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TOPOLOGICAL INSULATOR: typical example

“"Band Insulator”




*PREVIOUSLY KNOWN: ONE TOPOLOGICAL INSULATOR - spin-orbit (“Symmetry Class All”)
(Fu,Kane, Mele, Moore, Balents, Zhang, Qj, ...)

*CLASSIFICATION: There are FIVE Topological Insulators (superconductors)
in every dimension

THE ADDITIONAL ONES INCLUDE (in d=3):

* Superconductors with spin-orbit interactions

* Singlet Superconductors P “CcI”




THREE METHODS OF CLASSIFICATION:

: ANDERSON LOCALIZATION

[Ryu,Schnyder,Furusaki,Ludwig ]

: TOPOLOGY (K-THEORY)

[Kitaev ]

: QUANTUM ANOMALIES (ALSO: INTERACTIONS)

[Ryu,Moore,Ludwig ]



ONE METHOD OF CLASSIFICATION :

Classification of topological properties of bulk insulators
(or: superconductors) by looking at their boundaries
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The defining characteristic of the topological properties of the bulk is
the appearance of extended, gapless boundary degrees of freedom:

* topologically protected against any perturbation [respecting the
‘symmetries of the system’ ( more specific later)]

* including disorder



Topological Insulator (Superconductor):

* Bulk (electrical or thermal) insulator
» Boundary conducts (electricity or heat) similar to .a metal




Because of the presence of the bulk gap, bulk phases are robust
against the addition of disorder.

= Thus, one is led to seek a classification of ground states
of (in general) gapped random Hamiltonians.

— There are only 10 classes of random Hamiltonians!

This underlies the well known classification of random matrices,
and universality classes of Anderson localization transitions.

[Zirnbauer (1996), Altland+Zirnbauer(1997),
Heinzner+Huckleberry+Zirnbauer (2004); Bernard+LeClair(2001)]



BRIEF REVIEW: CLASSIFICATION OF RANDOM FERMION
HAMILTONIANS -- THE 10-FOLD WAY

* In classifying random Hamiltonians one must consider only
the most generic symmetries,

time reversal (T)
and

charge-conjugation (particle-hole) (C).

* There are only 10 possible behaviors of a Hamiltonian
under T and C. (10 “symmetry classes”)



H

= second quantized hamiltonian =
= wj; Hap YB




The basicideaissimple: H = 1st quantized Hamiltonian

T is antiunitary : Ei—sllga I
. G e
0, no time reversal invariance
d b-— {—l—l time reversal invariance and T2 = +1
o time reversal invariance and T2 = —1
C is antiunitary : C=Us-K
G U R U &

+1 particle — hole symmetry and C?2 = +1

0, no particle — hole symmetry
C =
—1 particle — hole symmetry and C2=-1



*There are 3 x 3 =9 choices for T x C

* For 8 of these choices the value of S := T-C is uniquely fixed :
these are all except for " A” and " AIIT"”.

T
*For " A" and " AllIl" : ‘—\—E
0! 0

free to choose S =0 or § =1, yielding” A" and " Alll"

- Total of 10 choices -



TABLE - “Ten Fold Way” ['CARTAN Classes’] Examples
Name | T | ¢ S= | Time evolution operator |Anderson Localization [*U(2) R
o - NLSM Manifold G/H [*P'"
(Cartan) TC U(t) N3 eXp{ZtH} [compact (fermionic) sector] zg:\;ed Bhaystens
IQHE
WA \ 0 |0 |0 U(N) u@n)/U(n)xu(n) | Y| ndersor
e 1110 |0 U(N)/O(N) Sp(4n) /Sp(2n)xSp(2n) | ¥e5 | 4ercon
' Quantum spin Hall
Al I = 1 O O Z2Top.Ins.
(symplectic) U(ZN)/Sp(ZN) SO(Zn)/SO(n)XSO(n) no Anderson(spinorbit)
Al” - O O 1 ves/ Random Flux
(chiralunitary U(N+M)/U(N)XU(M) U(n) no ggde
BDI 1+1 (+1 | 1 yes/ | Bipartite Hopping
(chiral orth.) SO(N+M)/SO(N)XSO(M) U(Zn)/sp(zn) no Glade | |
w1111 [T Ispran+2m) /sp(2n)xspizm) U(n)/O(n) oipartite Hopping
i no
; (px+ipy)-wave 2D
D O (+1 |0 O(N) 0(2n)/U(2n) SC w/spin-orbit
N% | TQHE
Singlet SC +mag.field
C 10 |-1]0 Sp(2N) Sp(2n)/U(2n) ves |(d+id)-wave
SQHE
SC w/ spin-orbit
DIl -1 (+1|1 O(2N)/U(2N) O(n) ACT RN
Clhf+1| -1|1 Sp(2N)/U(2N) Sp(2n) yes | Singlet SC




