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From 18th century problems 
to exotic exoplanets

• The observational exoplanet 
revolution 

• How do we model the 
gravitational interactions of 
systems containing more than 
two massive bodies?


• How can we use celestial 
mechanics to gain new insight 
into the mysteries of planet 
formation?

Pierre-Simon Laplace (1749–1827). Posthumous portrait by
Jean-Baptiste Paulin Guérin, 1838.

https://en.wikipedia.org/wiki/Jean-Baptiste_Paulin_Gu%C3%A9rin


Our Solar System

Terrestrial Planets 

Giant Planets



Kepler Space Telescope

Image Credit: NASA



Exoplanet Detection: Transits
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The Exoplanet Revolution Movie by Alex Parker



The Exoplanet Revolution Movie by Alex Parker



How do we extract meaning from all of this data?

An end-to-end model for planet 
formation is still out of reach.  

We can make progress by trying to 
model orbital evolution and dynamics

Shu et al. 1987 (updated)



The two-body problem
There exists an analytic orbital 
solution for any two massive bodies.


Given the positions and velocities at 
any instant in time, we know the 
future (and past) behavior

2.3 Orbital Position and Velocity 27
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Fig. 2.4. The intersections of planes at different angles with the surface of a cone form
the family of curves known as the conic sections.
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Next step up: the restricted three body problem

• Three bodies, but we only 
count the mass of two. The 
third is a so-called “test 
particle”


• Like the two body problem, 
we can make some 
statements about how the 
objects orbit each other 
with a few simple equation


• Classic example is the Sun, 
Jupiter and an asteroid, 
moon, or comet

72 3 The Restricted Three-Body Problem

where h2 = a(1 − e2) in our system of units. Therefore the form of the Jacobi
integral expressed in Eq. (3.40) implies
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If we assume that the comet is not close to Jupiter so that 1/r2 is always a small
quantity and neglect the µ2 terms, we have
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Therefore the approximate relationship between the orbital elements of the comet
before and after the encounter with Jupiter is given by
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This is known as the Tisserand relation (Tisserand 1896) and it can be used to
determine whether or not a newly discovered comet is a previously known object
that has had its orbital elements changed by a close approach to a planet.

An example of such an encounter for a hypothetical comet is shown in Fig. 3.3.
A close approach to Jupiter alters the orbital elements of the comet with the semi-
major axis increasing by almost 8 AU. The initial orbital elements of the comet
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Fig. 3.3. The changing orbit of a hypothetical comet that has a close approach to Jupiter.
The encounter produces large changes in the orbital elements of the comet.
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The circular restricted 3-body problem
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(1du)3

From here it is clear that the numerical value of G is one in these units.
Finally, note that since, by definition µ = m2

m1+m2
and in these units m1 +

m2 = 1 we have that m2 = µ.
Using the same relation, solve instead for m1;
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Then in these special units both the locations, and masses of the primaries are
expressed in terms of the parameter µ. To recapitulate, the primary body has
mass m1 = 1 � µ and is located at �x1 = �µ in the rotating frame, while the
secondary body has mass m2 = µ and is located at x2 = 1 � µ in the rotating
frame. Furthermore G = ⇥ = 1.

Then is these “dimensional” units, the equations of motion are
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(x + µ)2 + y2 + z2

and

r2 =
⌥

(x� (1� µ))2 + y2 + z2

The dynamical system defined by these equations is the dimensionless cir-
cular restricted three body problem, and is what we will refer to from now on
as the CRTBP.
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Many stars are in pairs 
(or triples!)

Planets are found at a 
range of distances and 

masses in these systems

Credit: Zarmeen Shahzad



A modern example, planets in binaries

Planetary-Type
“Tatooines”

Satellite-Type



Planet stability requires well separated orbits

ain << aout
ain � aout

Holman and Wiegert 1999, Mudryk & Wu 2007
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Stability is an issue even in systems with only 1 sun

• Minimum planet spacing depends on distance from the sun and planet mass.


• More massive, or more tightly packed planets exert stronger gravitational tugs on 
each other, readily causing instabilities


• When they are closer to the star, its gravity dominates more, making the planet tugs 
less important



Chaos vs Stability?

System 1: System 2: 
1.0 AU, 1.067 AU 1.0 AU, 1.073 AU



Chaos vs Stability?

System 1: System 2: 
1.0 AU, 1.067 AU 1.0 AU, 1.073 AU







Why study planets 
in binaries?

We learn about the stars 
and planets!

artist conception: T. Pyle



The Planet Clock!

