
"2

ĉh,↑
† ĉe,↓

† #
+ ĉh,↓!− 1

2
ne,↑ +

1
2

ĉh,↑
† ĉe,↓

† −
1
"2

ĉh,↑ĉe,↓ − nh,↑# + ¯ .

Similar formulas occur for the other spin component. We
note that the f electron operators are constructed by third
order electron and hole operators in contrast to the conduc-
tion electron operators that have a linear coupling to quasi-
particles. Deriving or even verifying these formulas is formi-
dable without the help of a computer.5

EFFECTIVE MODEL FOR QUASIPARTICLES

The transformation U is now used to define a global trans-
formation by Uglobal=&rUr. Since Ur does not mix states of
even and odd particle numbers we obtain 'ci,"

† $r% ,cj,"
† $r!%(

=#i,j#r,r! verifying that U is indeed a global canonical trans-
formation.

We now express the Kondo lattice model given by Eq. $1%
in terms of electron and hole quasiparticle operators by re-
placing the Fermi operators ccf ,"$r% by their representation as
polynomials in ĉeh,"

† $r%.
By construction, the Kondo singlet is the quasiparticle

vacuum in the limit t→0. For small values of t, quasiparti-
cles can hop between adjacent sites. The resultant low-
energy charged states that appear in the interacting ground
state are therefore described by single quasiparticle operators
and the unitary transformation guarantees these local states
also have the correct energy.

For small t the states with local charge fluctuations will
have a small amplitude in the interacting ground; the prob-
ability that a site is occupied by more than one quasiparticle
will be accordingly less. The system should therefore be well
approximated by a dilute Fermi gas.

We thus expand HKLM in quasiparticle operators. Inserting
the quasiparticle representation for the original Fermions,
normal ordering, then truncating the Hamiltonian to second
order we find6 HKLM=HKLM

free +HKLM
interacting with HKLM

free given by

3
4

J$nc + nf − 1% +
1
2

t$s$− 1%1/2+s„ĉe,s
† $r%ĉh,−s

† $r!%

− ĉe,s$r!%ĉh,−s$r%… +
1
2

t$sĉe,s
† $r%ĉe,s$r!% − ĉh,s

† $r%ĉh,s$r!%

+
1
2

t$sĉe,s
† $r!%ĉe,s$r% − ĉh,s

† $r!%ĉh,s$r%

+
1
2

t$s$− 1%1/2+s„ĉh,s$r!%ĉe,−s$r% − ĉh,s
† $r%ĉe,−s

† $r!%… .

HKLM
free can then be treated exactly by transforming to mo-

mentum space and utilizing a conventional Bogoliubov
transformation.5 With a chemical potential we compute the
eigenvalues exactly. We let ek=)i cos$k · î%. The quasiparticle
spectrum is then given by Ek= 3J

4 %k± tek±& where %k

="1+ $ 4tek

3J
%2

.
It is reassuring that Uf does not appear to quadratic order.

A value of J" that is not small is what is crucial in creating
the Kondo singlet and low-energy states; Uf only appears to
higher order. For completeness, the entire onsite part of
HKLM is given by

HKLM
interacting=„ne$ne − 1%nh + nenh$nh − 1%…! 3

16
J +

− 1
4

Uf#
+ „ne$ne − 1% + nh$nh − 1%…!− 3

8
J +

1
2

Uf#
+ *$Se · Sh%!1

4
J − Uf# + nenh!− 9

16
J +

1
4

Uf#+ .

High order terms in the hopping become too lengthy to write
out here. As we will see, however, they are unimportant for
the small t physics since not only is the prefactor t small, but
the fourth order fermion operators are also unimportant since
the Fermi gas is dilute.

SPECTRAL WEIGHTS

Since the local electron operator is represented exactly in
terms of quasiparticles the spectral weights can be computed
for HKLM

free using Wick’s theorem. In Fig. 2 we plot the one-
dimensional spectral weight for the c-electron Ac$k ,'% as a
function of ' several values of k from 0 to (. The quasipar-
ticle coherent peak is a # function which has been broadened
only to make the plot easier to interpret. The very broad
incoherent structure at higher energy is comprised of three
quasiparticle contributions. Not shown are the five quasipar-
ticle contributions that represent less than 1% of the total
spectral weight and are outside the frequency domain plot-
ted. We observe that Ac$k+( ,'%=Ac$k ,−'% a consequence
of the particle-hole symmetry of HKLM.

NUMERICAL RESULTS

The quality of the wave function as an approximation to
the Kondo Lattice ground state can be measured by the over-
lap of the ground state with the Hilbert space of HKLM.

Let )= 1
2*2 ,,,Td$1−%k

−1%$ dk
2(

%d- 2d
9 +O$*2% where *= t /J

and d is the dimension. A measure of the deviation of the
approximate ground state from the Hilbert space of the
Kondo lattice model is measured by #P= .$1−nf%2/ which is
exactly given by #P=)2*4$3−2 )*2% demonstrating conver-
gence like $t /J%4 for small t. We also find .ne+nh/=4)*2

which verifies that the number of quasiparticles remains sur-
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ĉh,↑ĉe,↓ − nh,↑# + ¯ .

Similar formulas occur for the other spin component. We
note that the f electron operators are constructed by third
order electron and hole operators in contrast to the conduc-
tion electron operators that have a linear coupling to quasi-
particles. Deriving or even verifying these formulas is formi-
dable without the help of a computer.5
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in terms of electron and hole quasiparticle operators by re-
placing the Fermi operators ccf ,"$r% by their representation as
polynomials in ĉeh,"
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By construction, the Kondo singlet is the quasiparticle

vacuum in the limit t→0. For small values of t, quasiparti-
cles can hop between adjacent sites. The resultant low-
energy charged states that appear in the interacting ground
state are therefore described by single quasiparticle operators
and the unitary transformation guarantees these local states
also have the correct energy.