EXAMPLE: Symmetry class Al (time-reversal with T? = +1)

H+ H* H—H!

f P 5 i 5
Note: eltha ¢ O(N)

Thus: Hs € LielU(N)] — Lie[O(N)]



CLASSIFICATION FROM ANDERSON LOCALIZATION:

Non-linear Sigma Model (NLSM) at the d-dimensional boundary
of the d= (d+1)-dimensional Topological Insulator:

[ d%r Tr(5,2(r)9,2(r)) Stop.

1
g

¢(r) = matrix field = element of symmetric space G/H

[e.g. G/H=U(2n)/[Un) xU(n)] = {"target space”}]



Topological Insulator (Superconductor):

* Bulk (electrical or thermal) insulator
» Boundary conducts (electricity or heat) similar to .a metal




- A Topologicallnsulator (Superconductor) exists in a given symmetry
class in d = (d+1) dimensions

if and only if

a term of topological origin can be added to the NLSM at the
d-dimensional boundary, which prevents Anderson localization
(top. term without tuneable parameter).

— This is possible, if and only if
the target space G/H of the NLSM allows for:

(a): a Z» top. term
= m7(G/H) =my_1(G/H) = Zo

or.

(b) : a Wess — Zumino — Witten term



Table of homotopy groups w7 (G/H) :

= (J—I—'l) dimensional top.insulator ((I: dimension of'boundary)

AZ G/H d=0 d=1 d=2 d=3 d=4 d=5 d=6 d=T1
Complex case:

A U(N+M)/U(N) x U(M) — 7 0 —Z 0 «— 7 0 «—Z 0 «—
Alll U(N) 0 «— 7 0 «— 7 0 «— 7 0 «— 7

Real case:

Al Sp(N + M)/Sp(N) x Sp(M) «— L 0 0 0 «—7Z L L 0«—
BDI U(2N)/Sp(2N) 0 «—7Z 0 0 0 —7 L Zy
D O2N)/U(N) 2 0 «— 7 0 0 0 «— 7 Z
DIII O(N) i Ly 0 —7Z 0 0 0 «—7Z
All O(N+M)/O(N) x O(M) — 7 L L 0 «— 7 0 0 0 —
CII U(N)/O(N) 0 «—7Z Zn L 0 —7Z 0 0

C Sp(2N)/U(N) 0 0 «—7Z Zy Zir 0 «—7Z 0

CI Sp(2N) 0 0 0 «— 7 Zir 7y 0 «—7Z

(a): There is a (d+1)—dimensional Z»> topological insulator, whenever
T G/H) = Zy

(b): There is a (d+1)—dimensional Z topological insulator, whenever



This yields the following
TABLE OF TOPOLOGICAL INSULATORS (SUPERCONDUCTORS):

b 9 10 11

L
e
LA
=
-]

Cartan 0 2

Complex case:
A i 0 i 0 i 0 Z 0 (i 0 i 0
Alll 0 £ 0 Z 0 Z 0 /i 0 i 0 Z

Real case:

Al z 0 0 0 22 0 E; (i 0 () 0

BDI £ & 0 0 24, £z 0 0
D fo &, L 0 0 0 26 0 & & Z 0
DIII 0 Z £ I 0 0 0 22 0 & L E
All 2L 0 & & E 0 0 22 0 & @&
CII 0 26 0 £, E (i fi Fo

C 0 0 2& 0
ClI 0 0 0 26 0 I

—
L
—
f—
—
-
b2
B

0 0 0 2L 0

(Ryu, Schnyder, Furusaki, Ludwig; Kitaev))