•  Planets form in the disks of gas 
and dust out of which stars are 
born


• These disks only survive for a 
few Myr


• Tatooine systems tell us that at 
least some binary stars must 
assume their current system 
position within ~Myr


• This lets us rule out many 
previous theories of binary 
formation!

Tobin, Kratter et al, Nature 2016
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Ṁ
⇤M

d⌦k,in .

(27)

'

�
✓
1

µ
�

1
◆
�

3(1
� k⌃

2 )(1
+ lj )↵

µ
✓
�

⇠

◆2/
3

,

where
the

seco
nd

line
uses

disk
-ave

rage
d qua

ntit
ies

to

con
stru

ct a mean
accr

etio
n rate

from
equ

atio
n (25)

. In

our
sim

ulat
ions

µ̇ '
0 so we exp

ect
µ to satu

rate
at the

valu
e for

which
the

two term
s on

the
righ

t of equ
atio

n

(27)
are

equ
al,µ!

(B 2
+2B) 1/

2
�

B, where
B =

� 1/
3
⇠ 2/

3
3(2
�

k⌃
)(1

+ lj )↵ .
(28)

The disk
mass

frac
tion

µ incr
ease

s with
B, so both

�

and
⇠ hav

e a posit
ive

e↵ect
on

µ, where
as ↵ tend

s to

sup
pres

s the
disk

mass.
Note

that
, when

B
is small and

µ ' p

2B, equ
atio

n (23)
implie

s Qd '
3↵/⇠

in acco
r-

dan
ce with

equ
atio

n (25)
. Becau

se the
e↵ecti

ve valu
e of

↵ indu
ced

by the
GI is a func

tion
of disk

para
meter

s, we

can
not

say
more

witho
ut invo

king
a mode

l for
↵(�, ⇠)

or

↵(Q,µ) as in KMK08.

The scal
ings

of disk
prop

erti
es with

the
dim

ensi
onle

ss

para
meter

s of th
e prob

lem
are

in acco
rd with intu

itive
ex-

pecta
tion

s. An incr
ease

in ⇠ corr
espond

s to an incr
ease

in accr
etio

n rate
at fixe

d disk
soun

d speed,
and

as a re-

sult
the

equ
ilibr

ium
disk

mass
rise

s. An incr
ease

in �

corr
espond

s to an incr
ease

in the
mean

ang
ular

momen-

tum
of the

infa
ll at fixe

d soun
d speed,

lead
ing

to larg
er

disk
s that

must
tran

sport
more

ang
ular

momentu
m, and

thu
s aga

in becom
e more

massi
ve.

An incr
ease

in ↵ cor-

resp
ond

s to an incr
ease

in the
rate

at which
the

disk
can

tran
sport

ang
ular

momentu
m and

mass
at a fixe

d rate
of

mass
and

ang
ular

momentu
m inflo

w, all
owing

the
disk

to

drai
n and

redu
cing

its rela
tive

mass.
We use

the
above



The Planet Clock!

•  Planets form in the disks of gas 
and dust out of which stars are 
born


• These disks only survive for a 
few Myr


• Tatooine systems tell us that at 
least some binary stars must 
assume their current system 
position within ~Myr


• This lets us rule out many 
previous theories of binary 
formation!

Tobin, Kratter et al, Nature 2016

6

F

i

g

.

1

.

—

Two exa
mple

s of
sin

gle
, bin

ary
, and

mult
iple

sys
tem

s.
The

res
olu

tio
n acr

oss
eac

h pan
el is 328

x32
8 gri

d cel
ls.

The
sin

gle
run

s

are
⇠ = 2.9

,�
= 0.0

18
(to

p),
⇠ = 1.6

,�
= 0.0

09
(bott

om
).

The
bin

ari
es

are
⇠ = 4.2

,�
= 0.0

14
(to

p),
⇠ = 23.

4,�
= 0.0

08,
(bott

om
).

The

mult
iple

s are
⇠ =

3.0
,�

=
0.0

16
(to

p),
⇠ =

2.4
,�

=
0.0

1 (bott
om

).
Blac

k circ
les

with
plu

s sig
ns

ind
ica

te
the

loc
ati

ons
of

sin
k par

ticl
es.

Thes
e cor

res
pond

to
run

s 5, 1, 9, 16,
7, and

4 res
pect

ive
ly.

ram
eter

izat
ion,

in which
stea

dy accr
etio

n occu
rs at a rate

Ṁ
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Started at KITP workshop in 2007!