For small t the states with local charge fluctuations will
have a small amplitude in the interacting ground; the prob-
ability that a site is occupied by more than one quasiparticle
will be accordingly less. The system should therefore be well
approximated by a dilute Fermi gas.

We thus expand HKLM in quasiparticle operators. Inserting
the quasiparticle representation for the original Fermions,
normal ordering, then truncating the Hamiltonian to second
order we find6 HKLM=HKLM
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interacting with HKLM

free given by
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− ĉe,s$r!%ĉh,−s$r%… +
1
2

t$sĉe,s
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spectrum is then given by Ek= 3J
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A value of J" that is not small is what is crucial in creating
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HKLM is given by
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High order terms in the hopping become too lengthy to write
out here. As we will see, however, they are unimportant for
the small t physics since not only is the prefactor t small, but
the fourth order fermion operators are also unimportant since
the Fermi gas is dilute.

SPECTRAL WEIGHTS

Since the local electron operator is represented exactly in
terms of quasiparticles the spectral weights can be computed
for HKLM

free using Wick’s theorem. In Fig. 2 we plot the one-
dimensional spectral weight for the c-electron Ac$k ,'% as a
function of ' several values of k from 0 to (. The quasipar-
ticle coherent peak is a # function which has been broadened
only to make the plot easier to interpret. The very broad
incoherent structure at higher energy is comprised of three
quasiparticle contributions. Not shown are the five quasipar-
ticle contributions that represent less than 1% of the total
spectral weight and are outside the frequency domain plot-
ted. We observe that Ac$k+( ,'%=Ac$k ,−'% a consequence
of the particle-hole symmetry of HKLM.

NUMERICAL RESULTS

The quality of the wave function as an approximation to
the Kondo Lattice ground state can be measured by the over-
lap of the ground state with the Hilbert space of HKLM.

Let )= 1
2*2 ,,,Td$1−%k

−1%$ dk
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%d- 2d
9 +O$*2% where *= t /J

and d is the dimension. A measure of the deviation of the
approximate ground state from the Hilbert space of the
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exactly given by #P=)2*4$3−2 )*2% demonstrating conver-
gence like $t /J%4 for small t. We also find .ne+nh/=4)*2

which verifies that the number of quasiparticles remains sur-
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‘‘Bogoliubov’’

This reordering generates a canonical transformation 
that by construction maps states properly

cc,↑
† = ĉh,↓!!2ne,↓ +

1
2

ĉh,↑
† ĉe,↓

† − !1ne,↑ −
1
"2

nh,↑#
+ ĉe,↑

† !!1nh,↓ +
− 1
2

ĉh,↑ĉe,↓ +
1
"2

ne,↓ − !2nh,↑#
+ ! 1

"2
ĉh,↓ −

1
"2

ĉe,↑
† # + ¯ ,

where !2= $1−1/ "2% and !1= 1
2 $"2−1 %. For the f electrons

the result is

cf ,↑
† = ĉe,↑

† !1
2

nh,↓ + ne,↓ +
− 1
2

ĉh,↑ĉe,↓ +
1
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ĉh,↑
† ĉe,↓

† #
+ ĉh,↓!− 1

2
ne,↑ +

1
2

ĉh,↑
† ĉe,↓

† −
1
"2

ĉh,↑ĉe,↓ − nh,↑# + ¯ .

Similar formulas occur for the other spin component. We
note that the f electron operators are constructed by third
order electron and hole operators in contrast to the conduc-
tion electron operators that have a linear coupling to quasi-
particles. Deriving or even verifying these formulas is formi-
dable without the help of a computer.5

EFFECTIVE MODEL FOR QUASIPARTICLES

The transformation U is now used to define a global trans-
formation by Uglobal=&rUr. Since Ur does not mix states of
even and odd particle numbers we obtain 'ci,"

† $r% ,cj,"
† $r!%(

=#i,j#r,r! verifying that U is indeed a global canonical trans-
formation.

We now express the Kondo lattice model given by Eq. $1%
in terms of electron and hole quasiparticle operators by re-
placing the Fermi operators ccf ,"$r% by their representation as
polynomials in ĉeh,"

† $r%.
By construction, the Kondo singlet is the quasiparticle

vacuum in the limit t→0. For small values of t, quasiparti-
cles can hop between adjacent sites. The resultant low-
energy charged states that appear in the interacting ground
state are therefore described by single quasiparticle operators
and the unitary transformation guarantees these local states
also have the correct energy.

For small t the states with local charge fluctuations will
have a small amplitude in the interacting ground; the prob-
ability that a site is occupied by more than one quasiparticle
will be accordingly less. The system should therefore be well
approximated by a dilute Fermi gas.

We thus expand HKLM in quasiparticle operators. Inserting
the quasiparticle representation for the original Fermions,
normal ordering, then truncating the Hamiltonian to second
order we find6 HKLM=HKLM

free +HKLM
interacting with HKLM

free given by
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HKLM
free can then be treated exactly by transforming to mo-

mentum space and utilizing a conventional Bogoliubov
transformation.5 With a chemical potential we compute the
eigenvalues exactly. We let ek=)i cos$k · î%. The quasiparticle
spectrum is then given by Ek= 3J

4 %k± tek±& where %k

="1+ $ 4tek

3J
%2

.
It is reassuring that Uf does not appear to quadratic order.