ORIGIN OF TOPOLOGY --- TRANSLATIONALLY INVARIANT CASE

Translational invariance -
Ground states of non-interacting Fermions (=band insulators) are filled Fermi
seas in the Brillouin Zone:

k= momentum: H(k) |ua(k)) = Ea(k) |ua(k))

E : ! | |
ﬁ “ NN f_’E-:-.msI index J ¥ 0
-t - 4 u SPECTRAL PROJECTOR”:
E, #=m— = = — = = 4 | - filled -
- P(E) = Y [ua(k)) (ua(k)
O o= 2
o h- - -
Define: Q(k) =1 - 2P(k) | [ QT = Q, Q2 =1, rQ=m— ?‘l]
St | -1 filled | |
Q = Hamiltonian where Eq.(k) (“flattened spectrum”)

+1 empty



Consider the case of a Hamiltonian without any symmetry conditions

(for simplicity): class A

class A: the Hamiltonian H is a general (m+n) x (m+n)-Hermitian matrix

-: set of eigenvectors = arbitrary unitary matrix € U(m+n)
-: gauge symmetry: U(m) x U(n) = relabeling filled and empty states

o & Q(k) € U(m+n)/[U(m)x U(n)] = ‘Grassmannian’

Q: BZ —> U(m+n)/[U(m)x U(n)]
k —> Q(k)

The Quantum ground state is a map from the Brillouin Zone into the Grassmannian.




Note: an element of the “Grassmanian” can be written as

LA U
1m 0
-1, :

.

eigenvalues eigenvectors of Q

=R
e

UcU(m—+n)



* How many inequivalent (= not deformable into each other)
ground states (= maps) are there ?

This is answered by the Homotopy Group:

In d=2: o [U(m +n)/[U(m) x Un)]] =2 =

= counts the number of edge states of
d=2 integer Quantum Hall states.

In d=3: 73 [U(m +n)/[U(m) x U(n)]] =1

There are no topological insulators in d=3
dimensions in symmetry class A.



GENERAL SYMMETRY CLASSES:
[Gm,n(c) =Um+n)/[U(m) xU(n)] = ”Grassmanian”}

Space of projectors

AZ class in momentum space

A {O(K) € Gpypen(©)}

Al {0(K) € G pin(0)| Q(K) = Q(~K)}
AL {O(K) € Gy nin)(©) | (i) Q)" (=icry) = O(~F)}
AIll {g(k) e U(m)}

BDI {q(k) € U(m)|q(k)*=q(~-k)}

CII {q(k) e U2m)|(ioy)q(k)*(—ioy)=q(-k)}
D {0(k) & G, 2 (C) | 7, 0(K)" 7, =~ Q(-k)}
C {O(K) € G 2n(C) | 7,0(0) 1, =-0(=k)}

DIII {q(k) e U2m) |q(k)" =—q(-k)}

CI {q(k) e U(m) |q(k)"=q(-k)}

from: Schnyder, Ryu, Furusaki, Ludwig [ PRB78, 19512 (2008) — Table Il ]



Comment:

In the presence of “chiral” symmetry (S=1), Q can brought in the form

Q:(O q), g = unitary



e When momentum - (and position-) spaceis d=0 dimensional,
or at points in momentum space where k=(- k) :

—> The spaces of the projectors are again the 10 Cartan

symmetric spaces.
- These are the “Classifying Spaces” of K-Theory.

THREE OCCURRANCES OF TEN CARTAN SPACES: \—\

Cartan Time evolution operator Fermionic replica

label exp{irH} NLo M target space Classifying space

A U(N) x U(N)/U(N) U(2n)/U(n) x U(n) UN+M)/UN) xUM)=Cy
AIll UN+M)/U(N) xU(M) U(n) x U(n)/U(n) U(N) x U(N)/U(N)=C,

Al U(N)/O(N) Sp(2n)/Sp(n) x Sp(n) O(N+M)/O(N) x O(M) = Ry
BDI ON+M)/O(N) x O(M) U(2n)/Sp(2n) O(N) x O(N)/O(N) =R,