Binaries are fundamental to all of astrophysics

GR confirmation

Type Ia supernovae / dark energy

Confirmed BH

GW signal Exoplanet characterization Reionization 

Gallo et al
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FIG. 4.— Variation in fesc between all models considered in the text. The
shaded regions encompass the maximum range of the models both with and
without the inclusion of runaways (labeled “all” and “non-runaways” in the
figure). Thick black lines represent the fiducial model. We have separately
plotted the models that deviate substantially from the general trend, including
models with a disk geometry, with supernova runaways, and with the stellar
density profile scaling as the gas density squared.

roughly equal contributions from dynamically-produced and
supernova-produced runaways, and so we can expect reality
to lie in between these two extremes. Various stellar evolu-
tion models that predict different lifetimes for massive stars
should change fesc by a more modest factor.

There are additional parameters, not explicitly shown in
Figure 2, that can also have a large impact on the enhance-
ment in fesc. The runaway fraction, frun, clearly will have a
direct (linear) effect on fesc. The galaxy size also has a strong
effect on the results, as can be inferred from the upper left
panel of Figure 2. In this panel we consider variation in the
adopted redshift, but this is simply changing the galaxy size at
fixed mass (see Equation 1). The variation in redshift amounts
to only a ±20% change in the typical size of a galaxy at fixed
mass, implying that the results do depend sensitively on size.
This highlights the need for incorporation of runaways into re-
alistic simulations of high-redshift galaxy formation to assess
their effect on fesc in a more quantitative manner.

In Figure 4 we show fesc as a function of Mhalo for the full
range of models discussed in this section. The shaded re-
gions encompass the total variation in fesc due to the different
model assumptions. Results are shown both with and without
the inclusion of runaways. In the case where runaways are
included, we separately highlight the most deviant models.
These models are the disk geometry model and the supernova
mechanism for the creation of runaways. In the disk model,
fesc is much higher than the fiducial model at high masses
because runaways can more easily escape the galaxy when
traveling perpendicular to the disk. In the supernova runaway
model fesc is considerably smaller because runaways travel for
a relatively short time before they explode. In all cases where
runaways are produced via dynamical encounters the escape

fraction can be quite high even in moderately large halos.
Finally, in Figure 4 we separately show a model where the

stellar distribution is proportional to the gas density squared,
in contrast to our fiducial model where the stellar density is
linearly proportional to the gas density. This model takes
into account that stars form preferentially at the highest den-
sities. In this model the escape fraction for non-runaways is
10− 20 times lower than our fiducial model, as the stars are
now much more embedded on average. On the contrary, the
escape fraction of runaways is identical to the fiducial model
for Mhalo ! 109 M⊙. In larger halos the galaxy size becomes
comparable to, and eventually larger than, the mean distance
traveled by runaways, and so the birth environment of the
runaways becomes increasingly important in determining fesc.
Since the non-runaway fesc is so much smaller than the run-
away fesc in this model, the behavior of the runaways entirely
determines the behavior of the overall escape fraction. As is
clear from Figure 4, this model produces very similar overall
fesc values for M ! 109 M⊙ compared to the fiducial model.
At higher masses this model produces lower escape fractions
because the runaways are closer to their birth environment (in
units of scale lengths), and born in denser regions on average
when ρ∗ ∝ ρ2

g.

4. DISCUSSION & CONCLUSIONS

In this paper we have shown that the ionizing radiation from
runaway stars may contribute substantially to the reionization
of the universe. These stars migrate toward the low-density
outer regions of high-redshift galaxies where their radiation
can easily escape into the IGM. The importance of their mi-
gration is enhanced at high redshift because the galaxies are
much smaller than at z = 0 (by a factor of ∼ (1+ z)−1). Assum-
ing that runaways have a prevalence that is similar to what is
observed in the Galaxy (∼ 30% for massive stars) and that
dynamically-created runaways constitute a significant frac-
tion of all runaways, they can increase the total escape fraction
of ionizing photons from high-redshift galaxies by factors of
2−8 compared to the escape fraction of non-runaway stars.

Our conclusions depend strongly on three model ingredi-
ents: the size of the galaxy, the runaway fraction, frun, and
the production mechanism for runaways. The effect of run-
aways on fesc depends linearly on frun, and therefore if the
fraction of runaways is substantially smaller than what we
have assumed here, their importance in an extragalactic con-
text will be limited. We have also assumed that galaxy sizes
at high redshift scale with halo size in a manner similar to
what is found at z = 0, and so high-redshift galaxies are as-
sumed to be much smaller than local galaxies. Small galaxies
strongly enhance the effect of runaways on fesc. Finally, we
have shown that runaways produced via dynamical encoun-
ters have a much larger effect on fesc than runaways produced
via an explosion of a close companion because of the differ-
ent runaway lifetimes implied by these models. Observations
of runaways in the Galaxy favor a mixture of these two mech-
anisms (Tetzlaff et al. 2011), and so we can expect that run-
aways in high-redshift galaxies will play an important role in
the escape of ionizing radiation.