A value of J" that is not small is what is crucial in creating
the Kondo singlet and low-energy states; Uf only appears to
higher order. For completeness, the entire onsite part of
HKLM is given by

HKLM
interacting=„ne$ne − 1%nh + nenh$nh − 1%…! 3

16
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4
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1
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High order terms in the hopping become too lengthy to write
out here. As we will see, however, they are unimportant for
the small t physics since not only is the prefactor t small, but
the fourth order fermion operators are also unimportant since
the Fermi gas is dilute.

SPECTRAL WEIGHTS

Since the local electron operator is represented exactly in
terms of quasiparticles the spectral weights can be computed
for HKLM

free using Wick’s theorem. In Fig. 2 we plot the one-
dimensional spectral weight for the c-electron Ac$k ,'% as a
function of ' several values of k from 0 to (. The quasipar-
ticle coherent peak is a # function which has been broadened
only to make the plot easier to interpret. The very broad
incoherent structure at higher energy is comprised of three
quasiparticle contributions. Not shown are the five quasipar-
ticle contributions that represent less than 1% of the total
spectral weight and are outside the frequency domain plot-
ted. We observe that Ac$k+( ,'%=Ac$k ,−'% a consequence
of the particle-hole symmetry of HKLM.

NUMERICAL RESULTS

The quality of the wave function as an approximation to
the Kondo Lattice ground state can be measured by the over-
lap of the ground state with the Hilbert space of HKLM.

Let )= 1
2*2 ,,,Td$1−%k

−1%$ dk
2(

%d- 2d
9 +O$*2% where *= t /J

and d is the dimension. A measure of the deviation of the
approximate ground state from the Hilbert space of the
Kondo lattice model is measured by #P= .$1−nf%2/ which is
exactly given by #P=)2*4$3−2 )*2% demonstrating conver-
gence like $t /J%4 for small t. We also find .ne+nh/=4)*2

which verifies that the number of quasiparticles remains sur-
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† = ĉe,↑

† !1
2

nh,↓ + ne,↓ +
− 1
2
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ability that a site is occupied by more than one quasiparticle
will be accordingly less. The system should therefore be well
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A value of J" that is not small is what is crucial in creating
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High order terms in the hopping become too lengthy to write
out here. As we will see, however, they are unimportant for
the small t physics since not only is the prefactor t small, but
the fourth order fermion operators are also unimportant since
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for HKLM

free using Wick’s theorem. In Fig. 2 we plot the one-
dimensional spectral weight for the c-electron Ac$k ,'% as a
function of ' several values of k from 0 to (. The quasipar-
ticle coherent peak is a # function which has been broadened
only to make the plot easier to interpret. The very broad
incoherent structure at higher energy is comprised of three
quasiparticle contributions. Not shown are the five quasipar-
ticle contributions that represent less than 1% of the total
spectral weight and are outside the frequency domain plot-
ted. We observe that Ac$k+( ,'%=Ac$k ,−'% a consequence
of the particle-hole symmetry of HKLM.
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The quality of the wave function as an approximation to
the Kondo Lattice ground state can be measured by the over-
lap of the ground state with the Hilbert space of HKLM.

Let )= 1
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and d is the dimension. A measure of the deviation of the
approximate ground state from the Hilbert space of the
Kondo lattice model is measured by #P= .$1−nf%2/ which is
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† ĉe,↓

† #
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Similar formulas occur for the other spin component. We
note that the f electron operators are constructed by third
order electron and hole operators in contrast to the conduc-
tion electron operators that have a linear coupling to quasi-
particles. Deriving or even verifying these formulas is formi-
dable without the help of a computer.5
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The transformation U is now used to define a global trans-
formation by Uglobal=&rUr. Since Ur does not mix states of
even and odd particle numbers we obtain 'ci,"

† $r% ,cj,"
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=#i,j#r,r! verifying that U is indeed a global canonical trans-
formation.

We now express the Kondo lattice model given by Eq. $1%
in terms of electron and hole quasiparticle operators by re-
placing the Fermi operators ccf ,"$r% by their representation as
polynomials in ĉeh,"
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By construction, the Kondo singlet is the quasiparticle

vacuum in the limit t→0. For small values of t, quasiparti-
cles can hop between adjacent sites. The resultant low-
energy charged states that appear in the interacting ground
state are therefore described by single quasiparticle operators
and the unitary transformation guarantees these local states
also have the correct energy.

For small t the states with local charge fluctuations will
have a small amplitude in the interacting ground; the prob-
ability that a site is occupied by more than one quasiparticle
will be accordingly less. The system should therefore be well
approximated by a dilute Fermi gas.

We thus expand HKLM in quasiparticle operators. Inserting
the quasiparticle representation for the original Fermions,
normal ordering, then truncating the Hamiltonian to second
order we find6 HKLM=HKLM
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free can then be treated exactly by transforming to mo-

mentum space and utilizing a conventional Bogoliubov
transformation.5 With a chemical potential we compute the
eigenvalues exactly. We let ek=)i cos$k · î%. The quasiparticle
spectrum is then given by Ek= 3J
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It is reassuring that Uf does not appear to quadratic order.

A value of J" that is not small is what is crucial in creating
the Kondo singlet and low-energy states; Uf only appears to
higher order. For completeness, the entire onsite part of
HKLM is given by
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High order terms in the hopping become too lengthy to write
out here. As we will see, however, they are unimportant for
the small t physics since not only is the prefactor t small, but
the fourth order fermion operators are also unimportant since
the Fermi gas is dilute.

SPECTRAL WEIGHTS

Since the local electron operator is represented exactly in
terms of quasiparticles the spectral weights can be computed
for HKLM

free using Wick’s theorem. In Fig. 2 we plot the one-
dimensional spectral weight for the c-electron Ac$k ,'% as a
function of ' several values of k from 0 to (. The quasipar-
ticle coherent peak is a # function which has been broadened
only to make the plot easier to interpret. The very broad
incoherent structure at higher energy is comprised of three
quasiparticle contributions. Not shown are the five quasipar-
ticle contributions that represent less than 1% of the total
spectral weight and are outside the frequency domain plot-
ted. We observe that Ac$k+( ,'%=Ac$k ,−'% a consequence
of the particle-hole symmetry of HKLM.