D O(N) x O(N)/O(N) O(2n)/U(n) O@2N)/UN)=R>

DIII SO(2N)/U(N) O(n) x O(n)/O(n) U(2N)/Sp(2N) =R,

All U(2ZN)/Sp(2N) O(2n)/O(n) x O(n) Sp(N +M)/Sp(N) x Sp(M) = R,
CII Sp(N + M) /Sp(N) x Sp(M) U(n)/O(n) Sp(N) x Sp(N)/Sp(N) = R5

C Sp(2N) x Sp(2N)/Sp(2N) Sp(2n)/U(n) Sp(2ZN)/U(N) = Rs

CI Sp(2N)/U(N) Sp(2n) x Sp(2n)/Sp(2n) U(N)/O(N) = R;




W(T?Rq) = WO(Rq—d) D @g;é (g) 71'O(Rq—s)

where : 7(pt, R,) := mo(Ry)

J

|
weak top. insulators

and similarly: R, — Cq

[A. Kitaev (2009)]




This yields the following
TABLE OF TOPOLOGICAL INSULATORS (SUPERCONDUCTORS):

b 9 10 11

L
e
LA
=
-]

Cartan 0 2

Complex case:
A i 0 i 0 i 0 Z 0 (i 0 i 0
Alll 0 £ 0 Z 0 Z 0 /i 0 i 0 Z

Real case:

Al z 0 0 0 22 0 E; (i 0 () 0

BDI £ & 0 0 24, £z 0 0
D fo &, L 0 0 0 26 0 & & Z 0
DIII 0 Z £ I 0 0 0 22 0 & L E
All 2L 0 & & E 0 0 22 0 & @&
CII 0 26 0 £, E (i fi Fo

C 0 0 2& 0
ClI 0 0 0 26 0 I

—
L
—
f—
—
-
b2
B

0 0 0 2L 0

(Ryu, Schnyder, Furusaki, Ludwig; Kitaev))



THREE OCCURRANCES OF TEN CARTAN SPACES:

-

Cartan Time evolution operator Fermionic replica

label exp{irH} NLo M target space Classifying space

A U(N) x U(N)/U(N) U(2n)/U(n) x U(n) =Cy UIN+M)/U(N) x UM)=Cy
Alll UN+M)/UN) x U(M) U(n) x U(n)/U(n) =C; U(N) x U(N)/U(N)=C,

Al U(N)/O(N) Sp(2n)/Sp(n) x Sp(n) =R, ON+M)/O(N) x O(M) =Ry
BDI ON+M)/O(N) xO(M) U(2n)/Sp(2n) =R O(N) < O(N)/O(N)=R,

D O(N) x O(N)/O(N) O2n)/U(n) =Ry, OCN)/U(N)=R-

DIII SO(2N)/U(N) O(n) x O(n)/O(n) =R, U2N)/Sp(2N)=R;

All U(2N)/Sp(2N) O(2n)/O(n) x O(n) =Ry Sp(N+M)/Sp(N) x Sp(M) = R,
CII Sp(N + M)/Sp(N) x Sp(M) U(n)/O(n) = R; Sp(N) =x Sp(N)/Sp(N) = Rs

C Sp(2N) x Sp(2N)/Sp(2N) Sp(2n)/U(n) =Rs Sp(2ZN)/U(N)=Rs

ClI Sp(2ZN)/U(N) Sp(2n) x Sp(2n)/Sp(2n)= Rs U(N)/O(N) = Ry




CLASSIFICATION OF TOPOL. INSUL. (SUPERCOND.) FROM
QUANTUM ANOMALIES | |
—=> \WELL DEFINED IN PRESENCE OF INTERACTIONS

Anomaly: Loss of a symmetry of a Quantum (Field) Theory due to quantum effects

HERE: - Every Topological Insulator (Superconductor) Phase, in any dimension,
has a massive Dirac Hamiltonian representative in the same topological
class [Ryu, Schnyder, Furusaki, Ludwig, NJPhys 12 (2010)].

- Since only interested in topological features, we are free to consider
the Dirac Hamiltonian representative

- Couple the Dirac Hamiltonian representative to a suitable space-time
dependent background fields [gauge, gravitational (=“thermal”)].

- Integrate out the massive Dirac Fermions (in space-time). Obtain
effective space-time action for the background fields.