The relative importance of runaways depends on the es-
cape fraction of non-runaway stars. In our model the
non-runaways have fesc < 10%, and so runaways can be
very influential. However, if the non-runaway escape frac-
tion were much higher, then the runaways would neces-
sarily have a diminished impact. As mentioned in the
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roughly equal contributions from dynamically-produced and
supernova-produced runaways, and so we can expect reality
to lie in between these two extremes. Various stellar evolu-
tion models that predict different lifetimes for massive stars
should change fesc by a more modest factor.

There are additional parameters, not explicitly shown in
Figure 2, that can also have a large impact on the enhance-
ment in fesc. The runaway fraction, frun, clearly will have a
direct (linear) effect on fesc. The galaxy size also has a strong
effect on the results, as can be inferred from the upper left
panel of Figure 2. In this panel we consider variation in the
adopted redshift, but this is simply changing the galaxy size at
fixed mass (see Equation 1). The variation in redshift amounts
to only a ±20% change in the typical size of a galaxy at fixed
mass, implying that the results do depend sensitively on size.
This highlights the need for incorporation of runaways into re-
alistic simulations of high-redshift galaxy formation to assess
their effect on fesc in a more quantitative manner.

In Figure 4 we show fesc as a function of Mhalo for the full
range of models discussed in this section. The shaded re-
gions encompass the total variation in fesc due to the different
model assumptions. Results are shown both with and without
the inclusion of runaways. In the case where runaways are
included, we separately highlight the most deviant models.
These models are the disk geometry model and the supernova
mechanism for the creation of runaways. In the disk model,
fesc is much higher than the fiducial model at high masses
because runaways can more easily escape the galaxy when
traveling perpendicular to the disk. In the supernova runaway
model fesc is considerably smaller because runaways travel for
a relatively short time before they explode. In all cases where
runaways are produced via dynamical encounters the escape

fraction can be quite high even in moderately large halos.
Finally, in Figure 4 we separately show a model where the

stellar distribution is proportional to the gas density squared,
in contrast to our fiducial model where the stellar density is
linearly proportional to the gas density. This model takes
into account that stars form preferentially at the highest den-
sities. In this model the escape fraction for non-runaways is
10− 20 times lower than our fiducial model, as the stars are
now much more embedded on average. On the contrary, the
escape fraction of runaways is identical to the fiducial model
for Mhalo ! 109 M⊙. In larger halos the galaxy size becomes
comparable to, and eventually larger than, the mean distance
traveled by runaways, and so the birth environment of the
runaways becomes increasingly important in determining fesc.
Since the non-runaway fesc is so much smaller than the run-
away fesc in this model, the behavior of the runaways entirely
determines the behavior of the overall escape fraction. As is
clear from Figure 4, this model produces very similar overall
fesc values for M ! 109 M⊙ compared to the fiducial model.
At higher masses this model produces lower escape fractions
because the runaways are closer to their birth environment (in
units of scale lengths), and born in denser regions on average
when ρ∗ ∝ ρ2

g.

4. DISCUSSION & CONCLUSIONS

In this paper we have shown that the ionizing radiation from
runaway stars may contribute substantially to the reionization
of the universe. These stars migrate toward the low-density
outer regions of high-redshift galaxies where their radiation
can easily escape into the IGM. The importance of their mi-
gration is enhanced at high redshift because the galaxies are
much smaller than at z = 0 (by a factor of ∼ (1+ z)−1). Assum-
ing that runaways have a prevalence that is similar to what is
observed in the Galaxy (∼ 30% for massive stars) and that
dynamically-created runaways constitute a significant frac-
tion of all runaways, they can increase the total escape fraction
of ionizing photons from high-redshift galaxies by factors of
2−8 compared to the escape fraction of non-runaway stars.