NUMERICAL RESULTS

The quality of the wave function as an approximation to
the Kondo Lattice ground state can be measured by the over-
lap of the ground state with the Hilbert space of HKLM.

Let )= 1
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and d is the dimension. A measure of the deviation of the
approximate ground state from the Hilbert space of the
Kondo lattice model is measured by #P= .$1−nf%2/ which is
exactly given by #P=)2*4$3−2 )*2% demonstrating conver-
gence like $t /J%4 for small t. We also find .ne+nh/=4)*2

which verifies that the number of quasiparticles remains sur-
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these four states all map under U † into the four states containing exactly on hole or one

extra electron, the new creation operators ĉ†i (⇥) are precisely independen electron and hole

creation operators of the ground state. In fact we find the exact relation

ntot = 2 + ĉ†e,� ĉe,� + ĉ†e,⇥ ĉe,⇥ � ĉ†h,⇥ ĉh,⇥ � ĉ†h,� ĉh,� (8)

confirming the identification of U as a unitary transformation mapping the original Fermion

operators to electron and hole quasiparticles.

Using straightforward computer algebra, it can also be explictly shown that the new

Hamiltonian with the restriction {µ ⌅ 0 , ef ⌅ 1
2Uf , e0 ⌅ 3J + 1

2Uf } in terms of these

quasiparticles is exactly given by
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In fact, this relationship can be computed as
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We have thus succeeded in defining proper local quasiparticles ĉ†i,�(r) which by construc-

tion obey the following properties.

• They each annihilate the two-particle singlet ground state

• From the ground state, they each construct one of the four states with an extra particle

or hole.

7
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The strong coupling Kondo lattice model as a Fermi gas

Stellan Östlund⇥
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Gothenburg 41296, Sweden
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The strong coupling half-filled Kondo lattice model is an important example of a strongly inter-
acting dense Fermi system for which conventional Fermi gas analysis has thus far failed. We remedy
this by deriving an exact transformation that maps the model to a dilute gas of weakly interacting
electron and hole quasiparticles that can then be analyzed by conventional dilute Fermi gas meth-
ods. The quasiparticle vacuum is a singlet Mott insulator for which the quasiparticle dynamics are
simple. Since the transformation is exact, the electron spectral weight sum rules are obeyed exactly.
Subtleties in understanding the behavior of electrons in the singlet Mott insulator can be reduced
to a fairly complicated but precise relation between quasiparticles and bare electrons. The theory
of free quasiparticles can be interpreted as an exactly solvable model for a singlet Mott insulator,
providing an exact model in which to explore the strong coupling regime of a singlet Kondo insulator.

PACS numbers: 71.10.-w, 71.27.+a, 71.30.+h
Keywords: Mott insulators, Kondo Lattice, Mott transition

Conclusions. An exact canonical transformation is derived that maps bare electron operators to quasiparticle
electron and hole operators. This allows us to approximate the Kondo lattice model as a dilute Fermi gas for large
values of the Kondo coupling. Properties of the Fermi gas can then be computed exactly. The overlap per site between
the free Fermi gas ground state and the Hilbert space of the Kondo Lattice model is (1�O(t/J)4) and ground state
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For the record, the exact transformation can be written
down and used but the details are not interesting
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which is obeyed by Ur defined above, and moreove, true for any unitary transformtion that

is block-diagonal in the even and occupation local Hilbert space. With this observation, we

conclude that the transformation Uglobal is in fact unitary.

Let us now focus on the Kondo-Lattice model given by

HKLM = �t
⌥

rr0

(c†c,⇤(r)cc,⇤(r⌅) + CC) +
⌥

r

(J Sc(r) · Sf (r) + Uf (nf (r)� 1)2 )

The prescription for investigating the small t limit is now clear; we replace the fermi operators

by their unitary represenation under Uglobal. When t = 0 we find an exact ground state.

For small values of t, there will small hopping of holes and electron between adjacent sites.

Not only will these states, occupied by single quasparticles have exactly the correct energy,

they will also be rarely occupied. The errors in the approximation will come into the sites

occupied by two or more quasiparticles, whose contribution vanishes in the limit of small t.

Using the formulas above, and truncating the e⇤ective Hamiltonian to second order in

the new Fermion operators, we find the Hamiltonian

Heff
KLM = �s (�1)s((ĉ†e,s(r) ĉ†h,� s(r

⌅)� ĉe,s(r
⌅) ĉh,� s(r) + CC )) +

�s (ĉ†e,s(r) ĉe,s(r
⌅)� ĉ†h,s(r) ĉh,s(r

⌅) + CC )

(15)

We now convert this Hamiltonian to momentum space We define the 8-component spinor

⇥†
k = ĉ†e ⇥(k), ĉh ⇤(� k), ĉ†e ⇤(k), ĉh ⇥(� k), ĉ†h ⇥(k), ĉe ⇤(� k), ĉ†h ⇤(k), ĉe ⇥(� k) It is a simple mat-

ter to compute

Heff
KLM = ��,⇥,k ⇥†

k(�)h�,⇥ ⇥k(⇥) (16)

and find

h =

�

⇧⇧⇧⇧⇧⇤

ek ⇤1 + 3J⇤3 � ek 0 0 0

0 3J⇤3 � ek ⇤1 � ek 0 0

0 0 ek + ek ⇤1 + 3J⇤3 0

0 0 0 ek + 3J⇤3 � ek ⇤1

⇥

⌃⌃⌃⌃⌃⌅
(17)