Strength of Interactions

fully gapped

Control

\ parameter

Top. Phase 1 # - Top. Phase 2



TWO OCCURRANCES OF AN ANOMALY: = TYPE (i) and TYPE (ii)

Example for TYPE (i): Integer Quantum Hall Effect in d=2

*Charge conservation at the boundary (=edge)
is spoiled by Quantum Mechanics: "Charge
can leak into the bulk’.

* A characteristic of the Quantum Hall Effect
* This indicates that the boundary doesn’t

exist in isolation, but is the boundary of a
topological insulator in one dimension higher.




Example for TYPE (ii) : Chiral Anomaly

Applies for systems with Chiral Symmetry: SHST — _H

O h 1 O
en, in some basis: = 3 and S =
" : ( Btoo ) ( 61 )

Massive Dirac Fermion Representative:

Action: S —— f dDLC L: (D = (d+1) Eulidean Space-Time dim’s)

L= TE(VM ’Yu‘|‘m)7/) = (V;u 'yu—|—m’(oz))¢’

where 1 = e@75/2 4/

and : m/(a) = me'®5 = m[cos(a) + ivs sin(a)]

m'(cc = 0) = m, m'(a=7n) = —m

( topologically trivial) (topologically non-trivial)




- Euclidean Effective Action (for space-time dependent “background fields”):

e Weft = [D[f, 9] e Skl

-consider case where « not constant: a(x)

i Im Wepp = o Im [dPx %O{($) DMJgL(a’:)

DyJs(x) = 2i m Pysv + 2i Ap(x)

real /imaginary /(ChlraIAnomaIy



QD(.’L’) L= .AD(SC) dD.’I:

Q)

2

In generaI: p—
= is a total derlvatlve ( exact dlfferentlal form)
| p ) = aler)
m. = —|m)|
ﬁ - —
m = +|m)|
> X1
a .
:" _"l_l' —h'.-llllllIIIII.III-.II.IIII-I-:II—.ITI?I|I.-.
da D)
B, # 0 breaks a discrete symmetry Ay
I .
— interface {x1 = 0} is gapped
| 5 ¥ > ]
[
L)
1
i
<>
(."

l
|
l

) Integral over the mterface

i Im Wepp =1 [z =0

e s i




Example: Symmetry Class Alll/ U(1) gauge theory in D=4 space-time dimensions

1
AD 4(56) i (167r) 217r e;u/ﬁ:)\ EuF.)

1
= (167r) 217r 405 (6“’ VPJAM&/AP)

(This idea was first used by Qi,Hughes, Zhang

i ImWesp= e S
o (1_6;) % /d% a(jl)e“”“’)‘ B =
< (16? % U dﬁlail(a(il))} / &z " A,0,4,
— % Ony | Pz P A,0,A4,, 0wy :iﬁ ook

e | 0T (U(1) Chern-Simons term) b2



Slab of Top. Insulator:

edge state

conductance : G

2 X Ogy

(units

/ 0




(Chiral) Anomaly - General Properties:
(D space-time dimensions)

D,Jg(xz) = 2imypypr1v + 2iAp(x)

- Closed form expressions = Generating Functions:

gyl U AT e % b S By, (Chern-
f — EF'UJV dSC /\dSC ' Ch(?) — T—}—(E;)trf—l_'é"i‘('i;) t?ﬂf —I_ Character)
1
Ry’ = 3 Rog’ da®Ada®;
5 YR ot el 1 [ 1 o DAL 4] :
AR == n1 trR trR e 4 i A ... |Dirac Genus
A e T s ey 28_8(T ) Sxey o R )
-where. Qp = Ap(z) dPz
and Qp = ch(F),; = A(R),,; — (ch(f) A“(R))|D

: o e

[ U(1)-; gravitational-; . mixed- anomaly]



Descent Relations:

0 0 1
$2p = Si))l’ %))1— QEDZQ

\

(infinitesimal) gauge transformation

These imply:
* Boundary
0 0
Chern-Simons / Ap d% = Qp = / g))l o / g))l
” JM JM JM oM
term D D D D
[“TYPE (ii)”]: o D-dimensional space-time manifold with boundary / J AT
Bulk (0 o (D) (1)
Chern-Simons I Qy, = o 257
M D-1 M I) 2 OM D-2
term D-1 D-1 D-1

[ “TYPE (i)”]



Another Example: Symmetry Class DIll in D=4 space-time dimensions

* d=3: a.) superconductors with spin-orbit interactions (Zahid Hasan expt’s); 'b.) He3-B.