Our conclusions depend strongly on three model ingredi-
ents: the size of the galaxy, the runaway fraction, frun, and
the production mechanism for runaways. The effect of run-
aways on fesc depends linearly on frun, and therefore if the
fraction of runaways is substantially smaller than what we
have assumed here, their importance in an extragalactic con-
text will be limited. We have also assumed that galaxy sizes
at high redshift scale with halo size in a manner similar to
what is found at z = 0, and so high-redshift galaxies are as-
sumed to be much smaller than local galaxies. Small galaxies
strongly enhance the effect of runaways on fesc. Finally, we
have shown that runaways produced via dynamical encoun-
ters have a much larger effect on fesc than runaways produced
via an explosion of a close companion because of the differ-
ent runaway lifetimes implied by these models. Observations
of runaways in the Galaxy favor a mixture of these two mech-
anisms (Tetzlaff et al. 2011), and so we can expect that run-
aways in high-redshift galaxies will play an important role in
the escape of ionizing radiation.

The relative importance of runaways depends on the es-
cape fraction of non-runaway stars. In our model the
non-runaways have fesc < 10%, and so runaways can be
very influential. However, if the non-runaway escape frac-
tion were much higher, then the runaways would neces-
sarily have a diminished impact. As mentioned in the
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roughly equal contributions from dynamically-produced and
supernova-produced runaways, and so we can expect reality
to lie in between these two extremes. Various stellar evolu-
tion models that predict different lifetimes for massive stars
should change fesc by a more modest factor.

There are additional parameters, not explicitly shown in
Figure 2, that can also have a large impact on the enhance-
ment in fesc. The runaway fraction, frun, clearly will have a
direct (linear) effect on fesc. The galaxy size also has a strong
effect on the results, as can be inferred from the upper left
panel of Figure 2. In this panel we consider variation in the
adopted redshift, but this is simply changing the galaxy size at
fixed mass (see Equation 1). The variation in redshift amounts
to only a ±20% change in the typical size of a galaxy at fixed
mass, implying that the results do depend sensitively on size.
This highlights the need for incorporation of runaways into re-
alistic simulations of high-redshift galaxy formation to assess
their effect on fesc in a more quantitative manner.

In Figure 4 we show fesc as a function of Mhalo for the full
range of models discussed in this section. The shaded re-
gions encompass the total variation in fesc due to the different
model assumptions. Results are shown both with and without
the inclusion of runaways. In the case where runaways are
included, we separately highlight the most deviant models.
These models are the disk geometry model and the supernova
mechanism for the creation of runaways. In the disk model,
fesc is much higher than the fiducial model at high masses
because runaways can more easily escape the galaxy when
traveling perpendicular to the disk. In the supernova runaway
model fesc is considerably smaller because runaways travel for
a relatively short time before they explode. In all cases where
runaways are produced via dynamical encounters the escape

fraction can be quite high even in moderately large halos.
Finally, in Figure 4 we separately show a model where the

stellar distribution is proportional to the gas density squared,
in contrast to our fiducial model where the stellar density is
linearly proportional to the gas density. This model takes
into account that stars form preferentially at the highest den-
sities. In this model the escape fraction for non-runaways is
10− 20 times lower than our fiducial model, as the stars are
now much more embedded on average. On the contrary, the
escape fraction of runaways is identical to the fiducial model
for Mhalo ! 109 M⊙. In larger halos the galaxy size becomes
comparable to, and eventually larger than, the mean distance
traveled by runaways, and so the birth environment of the
runaways becomes increasingly important in determining fesc.
Since the non-runaway fesc is so much smaller than the run-
away fesc in this model, the behavior of the runaways entirely
determines the behavior of the overall escape fraction. As is
clear from Figure 4, this model produces very similar overall
fesc values for M ! 109 M⊙ compared to the fiducial model.
At higher masses this model produces lower escape fractions
because the runaways are closer to their birth environment (in
units of scale lengths), and born in denser regions on average
when ρ∗ ∝ ρ2

g.

4. DISCUSSION & CONCLUSIONS

In this paper we have shown that the ionizing radiation from
runaway stars may contribute substantially to the reionization
of the universe. These stars migrate toward the low-density
outer regions of high-redshift galaxies where their radiation
can easily escape into the IGM. The importance of their mi-
gration is enhanced at high redshift because the galaxies are
much smaller than at z = 0 (by a factor of ∼ (1+ z)−1). Assum-
ing that runaways have a prevalence that is similar to what is
observed in the Galaxy (∼ 30% for massive stars) and that
dynamically-created runaways constitute a significant frac-
tion of all runaways, they can increase the total escape fraction
of ionizing photons from high-redshift galaxies by factors of
2−8 compared to the escape fraction of non-runaway stars.