Elementary excitations

We group the annihilation and creation operators into the 8-dimensional spinor ⇥†
k =

{ĉ†a,⇥(k), ĉ†a,⇤(k), ĉ†b,⇥(k), ĉ†b,⇤(k), ĉa,⇥(�k), ĉa,⇤(�k), ĉb,⇥(�k), ĉb,⇤(�k)}, and we see that the
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⌅)� ĉe,s(r
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ter to compute

Heff
KLM = ��,⇥,k ⇥†

k(�)h�,⇥ ⇥k(⇥) (16)

and find

h =

�

⇧⇧⇧⇧⇧⇤

ek ⇤1 + 3J⇤3 � ek 0 0 0

0 3J⇤3 � ek ⇤1 � ek 0 0

0 0 ek + ek ⇤1 + 3J⇤3 0

0 0 0 ek + 3J⇤3 � ek ⇤1

⇥

⌃⌃⌃⌃⌃⌅
(17)

Elementary excitations

We group the annihilation and creation operators into the 8-dimensional spinor ⇥†
k =
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The original Kondo Lattice model

becomes a dilute fermi gas which is then truncated to a  free 
fermion model in electron and hole  operators

(Note the the Hamiltonian is approximate but the transformation is 
exact. This is important when computing expectation values of  
functions of bare electron operators!)
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FIG. 2: Square root of the spectral weight for c-electrons Ac(k,ω) is plotted for Hfree
KLM for

t/J = 0.4 and t = 1 in one dimension. To enable plotting the coherent and incoherent parts

together, Ac(k,ω) has been smoothed by a Gaussian in ω before taking the square root. Plots are

shown for k = 0 to k = π.

Numerical results. The quality of the wave function as an approximation to the Kondo

Lattice ground state can be measured by the overlap of the ground state with the Hilbert

space of HKLM . Let α = 1

2

∫∫∫

T d(1 − ∆−1
k ) (d θ

2π
)d ≈ 2d

9
λ2 + O(λ4) where λ = t/J and d is

the dimension. The deviation from unity is measured by δP = 〈 (1 − nf )2 〉 which given

exactly by δP = α2(3− 2α) demonstrating convergence like (t/J)4 for small t . We also find

〈 ne +nh 〉 = 4 α which verifies that the number of quasiparticles remains surprisingly small

even as the Kondo lattice model approaches a phase transition.

A more challenging quantity to compute is the expectation value of the complete full

Kondo Lattice Hamiltonian with Uf = 0 in the ground state of Hfree
KLM . This quantity is

important since it is a rigorous upper bound to the true Kondo lattice ground state energy.
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Lattice ground state can be measured by the overlap of the ground state with the Hilbert

space of HKLM . Let α = 1
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A more challenging quantity to compute is the expectation value of the complete full
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will be accordingly less. The system should therefore be well approximated by a dilute fermi

gas.

We thus expand HKLM in quasiparticle operators. Inserting the quasiparticle represen-

tation for the original fermions, normal ordering then truncating the Hamiltonian to second

order we find[6] HKLM = Hfree
KLM + H interacting

KLM with

Hfree
KLM = 3

4
J (nc + nf − 1) +

1

2
tΣs (−1)

1

2
+s (ĉ†e,s(r) ĉ†h,− s(r

′) − ĉe,s(r
′) ĉh,− s(r)) +

1

2
tΣs ĉ†e,s(r) ĉe,s(r

′) − ĉ†h,s(r) ĉh,s(r
′) +

1

2
tΣs ĉ†e,s(r

′) ĉe,s(r) − ĉ†h,s(r
′) ĉh,s(r) +

− 1

2
tΣs (−1)

1

2
+s (ĉh,s(r

′) ĉe,− s(r) − ĉ†h,s(r) ĉ†e,− s(r
′))

.

Hfree
KLM can then be treated exactly by transforming to momentum space and utilizing

a conventional Bogoliubov transformation.[5] With a chemical potential we compute the

eigenvalues exactly. We let ek =
∑

i cos(k · î). The quasiparticle spectrum is then given by

Ek = 3J
4

∆k ± tek ± µ where ∆k =
√

1 + (4tek

3J
)2.

It is reassuring that Uf does not appear to quadratic order; a J which is not small is

what is crucial in creating the Kondo singlet and low-energy states. For completeness, the

entire onsite part of HKLM is given by H interacting
KLM =

(ne(ne − 1)nh + nenh(nh − 1))( 3

16
J + −1

4
U) +

(ne(ne − 1) + nh(nh − 1))(−3

8
J + 1

2
U) +

((Se · Sh) (1

4
J − U) + nenh (−9

16
J + 1

4
U))

.

High order terms in the hopping become too lengthy to write out here, but are unimportant

for the small t physics since not only is the prefactor t small, but also, as we shall see , the

fourth order Fermion operators become unimportant since the Fermi gas is dilute.

Spectral weights. Since the local electron operator is represented in terms of local

quasiparticles the spectral weights can be computed for Hfree
KLM . As an example, the results

are plotted in in Fig. 2 where the spectral weight for the c-electron Ac(k, ω) is plotted as

a function of ω several values of k from 0 to π. The quasiparticle coherent peak is seen

as a broadened δ function. The incoherent structure is comprised of three-quasiparticle

contributions. Not shown are the five-quasiparticle contributions that represent less than 1

% of the total spectral weight. We observe that Ac(k + π, ω) = Ac(k,−ω) a consequence of

the particle-hole symmetry of HKLM .