* No conservation laws besides energy/momentum ->
-> can only couple to gravitational background . (Physically : heat transport <->later.)

: 1 1
Ap= = =
2 G GRS o |
1 1 2 [
= = 4 e““f:*)‘a# [tr (wvapw)\ i wwawA)]

P S e T e \ 3

(“spin connection”)

ECdef Rabcdeaef o
Qp = do'9

7 IIIlWeff =:7 /d433 \/§ 05(331) ./44(33) =

(T)
o C 2
€ l 0+ Lo 471_ ; 51 /d33: 51.1/.0)\ tr (wyapw)_\ i gwywpwx) |
(G_ravitational Chern-Simons term) / (see_also: Qi,Zhang, arXiv Nov. 2010)

[ 1/2 units of

T |1 (7kp)?
where ¢ = 1/2 and Loll) = SRS

/ Y E ',L.y h_1/2 EEEEERN - 6 h



edge state

thermal — conductance :

1
=y s ey
T

1
2-X A

T
Ty

(units of

—




PHYSICAL MEANING:

A Temperature gradient in the x-direction
produces

a heat-current in the y-direction:



Have shown for significant part of Ten-Fold-Table that the corresponding Topolog.
Insulators (Superconducts.) arise from an “anomaly” . (Conjecture: true for most.)
-- Those Top. Ins. well defined even in presence of interactions --

Cartan\d 0 2 3 4 6 7 8 10 11
A Z 0Z 0 Z 0 Z 0 ZO0Z 0.
AIll 0 Z 0 Z 0 Z 0 Z 0 Z 0 Z -
Al 0 0 0 2Z 0 Za Zs 0O 0o 0.
BDI Zs 0 0 022 0 ZaZ Z 0 0O -
D Zo Zo Z 0 0 0 2Z 0 Zo Zx Z 0O -
DIIT 0 Z2Zz2 Z 0 0 0 2Z 0 Z2 Z2 Z -
AIl  2Z 0 Zo Za Z 0 0 0 2Z 0 Zz Zs
CII 0 2Z 0 Zs Zy 0 0 0 2Z 0 Zy
C 0 0 2Z 0 Za Zo Z 0 0 0 2Z 0O
CI 0 0 02Z 0 ZZ; Z 0 0 0 2Z

TABLE 1I: Topological insulators (superconductors) with
an integer (Z) classification, (A): in the complex symmetry
classes, predicted from the chiral U(1) [SU(2)] anomaly
(bold face), and (B): in the real symmetry classes, predicted
from the gravitational anomaly (red), the chiral anomaly in
the presence of background gravity (blue), and the



Classification:

Symmetry Classes A and Alll;

TYPE (ii): Chiral Anomaly in U(1) gauge background

Ap(z) 0 when D =2k (k € N)

c—>  Top. Insulators in class Alll exsist in
D= 2+ 2k space-time dimensions
d=1 +2k spatial dimensions

(Chern-Simons form)
TYPE (i) : U(1) Chern-Simons term /

Use Descent Relation : Qor = AordPx = ng]’C)_l

Exists U(1)-Chern Simons termin D =2k -1 space-time dimensions
[ Top. Insulators in class A exsist in

D= 1+ 2k space-time dimensions
d=0 +2k spatial dimensions



RECALL:

(Chiral) Anomaly - General Properties:
(D space-time dimensions)

D, JE(z) = 2imYpypr1v + 2iAp(x)

- Closed form expressions = Generating Functions:

1 : 1 g
F = =Fu dahAdz”;  ch(F) = r+(—)trF+—(—)2trF2+...
2 27 21 o
1
Ry = 3 Ragy’ de® A da?;
=  Zier e 1 [ 1 R 4] :
AR) = 1 trR trR —— trR*| 4 ... (DiracG
(R) | o a2 12 *r- o E (a2 | 288 ( - ) o 360 T + ( -|rac enus)
-where. Qp = Ap(z) dPz
and Qp = ch(F)|,; = A(R),,; = (ch(F) AA(R))‘D