Our conclusions depend strongly on three model ingredi-
ents: the size of the galaxy, the runaway fraction, frun, and
the production mechanism for runaways. The effect of run-
aways on fesc depends linearly on frun, and therefore if the
fraction of runaways is substantially smaller than what we
have assumed here, their importance in an extragalactic con-
text will be limited. We have also assumed that galaxy sizes
at high redshift scale with halo size in a manner similar to
what is found at z = 0, and so high-redshift galaxies are as-
sumed to be much smaller than local galaxies. Small galaxies
strongly enhance the effect of runaways on fesc. Finally, we
have shown that runaways produced via dynamical encoun-
ters have a much larger effect on fesc than runaways produced
via an explosion of a close companion because of the differ-
ent runaway lifetimes implied by these models. Observations
of runaways in the Galaxy favor a mixture of these two mech-
anisms (Tetzlaff et al. 2011), and so we can expect that run-
aways in high-redshift galaxies will play an important role in
the escape of ionizing radiation.

The relative importance of runaways depends on the es-
cape fraction of non-runaway stars. In our model the
non-runaways have fesc < 10%, and so runaways can be
very influential. However, if the non-runaway escape frac-
tion were much higher, then the runaways would neces-
sarily have a diminished impact. As mentioned in the
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roughly equal contributions from dynamically-produced and
supernova-produced runaways, and so we can expect reality
to lie in between these two extremes. Various stellar evolu-
tion models that predict different lifetimes for massive stars
should change fesc by a more modest factor.

There are additional parameters, not explicitly shown in
Figure 2, that can also have a large impact on the enhance-
ment in fesc. The runaway fraction, frun, clearly will have a
direct (linear) effect on fesc. The galaxy size also has a strong
effect on the results, as can be inferred from the upper left
panel of Figure 2. In this panel we consider variation in the
adopted redshift, but this is simply changing the galaxy size at
fixed mass (see Equation 1). The variation in redshift amounts
to only a ±20% change in the typical size of a galaxy at fixed
mass, implying that the results do depend sensitively on size.
This highlights the need for incorporation of runaways into re-
alistic simulations of high-redshift galaxy formation to assess
their effect on fesc in a more quantitative manner.

In Figure 4 we show fesc as a function of Mhalo for the full
range of models discussed in this section. The shaded re-
gions encompass the total variation in fesc due to the different
model assumptions. Results are shown both with and without
the inclusion of runaways. In the case where runaways are
included, we separately highlight the most deviant models.
These models are the disk geometry model and the supernova
mechanism for the creation of runaways. In the disk model,
fesc is much higher than the fiducial model at high masses
because runaways can more easily escape the galaxy when
traveling perpendicular to the disk. In the supernova runaway
model fesc is considerably smaller because runaways travel for
a relatively short time before they explode. In all cases where
runaways are produced via dynamical encounters the escape

fraction can be quite high even in moderately large halos.
Finally, in Figure 4 we separately show a model where the

stellar distribution is proportional to the gas density squared,
in contrast to our fiducial model where the stellar density is
linearly proportional to the gas density. This model takes
into account that stars form preferentially at the highest den-
sities. In this model the escape fraction for non-runaways is
10− 20 times lower than our fiducial model, as the stars are
now much more embedded on average. On the contrary, the
escape fraction of runaways is identical to the fiducial model
for Mhalo ! 109 M⊙. In larger halos the galaxy size becomes
comparable to, and eventually larger than, the mean distance
traveled by runaways, and so the birth environment of the
runaways becomes increasingly important in determining fesc.
Since the non-runaway fesc is so much smaller than the run-
away fesc in this model, the behavior of the runaways entirely
determines the behavior of the overall escape fraction. As is
clear from Figure 4, this model produces very similar overall
fesc values for M ! 109 M⊙ compared to the fiducial model.
At higher masses this model produces lower escape fractions
because the runaways are closer to their birth environment (in
units of scale lengths), and born in denser regions on average
when ρ∗ ∝ ρ2

g.

4. DISCUSSION & CONCLUSIONS

In this paper we have shown that the ionizing radiation from
runaway stars may contribute substantially to the reionization
of the universe. These stars migrate toward the low-density
outer regions of high-redshift galaxies where their radiation
can easily escape into the IGM. The importance of their mi-
gration is enhanced at high redshift because the galaxies are
much smaller than at z = 0 (by a factor of ∼ (1+ z)−1). Assum-
ing that runaways have a prevalence that is similar to what is
observed in the Galaxy (∼ 30% for massive stars) and that
dynamically-created runaways constitute a significant frac-
tion of all runaways, they can increase the total escape fraction
of ionizing photons from high-redshift galaxies by factors of
2−8 compared to the escape fraction of non-runaway stars.