7

Ground state energies accurate to (t/J)

4
4

* Zheng and Oitmaa, 2003

*



Physics Department

Spectrum and spectral weights can be computed with the 
exact canonical transformation but with the approximate 
Hamiltonian.
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3

This defines a new Hamiltonian h⌅atomic = U†
r hcanonicalUr

which has the energy diagram shown in Fig 1B . The de-
mand that U† ntot U = 2 + ne � nh shows that U cannot
be continued to the identity transformation which is pre-
sumably relevant for J = 0. This observation adds sup-
port to the existence of a quantum phase transition for
su⌃ciently large values of t/J , a subject which is outside
the scope of this investigation.

From unitarity follows that ĉ†e,�(r) ⌅ U†
r c†c,�(r)Ur and

ĉ†h,�(r) ⌅ U†
r c†f,�(r)Ur preserve the Fermi anticommuta-

tion relations. Inverting this formula and using the fact
that Ur| ⇤G �a ⌅ Ur| 3 �a = | 1 �c ⌅ | V ac �c we find that
ccf,�(r)| V ac �c = 0 is equivalent to ĉeh,�(r)| ⇤G �a = 0.
We have therefore obtained a local unitary transforma-
tion that maps the original “c” and “f” bare electron
operators to quasiparticle operators that annihilate the
Kondo singlet. By construction the operators ĉ†eh(r) ei-
ther add or remove exactly one charge in each of the
states and ĉ†e,�(r) is identified as an electron quasiparti-
cle operator and ĉ†h,�(r) as a hole.

Using the method in Ref. [4] and Ref. [5] we can
explicitly write down the original operators c†cf and ccf

as a polynomial of Fermion operators ĉ†eh,�(r), ĉeh,�(r).
The result to lowest nonlinear order is:[5]

c†c,⇥ = ĉh,⇤ (⌅2 ne,⇤ + 1
2 ĉ†h,⇥ ĉ†e,⇤ � ⌅1 ne,⇥ � 1⇧

2
nh,⇥) +

ĉ†e,⇥ (⌅1 nh,⇤ + �1
2 ĉh,⇥ ĉe,⇤ + 1⇧

2
ne,⇤ � ⌅2 nh,⇥) +

( 1⇧
2

ĉh,⇤ �
1⇧
2

ĉ†e,⇥) + ...

where ⌅2 = (1� 1/
⌦

2) and ⌅1 = 1
2 (
⌦

2� 1). For the “f”
electrons I find

c†f,⇥ = ĉ†e,⇥ ( 1
2 nh,⇤ + ne,⇤ + �1

2 ĉh,⇥ ĉe,⇤ + 1⇧
2

ĉ†h,⇥ ĉ†e,⇤) +
ĉh,⇤ (�1

2 ne,⇥ + 1
2 ĉ†h,⇥ ĉ†e,⇤ �

1⇧
2

ĉh,⇥ ĉe,⇤ � nh,⇥) +
...

.

Similar formulas occur for the other spin component. We
note that the “f” electron operators is constructed by
third order electron and hole operators in contrast to the
conduction electron operators that have a linear coupling
to quasiparticles. Deriving or even verifying these formu-
las is formidable without the help of a computer.[5]

E�ective model for quasiparticles. The transfor-
mation U is now used to define a global transformation
by Uglobal =

⇥
r Ur. Since Ur does not mix states of even

and odd particle number we obtain {c†i,�(r), c†j,�(r⌅)} =
�i,j�r,r� verifying that U is indeed a global canonical
transformation.

We now express the Kondo lattice model given by Eq.
1 in terms of electron and hole quasiparticle operators by
replacing the Fermi operators ccf,�(r) by their represen-
tation as polynomials in ĉ†eh,�(r).

By construction, the Kondo singlet is the quasiparticle
vacuum in the limit t ⇧ 0. For small values of t, quasi-
particles can hop between adjacent sites. The resultant

low energy charged charged states that appear in the in-
teracting ground state are therefore described by single
quasiparticle operators and the unitary transformation
guarantees these local states also have the correct energy.

For small t the states with local charge fluctuations
will have a small amplitude in the interacting ground;
the probability that a site is occupied by more than one
quasiparticle will be accordingly less. The system should
therefore be well approximated by a dilute fermi gas.

We thus expand HKLM in quasiparticle operators. In-
serting the quasiparticle representation for the original
fermions, normal ordering then truncating the Hamil-
tonian to second order we find[6] HKLM = Hfree

KLM +
Hinteracting

KLM with

Hfree
KLM = 3

4 J (nc + nf � 1) +
1
2 t⇥s (�1) 1

2+s (ĉ†e,s(r) ĉ†h,� s(r
⌅)� ĉe,s(r⌅) ĉh,� s(r)) +

1
2 t⇥s ĉ†e,s(r) ĉe,s(r⌅)� ĉ†h,s(r) ĉh,s(r

⌅) +
1
2 t⇥s ĉ†e,s(r⌅) ĉe,s(r)� ĉ†h,s(r

⌅) ĉh,s(r) +
� 1

2 t⇥s (�1) 1
2+s (ĉh,s(r

⌅) ĉe,� s(r)� ĉ†h,s(r) ĉ†e,� s(r⌅))

.

Hfree
KLM can then be treated exactly by transform-

ing to momentum space and utilizing a conventional
Bogoliubov transformation.[5] With a chemical poten-
tial we compute the eigenvalues exactly. We let ek =�

i cos(k · î). The quasiparticle spectrum is then given

by Ek = 3J
4 �k ± tek ± µ where �k =

⇤
1 + ( 4tek

3J )2.
It is reassuring that Uf does not appear to quadratic

order; a J which is not small is what is crucial in creat-
ing the Kondo singlet and low-energy states. For com-
pleteness, the entire onsite part of HKLM is given by
Hinteracting

KLM =

(ne(ne � 1)nh + nenh(nh � 1))( 3
16 J + �1

4 U) +
(ne(ne � 1) + nh(nh � 1))(�3

8 J + 1
2 U) +

((Se · Sh) (1
4 J � U) + nenh (�9

16 J + 1
4 U))

.