I o L

[U(1); gravitational; | mixed ]




Have shown for significant part of Ten-Fold-Table that the corresponding Topolog.
Insulators (Superconducts.) arise from an “anomaly” . (Conjecture: true for most.)
-- Those Top. Ins. well defined even in presence of interactions --

Cartan\d 0 2 3 4 6 7 8 10 11
A Z 0Z 0 Z 0 Z 0 ZO0Z 0.
AIll 0 Z 0 Z 0 Z 0 Z 0 Z 0 Z -
Al 0 0 0 2Z 0 Za Zs 0O 0o 0.
BDI Zs 0 0 022 0 ZaZ Z 0 0O -
D Zo Zo Z 0 0 0 2Z 0 Zo Zx Z 0O -
DIIT 0 Z2Zz2 Z 0 0 0 2Z 0 Z2 Z2 Z -
AIl  2Z 0 Zo Za Z 0 0 0 2Z 0 Zz Zs
CII 0 2Z 0 Zs Zy 0 0 0 2Z 0 Zy
C 0 0 2Z 0 Za Zo Z 0 0 0 2Z 0O
CI 0 0 02Z 0 ZZ; Z 0 0 0 2Z

TABLE 1I: Topological insulators (superconductors) with
an integer (Z) classification, (A): in the complex symmetry
classes, predicted from the chiral U(1) [SU(2)] anomaly
(bold face), and (B): in the real symmetry classes, predicted
from the gravitational anomaly (red), the chiral anomaly in
the presence of background gravity (blue), and the



Svymmetry Classes D, DIII, C, Cl:

(No natural U(1) symmetry -> gravitational anomaly)

TYPE (ii): Chiral Anomaly in gravitational background
Ap(z) #0 when D =4k (k € N) (equivalently: D=4+8k, D=8+8k)

.
Top. Insulators in class DIIl exsist in op. Insulators in class Cl exsist in
D= 4+ 8k space-time dimensions and D= 8+ 8k space-time dimensions
d= 3 +8k spatial dimensions d= 7 +8k spatial dimensions
TYPE (i) : Gravitational Chern-Simons term / (Chern-Simons form)
: 0
Use Descent Relation : Qi = AudPzx = dﬂik)—l

Exists gravitational Chern-Simons term in D =4k -1 space-time dimensions
(i.e.in D=3+8k, D= 7+8k).

e

Top. Insulators in class D exsist in and | Top. Insulators in class C exsist in
D= 3+ 8k space-time dimensions D= 7+ 8k space-time dimensions
d= 2 +8k spatial dimensions d= 6+8k spatial dimensions



(Chiral) Anomaly - General Properties:
(D space-time dimensions)

DJE(z) = 2imPypi1v + 2iEL@)

- Closed form expressions = Generating Functions:

e 1 | i V. | i v | Ao 2 -2 (Chern-
Fh=t ZFPW dx" Ndx i Ch(f) = ?’+(2—ﬂ_)t7’f—|‘5(g) trJ —I— Character)
1
Ry’ = 3 Rag” dz® A da®;

R (I R 1 1 A n _
A(R) = 1 tr'’R [ tr'R ——trR ] Dirac Genus
(R) T am2 1277 T G2 7 (05 gt e )

-where. Qp = Ap(z) dPz
and Qp = ch(F)|,; = A(R)),; — (ch(f) A“(R))‘D

1 I L

[U(1); gravitational; . mixed ]




Have shown for significant part of Ten-Fold-Table that the corresponding Topolog.
Insulators (Superconducts.) arise from an “anomaly” . (Conjecture: true for most.)
-- Those Top. Ins. well defined even in presence of interactions --

