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Infinitely-many-alleles-model: unique mutations
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Sample configuration of alleles 4 A1, 1 A2, 4 A3, 3 A4, 3 A5.



Ewens’ sampling formula (1972)

n sampled genes

Probability of a sample having k types with bj types represented

j times,
∑

jbj = n, and
∑

bj = k, is

n!

1b1 · · ·nbn
· 1

b1! · · · bn!
· θk

θ(θ + 1) · · · (θ + n − 1)

Example: Sample 4 A1, 1 A2, 4 A3, 3 A4, 3 A5.

b1 = 1, b2 = 0, b3 = 2, b4 = 2.



Old and New lineages
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Old and new lineages, Watterson (1984)

n sample genes traced to m ancestral genes.

Probability of having nl genes of type l for l = 1, . . . , k,

types 1, . . . , m ancestral and types m + 1, . . . , k mutant.

(n − m)!θk−m ∏m
l=1 nl!

∏k
l=m+1(nl − 1)!∏n

i=m+1 i(θ + i − 1)

Kingman’s (1982) partition formula when θ = 0.



History
Hoppé’s (1987) urn model
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1. Start with 1 black ball of mass θ in the urn.

2. Select a ball from the urn. If it is black return it with a ball
of a new colour, if not add a ball of mass 1 of the same colour
as the ball drawn.

3. Stop when n non-black balls and randomly label them 1, 2, . . . , k
if k different colours.



The Chinese restaurant process

Imagine people 1, 2, . . . , n arriving sequentially at an initially

empty restaurant with a large number of tables.

Person j sits at the same table as person i (with probability

1/(j−1+θ), for each i < j), or else sits at an empty table (with

probability θ/(j − 1 + θ)). The distribution of the configuration

of the number of people at the tables n1, n2, . . . is the Ewens’

sampling formula

n!

1b1 · · ·nbn
· 1

b1! · · · bn!
· θk

θ(θ + 1) · · · (θ + n − 1)



Random permutations, Joyce and Tavaré (1987)

In Hoppé’s urn model label the balls according to the order that

they enter the urn. If ball k’s colour was determined by choosing

ball j insert it in a cycle to the left of j.
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3 4
6

(12 11 5 2)(3)(15 10 7 1)(14 9 6)(13 8 4)



Random permutations

If π is a permutation with k cycles

Pθ(πn = π) =
θk

θ(θ + 1) · · · (θ + n − 1)

The number of permutations with b1 cycles of length 1, b2 cycles
of length 2, . . . , bn cycles of length n is

n!∏n
j=1 jbjbj!

Ewens sampling formula is

θk

θ(θ + 1) · · · (θ + n − 1)
· n!∏n

j=1 jbjbj!



Birth Process with Immigration, Joyce and Tavaré (1987)

Immigrants enter the population according to a Poisson Process

of rate θ, then reproduce according to a binary branching process.

If each immigrant is a new type and offspring are the same type as

their parents, then the sequence of states the branching process

with immigration moves through has the same distribution as

those generated by Hoppé’s urn.

End History



Forest of non-mutant ancestral lineages, to defining mutations
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i1

i2

i3 i4
i5

Ancestral lineages are lost back in time by coalescence or muta-

tion at rates
(

i
2

)
and iθ

2 while i non-mutant lineages.



Ewens’ sampling formula derivation: Griffiths and Lessard (2005)

n!
n1!···nk!

assignments of k types

× 1
b1!···bn! if types are unlabelled

×n! arrangements of loss by mutation or coalescence

× θ
i(i+θ−1)

if the i gene lost is the last of its type or j−1
i(i+θ−1)

if

it is the jth last of its type for i = 1, . . . , n.

Probability of a sample having k types with bj types represented
j times is

n!

1b1 · · ·nbn
· 1

b1! · · · bn!
· θk

θ(θ + 1) · · · (θ + n − 1)



Next event back in time
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Probability of a mutation on a particular lineage when i ancestor

lineages.

Probability of a coalescence in a group of j lineages when i
ancestor lineages.



Combinatorial arrangement of age-ordered frequencies

•
i1
1

• • •
i2

• • •
i3

• •
i4

• • • •
i5

• • • • • • •
i6
n

Allocate genes n1, . . . , nk to ordered events from 1 to n in the

ancestral lines starting from the oldest type.

nm genes are allocated in positions ≥ im.

A particular labelling is possible if and only if for each

1 ≤ m ≤ n events in positions i1 = 1, . . . , im − 1 are labelled

from n1, . . . , nm−1.

That is, if and only if im − 1 ≤ ∑m−1
ν=1 nν.