Our conclusions depend strongly on three model ingredi-
ents: the size of the galaxy, the runaway fraction, frun, and
the production mechanism for runaways. The effect of run-
aways on fesc depends linearly on frun, and therefore if the
fraction of runaways is substantially smaller than what we
have assumed here, their importance in an extragalactic con-
text will be limited. We have also assumed that galaxy sizes
at high redshift scale with halo size in a manner similar to
what is found at z = 0, and so high-redshift galaxies are as-
sumed to be much smaller than local galaxies. Small galaxies
strongly enhance the effect of runaways on fesc. Finally, we
have shown that runaways produced via dynamical encoun-
ters have a much larger effect on fesc than runaways produced
via an explosion of a close companion because of the differ-
ent runaway lifetimes implied by these models. Observations
of runaways in the Galaxy favor a mixture of these two mech-
anisms (Tetzlaff et al. 2011), and so we can expect that run-
aways in high-redshift galaxies will play an important role in
the escape of ionizing radiation.

The relative importance of runaways depends on the es-
cape fraction of non-runaway stars. In our model the
non-runaways have fesc < 10%, and so runaways can be
very influential. However, if the non-runaway escape frac-
tion were much higher, then the runaways would neces-
sarily have a diminished impact. As mentioned in the
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Formation Extremes

• Planets around binaries are 
subject to extra kicks and tugs


• The properties of the natal disk 
can be highly constrained


• Serve as excellent mode to 
falsify planet formation models

HD 131399
Wagner, Apai, Kasper, Kratter et al, 2016, Science

A triple star system containing a 
super-Jupiter on a nearly 

unstable orbit



Kepler 47: a (stable) Tatooine type system 

Credit: R. Smullen




Kepler 47: a (stable) Tatooine type system 

Credit: R. Smullen




Circumbinary planets are easier to find in “habitable 
zone”

Kepler 47 b,c 
(Orosz et al. 2012)

In theory, this bodes well 
for finding Tatooines.


So far, all of the 
circumbinary planets are 
massive gas giants.



Local Example: Pluto not a Planet ...  
a Mini Circumbinary Multi-Planet System!



New Horizons Mission

Local Example: Pluto not a Planet ...  
a Mini Circumbinary Multi-Planet System!



New Horizons Mission

Local Example: Pluto not a Planet ...  
a Mini Circumbinary Multi-Planet System!





We can discern the properties of the system using 
dynamical stability



Observing “Rocks” vs “Stars”

Stars emit light

Light is absorbed / reflected by rocky bodies

What we see depends on how 
reflective it is, its ALBEDO



Observing “Rocks” vs “Stars”

The amount of reflected 
light also depends on 
the size, but not the 
mass

M = 1/2

M = 4

M =10

M = 1/10



We can conclude that Pluto’s moons are icy!
• Our dynamical estimates of the masses and albedos have been validated by 

New Horizons


• This shows the strength of this method for systems we can’t go visit

Fresh asphalt      0.04
Worn asphalt       0.12
Bare soil              0.17
Green grass        0.25
Desert sand        0.40
New concrete      0.55
Ocean Ice           0.5–0.7
Fresh snow         0.80–0.90
Enceladus           0.9
Pluto                   0.49-0.66
Charon                0.36-0.39

Pluto’s Circumbinary Chaos 9

Fig. 6.— Similar to Fig. 4, but for crossing times, tc, of the “most
circular” initial orbits with period ratios (to Charon) between 4.93
and 5.13. Blue squares give the median over both period and
initial phase. Green squares (and red squares) give the longest
of the median (and 90th percentile) tc at each period. Yellow
squares give the longest tc of all orbits. For reference the solid
line gives powerlaw fit to the median tc for the “core” sample of
Keplerian initial conditions. The most circular orbits give longer
tc and thereby allow larger Nix and Hydra masses.

C5:1.
Fig. 6 plots crossing times versus the mass of Nix and

Hydra, with powerlaw fits overplotted. We restrict the
range of periods to the observational constraint (S11),
but with double the uncertainty for inclusiveness. The
statistical measures of tc include: (1) “median,” which
takes the median of the values given by the symbols in
Fig. 5 (themselves median values over phases); (2) “max
median,” the longest phase-median tc, i.e. highest sym-
bol; (3)“max 90%,” the longest 90th percentile tc, i.e.
highest upper errorbar; and finally (4) “longest,” simply
the longest tc at any phase or period considered.
For reference, the median tc for the relatively stable