High order terms in the hopping become too lengthy
to write out here, but are unimportant for the small t
physics since not only is the prefactor t small, but also,
as we shall see , the fourth order Fermion operators be-
come unimportant since the Fermi gas is dilute.

Spectral weights. Since the local electron operator is
represented in terms of local quasiparticles the spectral
weights can be computed for Hfree

KLM . As an example,
the results are plotted in in Fig. 2 where the spectral
weight for the c-electron Ac(k,⇧) is plotted as a function
of ⇧ several values of k from 0 to ⇤. The quasiparticle
coherent peak is seen as a broadened � function. The
incoherent structure is comprised of three-quasiparticle
contributions. Not shown are the five-quasiparticle con-
tributions that represent less than 1 % of the total spec-
tral weight. We observe that Ac(k + ⇤,⇧) = Ac(k,�⇧) a
consequence of the particle-hole symmetry of HKLM .

Numerical results. The quality of the wave func-
tion as an approximation to the Kondo Lattice ground
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states and ĉ†e,�(r) is identified as an electron quasiparti-
cle operator and ĉ†h,�(r) as a hole.
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2 ĉh,⇥ ĉe,⇤ + 1⇧
2
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FIG. 10: c-electron spectral weight. The incoherent part is greatly exaggerated; the coherent

parti accounts for 98% of the total spectral weight.

22

c-electron spectral weight

E

k

Note delta function 
component  
together with a 
continuous 
scattering  part. 



Physics Department

Transformations can be generalized from fixed permutation to 

SU(2)⌦ SU(3)⌦ SU(2)

that can continuously rotate from the identity transfromation 
(weak coupling) to strong coupling permutation

Generalizations: 



Physics Department

hole
particle

43210

3

2

11

10

9

12

1

4

5

SU(2)⌦ SU(3)⌦ SU(2)

Transformations can be generalized to SU(2)⌦ SU(3)⌦ SU(2)
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An approximate free quasiparticle model can be constructed 
which  can describe a type of metal-insulator transition for 
which spectrum  and bare electron spectral weights can be 
computed  exactly
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Conclusion for the Kondo Lattice model

Exact “nonlinear” canonical transformations can be 
constructed that maps the Kondo Lattice Model to a dilute 
gas of  fermions in the strong coupling limit and should be 
applicable to other even valence insulators.

The method reproduces accurate results (t/J) in this limit
while preserving the spectral weight sum rules, whose 
violation have plagued previous investigations with using 
approximate transformations.

The bare electrons are naturally described as composite 
quasiparticle operators.

Exactly solvable impurity models that may retain some 
strong coupling physics can be analyzed exactly

4
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The  ground state consists of one electron per site.  Consider 
the Neel ground state. Can we  make a unitary transformation 
that maps one of the two one-particle states to the “Fermi” 
vacuum consisting of zero particles.

Can we apply these ideas to Hubbard model?

Introduction

The goal of the present paper is to demonstrate and utilize an exact transformation of the

local fermionic basis of the spin 1/2 Hubbard model which exactly maps the two fermionic

operators on a site to one fermion and one boson. Utilizing this mapping, we demonstrate

explicitly how our understanding of the broken symmetry of the 2-D Heisenberg model

predicts the existence of a large number of broken symmetries of the zero temperature

Hubbard model, at least for relatively large values of U .

In order to proceed, we make a number of definitions. We let nr be the particle number

at site r, and n↓ and n↑ be respectively the number of up and down electrons at site r with

nr = n↓,r + n↑,r. Since the Hubbard interaction obeys n↑, rn↓, r = 1
2(nr − 1 + (nr − 1)2),

at exactly half filling we can replace the usual Hubbard interaction with the particle-hole

symmetric interaction 1
2 U (nr − 1)2. We thus choose to write the Hubbard model in the

explicitly particle-hole symmetric form

H = −t
∑

〈 rr′ 〉

(c†s, rcs, r′ + CC) + U
∑

r
1
2 (nr − 1)2

where the sum is over all sites and nearest neighbor bonds counted once.

Transformation to quasiparticle operators

A number of previous researchers have introduced mapping of the local Hilbert space to

bosons and fermions. [3? ] The approach is to restrict the Hilbert to exclude doubly occupied

sites, leading to the introduction of “holon” and “spinon” operators. These operators obey

certain restrictions, since there can be no spin where there is a hole. A constraint is therefore

introduced so the spin operators cannot act on the empty site. This constraint is then

enforced with La-Grange multipliers which is then treated approximately. [6]

By contrast, we will here discuss an exact noncanonical and nonlinear transformation

of the local operator algebra of the Hubbard model to new fermionic “quasicharge” and

2

Previous method does not work for odd valence insulator.
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Guided  by previous studies of ‘nonlinear’ canonical 
transformation, it turns out that the following noncanonical 
transformation to accomplishes this without restricting the 
Hilbert space:  

“quasispin” operators ĉr and qi
r that obey, respectively, Fermi and Bose statistics. [9]

ĉr = c†↓, r(1 − n↑, r) + −1rc↓, rn↑, r (1)

q+
r = (c†↓, r − (−1)rc↓, r ) c↑, r (2)

q−r = (q+
r )†

qz
r = 1

2 − n↑, r

We define the x and y component of quasispin by qx
r = 1

2 (q+
r +q−r ) and qy

r = 1
2i (q+

r −q−r ). The

reason for this up to now unmotivated definition becomes clear through the following facts,

which can be verified by straightforward but tedious algebraic manipulations. {ĉr, ĉ
†
r′} = δr,r′