Cartan\d 0 2 3 4 6 7 8 10 11
A Z 0Z 0 Z 0 Z 0 ZO0Z 0.
AIll 0 Z 0 Z 0 Z 0 Z 0 Z 0 Z -
Al 0 0 0 2Z 0 Za Zs 0O 0o 0.
BDI Zs 0 0 022 0 ZaZ Z 0 0O -
D Zo Zo Z 0 0 0 2Z 0 Zo Zx Z 0O -
DIIT 0 Z2Zz2 Z 0 0 0 2Z 0 Z2 Z2 Z -
AIl  2Z 0 Zo Za Z 0 0 0 2Z 0 Zz Zs
CII 0 2Z 0 Zs Zy 0 0 0 2Z 0 Zy
C 0 0 2Z 0 Za Zo Z 0 0 0 2Z 0O
CI 0 0 02Z 0 ZZ; Z 0 0 0 2Z

TABLE 1I: Topological insulators (superconductors) with
an integer (Z) classification, (A): in the complex symmetry
classes, predicted from the chiral U(1) [SU(2)] anomaly
(bold face), and (B): in the real symmetry classes, predicted
from the gravitational anomaly (red), the chiral anomaly in
the presence of background gravity (blue), and the



Symmetry Classes Al, All, Cil, BDI:

(Have natural U(1) symmetry -> mixed anomaly)

TYPE (ii): Chiral Anomaly in ‘mixed’ background
Ap(x) #0 when D =4k+ 2 (k € N) (equivalently: D=2+8k, D=6+8k)

.

Top. Insulators in class BDI exsist in op. Insulators in class CIl exsist in
D= 2+ 8k space-time dimensions and D= 6+ 8k space-time dimensions
d=1 +8k spatial dimensions d=5 +8k spatial dimensions

TYPE (i) : ‘Mixed’ Chern-Simons term / (Chern-Simons form)

(0)

Hry D
Use Descent Relation: Q.0 = Aypiod”z = dSdyp 1

Exists ‘mixed’ Chern-Simons term in D =4k +1 space-time dimensions
(i.e.in D=1+8k, D= 5+8k).

e

Top. Insulators in class Al exsist in and | Top. Insulators in class All exsist in
D= 1+ 8k space-time dimensions D= 5+ 8k space-time dimensions
d= 0 +8k spatial dimensions d= 4 +8k spatial dimensions



(Chiral) Anomaly - General Properties:
(D space-time dimensions)

DyJg(x) = 2imypypr1vy + 2iAp(x)

- Closed form expressions = Generating Functions:

1 ' 1,
F = ZF,, dzhAdas?;  ch(F) = r+(21)trf+5(2i)2trf2+...

V4 £T0 L. £T0

1
Ry’ = 3 Rag” dz® A da®;
_ 1 1 1 [ 1 »n2 1 4] |
AR) = 1 trR trR R4 + ... (DiracG
(R) T a2 2 T G2 585 (TR°)" + 355t R*| + - (DiracGenu
-where. Qp = Ap(z) dPz
and Qp = ch(F), = A(R)|,; =| (ch(F) A“(R))ID

1 o ]

[U(1); gravitational; . mixed ]




Have shown for significant part of Ten-Fold-Table that the corresponding Topolog.
Insulators (Superconducts.) arise from an “anomaly” . (Conjecture: true for most.)
-- Those Top. Ins. well defined even in presence of interactions --

Cartan\d 0 2 3 4 6 7 8 10 11
A Z 0Z 0 Z 0 Z 0 ZO0Z 0.
AIll 0 Z 0 Z 0 Z 0 Z 0 Z 0 Z -
Al 0 0 0 2Z 0 Za Zs 0O 0o 0.
BDI Zs 0 0 022 0 ZaZ Z 0 0O -
D Zo Zo Z 0 0 0 2Z 0 Zo Zx Z 0O -
DIIT 0 Z2Zz2 Z 0 0 0 2Z 0 Z2 Z2 Z -
AIl  2Z 0 Zo Za Z 0 0 0 2Z 0 Zz Zs
CII 0 2Z 0 Zs Zy 0 0 0 2Z 0 Zy
C 0 0 2Z 0 Za Zo Z 0 0 0 2Z 0O
CI 0 0 02Z 0 ZZ; Z 0 0 0 2Z

TABLE 1I: Topological insulators (superconductors) with
an integer (Z) classification, (A): in the complex symmetry
classes, predicted from the chiral U(1) [SU(2)] anomaly
(bold face), and (B): in the real symmetry classes, predicted
from the gravitational anomaly (red), the chiral anomaly in
the presence of background gravity (blue), and the