“core” sample of initial Keplerian parameters is over-
plotted. Compared to this reference case, the cross-
ing timescales for the most circular orbits are signifi-
cantly longer, especially toward the (more realistic) lower
masses of Nix and Hydra. Longer crossing times equate
to higher allowed masses (and lower albedos) for Nix and
Hydra.
Extrapolating along the powerlaw fits in Fig. 6 shows

that A & 0.3 is needed to achieve tc > 4 Gyr. This limit
is more inclusive than the A & 0.5 found in §5.2.2. We
cannot definitely rule out even lower albedos. As already
discussed, extrapolation could fail.
Characterizing the most stable orbit is di⇤cult. We

do not base our estimate on the absolute longest lived
orbits, which loosen our constraints. As shown in Fig. 6,
the longest tc’s do not follow a simple powerlaw and are
therefore unreliable for extrapolation. Even without ex-
trapolation, the longest tc’s are highly subject to sam-
pling, especially considering the pronounced period and

phase dependence shown in Fig. 5. It is also unclear if
P4 is likely to inhabit the most stable orbits, especially if
those orbits occupy a tiny volume of phase space. Small
neglected e�ects (such as collisions, see §3.4) could eas-
ily remove P4 from narrow pockets of parameter space.
Thus, we base our constraints not on the absolutely most
stable orbit, but on orbits among the most stable.

6. SUMMARY AND CONCLUSIONS

We study the long term stability of P4, the temporary
name for the moon orbiting the Pluto-Charon binary be-
tween Nix and Hydra (S11). Our numerical integrations
constrain both the orbit of P4 and the masses of Nix and
Hydra. These constraints are coupled, so improved de-
termination of P4’s orbit will help refine the masses of
Nix and Hydra and vice-versa. We summarize our main
results:

• Low eccentricity orbits of P4 are significantly more
stable. Our integrations strongly disfavor P4 orbits
with e > 0.02, as shown in Figs. 3 and 4.

• Period ratios (of P4 to Charon) between 4.98 and
5.01 are unstable on short timescales. Slightly
larger or smaller period ratios are significantly
more stable, as shown in Fig. 5. Combined with
the observed mean motion (S11), our results favor
orbits just outside the 5:1 commensurability with
Charon.

• Even the most stable P4 orbits only survive if Nix
and Hydra are su⇤ciently low in mass. We esti-
mate MNix . 5� 1016 kg and MHyd . 9� 1016 kg
are required for the stability of P4 over the age of
the Solar System. The mass ratio of Nix and Hy-
dra is fixed in the simulations, so these constraints
are not independent.

• The albedos of Nix and Hydra are correspondingly
constrained to A & 0.3, assuming an internal den-
sity of 1 g cm�3. Higher density rocky bodies would
require even higher albedos.

• The above mass and albedo constraints rely on ex-
trapolation of simulations with higher masses, as
shown in Fig. 6. Direct simulations alone disfavor
A . 0.16 for which the orbit crossing time of P4 is
. 107 yr.

Our mass limits based on the stability of P4 are a fac-
tor of 20 and 10 lower than the (1-�) astrometric upper
limits of T08. The rendezvous of the New Horizons satel-
lite with the Pluto system in July 2015 should greatly
improve astrometric mass constraints. Neglecting P4,
Beauvalet et al. (2012) combine current data with simu-
lated New Horizons observations to show that mass er-
rors on Hydra will be reduced to ⇤ 4�1016 kg. This limit
is already small enough to test our predictions. Hopefully
the inclusion of P4 will further tighten astrometric mass
constraints. Ultimately, combining astrometry with long
term stability should provide the tightest and most ro-
bust dynamical constraints.
Our results generally support the leading model for the

origin of the Pluto system: a giant impact that produces
the Pluto-Charon binary (McKinnon 1989; Canup 2005)

Youdin, Kratter, Kenyon, 2012
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Another extreme system that constraints planet formation
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Dupuy, Kratter et al 2016
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Fig. 5.—: The orbit of the Kepler-444BC system in the frame of the planet host star Kepler-444A (black star). Our best-fit

orbit is shown in black, and 100 randomly drawn orbits from our MCMC analysis are shown in gray. Orbit locations that

correspond to the range of our observation epochs are shown in red. Left: the orbit in plane of the sky, which is consistent with

being seen edge on. Right: the same orbits shown deprojected in a top down view of the orbital plane. The orbit is currently

close to apoastron with almost no motion in the plane of the sky.

Trent Dupuy (UT Austin) ExSS III 

≈1−2 AU truncated disk 
around a metal-poor star 
gave rise to 5 planets at 

0.04−0.08 AU  

total mass ≈ 1.5 MEarth 

Dupuy, Kratter et al 2016
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