, {ĉ†r, ĉ
†
r′} = 0 ,

[
ĉ†r, q

i
r′

]
= 0 ,

[
qi
r, q

j
r′

]
= iδrr′

∑
k εijkqk

r Thus, we find that qi
r, ĉ†r and ĉr are

respectively independent quasispin-half bosonic and quasispinless fermionic operators. The

quasispin operators are closely related to both the pseudospin and spin operators that are

well known to generate symmetries of the half filled Hubbard model. We have been care-

ful to denote the by quasiparticle by the stated transformation, and by pseudospin by the

pseudospin operation defined by Shiba[7], and spin by the ordinary spin operators, whose

relationship to this transformation we now discuss. It is perhaps somewhat unsatisfactory

that the transformation is a lot easier to verify than to derive. In fact, a combination of

trial and error and guess work, using insights from previous calculations utilizing nonlin-

ear canonical transformation together with a large amount of computer algebra went into

constructing the final transformation. If the expressions are to be verified by hand, it is

recommended to express the operators in terms of the “Hubbard operators” since the 4× 4

matrices representing each of the operators have very few nonzero entries.

Transformation from quasiparticle operators

The ordinary electron operators creation, annihilation and spin operators can be written

in terms of the quasiparticle operators. We define si
r = 1

2

∑
α,β c†α, rσ

i
αβcβ, r where σi are

the Pauli matrices so that spin can be defined in terms of the charge operator as s2
r =

3
4 nr ( 2−nr). We define, quasicharge operator as nf

r = ĉ†rĉr. Again, by tedious manipulation,

it can be checked that

c†↓, r = ĉr ( 1
2 + qz

r ) + −1r ĉ†r(
1
2 − qz

r ) (3)

c†↑, r = q−r ( ĉr − −1r ĉ†r )

3
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r that obey, respectively, Fermi and Bose statistics. [9]
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2 + qz

r ) + −1r ĉ†r(
1
2 − qz

r ) (3)

c†↑, r = q−r ( ĉr − −1r ĉ†r )
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r = ĉ†rĉr. Again, by tedious manipulation,

it can be checked that

c†↓, r = ĉr ( 1
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3

This exactly converts the algebra generated by two 
Fermionic spin degrees of freedom exactly to a ‘quasicharge’ 
Fermionic ‘CP   and a ‘quasispin’ Bosonic SU(2)

1
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In addition we find the following important local relation between local operators naturally

represented by electron operators and quasiparticle operators:

nr = 1 − 2nf
r q

z
r (4)

si
r = (1 − nf

r ) qi
r

nf
r = (nr − 1)2

and make the definition of the local pseudospin operator pi
r = nf

r q
i
r.

A result which is again best verified is that the Hubbard model can be rewritten exactly

in terms of the quasiparticle operators. In complete analogy with previous work [4] we define

the operators

T0 =
1

2

∑

〈 r,r′ 〉

(1 + 4q rq r′)(ĉ
†
rĉr′ + CC) (5)

T1 =
1

2

∑

〈 r,r′ 〉

−1r (1 − 4q rq r′)(ĉ
†
rĉ

†
r′)

T−1 =
1

2

∑

〈 r,r′ 〉

−1r (1 − 4q rq r′)(ĉr′ ĉr)

hU = 1
2

∑

r

ĉ†rĉr

We can then write

H = t (T0 + T1 + T−1) + UhU (6)

where we note the presence of both ”anomalous” operators of the form ĉ†rĉ
†
r′ as well as

more ordinary operators of the form ĉ†rĉr′ occurs. In this representation, the symmetry

under the entire SU(2) quasispin operation is manifest. We have used the natural notation

q rq r′ =
∑

i q
i
r qi

r′ .

We now define total quasispin Q , spin S and pseudospin P respectively by Q =
∑

r q r etc.

P,Q and S all obey the SU(2) algebra [ Pi, Pj] = i
∑

k εijkPk etc. Since Q commutes with

the quasifermion operator and the Hubbard Hamiltonian H depends on q r only through

rotationally invariant terms, we conclude that [ H,Q ] = 0. We further know that the

Hubbard model commutes with ordinary spin whereby [ H,S ] = 0. We can therefore

conclude that [ H,P ] = 0, which confirms the well known invariance under pseudospin

rotations.

We see from Eq. 4 the relationship, pi
r = nf

r q
i
r and si

r = (1 − nf
r ) qi

r that Q = P + S,

i.e. quasispin can be exactly split into pseudospin and spin, both locally and globally. Since

4

In addition we find the following important local relation between local operators naturally

represented by electron operators and quasiparticle operators:

nr = 1 − 2nf
r q

z
r (4)

si
r = (1 − nf

r ) qi
r

nf
r = (nr − 1)2

and make the definition of the local pseudospin operator pi
r = nf

r q
i
r.

A result which is again best verified is that the Hubbard model can be rewritten exactly

in terms of the quasiparticle operators. In complete analogy with previous work [4] we define

the operators

T0 =
1

2

∑

〈 r,r′ 〉

(1 + 4q rq r′)(ĉ
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ĉ†rĉr
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4

The hopping splits into three pieces

The Hubbard interaction has become a chemical potential for 
the quasicharge operators.
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Conclusions

• These arguments suggest  that the free electrons 
must be nonperturbatively rewritten  as composite 
operators in a strongly interacting system.

• Nonlinear canonical transformations are natural 
tools to study doped even values  Mott insulators 
at least in the strong coupling limit.

• A natural  generalization of this leads to exact 
nonunitary transformations that give charge-like 
fermionic and bosonic spin-like degrees of 
freedom. 