•
i1
1

• • •
i2

• • •
i3

• •
i4

• • • •
i5

• • • • • • •
i6
n

im − 1 ≤ ∑m−1
ν=1 nν for 1 ≤ m ≤ n

The probability of an arrangement is

ai =
1

n!
·

k∏
m=1

nm · (
m∑

ν=1

nν − im)[im+1−im+1]

•
1

• • • • • • • •
im

� � � •
im+1

• • • • • • •
n



Variable population size

λ(t) is the relative population size at time t back to the present
size.

Rate of coalescence at time t when i ancestor lines is
(

i
2

)
λ(t)−1

and the rate of mutation is iθ
2 .

Tn, Tn−1, . . . , T1 are times when ancestor lines are lost by mu-
tation or coalescence.

Age-ordered Sampling formula

n! · θk−1(∏k
l=1 nl

) ∑
i

aiE

⎧⎨
⎩

∏k
l=2 λ(Til)∏n

i=2[θλ(Ti) + i − 1]

⎫⎬
⎭



Age-ordered sampling formula

n! · θk−1(∏k
l=1 nl

) ∑
i

aiE

⎧⎨
⎩

∏k
l=2 λ(Til)∏n

i=2[θλ(Ti) + i − 1]

⎫⎬
⎭

Constant population size, Donnelly and Tavaré (1986), λ(t) = 1

(n − 1)!

nk · (nk + nk−1) · · · (nk + · · · + n2)
· θk

θ · · · (θ + n − 1)

∑
i

ai =
n1

n
· n2

n2 + n3 + · · ·nk
· · · nk−1

nk−1 + nk

is the size-biassed probability of an age-ordering 1, 2, . . . , n



Record indices and record heights in an urn model

Balls labelled 1, 2, . . . , n in an urn.

• •
•

• • •

•
•

Draw i1 i2 i3 ik

Ball no

s1
s2

s3

sk

Age-ordered allele frequencies n1, n2, . . . , nk given their ances-
tral lines are lost by mutation when i1, i2, . . . , ik genes are dis-
tributed as the increments s1, s2 − s1, . . . , sn − sn−1 in the urn
model given i1, i2, . . . , ik (Griffiths and Lessard, 2004).



Age ordered sample frequencies

Random permutation (2,1,3,6,5,4,8,7).

Record Epoch 1 3 4 7
Record Value 2 3 6 8
Sample frequency 2 1 3 2



Age-ordered population frequencies {Xm; m ≥ 1}

Partial sums
{ ∑m

ν=1 Xν, m ≥ 1
}

given i1, i2, . . . are distributed

as record values in a sequence of independent uniform random

variables {Ul; l ≥ 1} given they occur at record epochs i1, i2, . . ..

Random Partition

Xm = ξm−1

∞∏
l=m

(
1 − ξl

)
, m ≥ 1

where {ξl; l ≥ 1} are independent with ξ0 = 1, and for m ≥ 1,
ξm has a density

(im+1 − 1)(1 − z)im+1−2, 0 < z < 1



Random Partition Xm = ξm−1
∏∞

l=m

(
1 − ξl

)
, m ≥ 1 where

{ξl; l ≥ 1} are independent with ξ0 = 1, and for m ≥ 1, ξm has
a density

(im+1 − 1)(1 − z)im+1−2, 0 < z < 1

Markov chain {ij; j ≥ 1}, where i1 = 1 and

P
(
ij = b | ij−1 = a

)
=

a

θ + a
· · · b − 2

θ + b − 2
· θ

θ + b − 1
, b > a.

GEM distribution Unconditional age-ordered distribution of pop-
ulation frequencies in a constant sized population model.

Xm = Zm(1 − Zm−1) · · · (1 − Z1), , m ≥ 1,

where {Zj; j ≥ 1} are independent with density

θ(1 − z)θ−1, 0 < z < 1



Pitman’s two parameter Ewens sampling formula

The Chinese restaurant construction

Imagine people 1, 2, . . . , n arriving sequentially at an initially

empty restaurant with a large number of tables.

Before the n + 1th person arrives suppose there are k occupied

tables.

Person n + 1 sits at the same table as person i with probability

(ni − α)/(n + θ), for each i < n + 1, or else sits at an empty

table with probability (θ + kα)/(n + θ).



The distribution of the configuration of the number of people

at the tables n1, n2, . . . is the two-parameter Ewens’ sampling

formula

n!

1b1 · · ·nbn
· 1

b1! · · · bn!
· (θ + α)k−1↑α

∏k
i=1(1 − α)ni−1↑1

θ(θ + 1) · · · (θ + n − 1)

where (x)n↑α =
∏n−1

i=0 (x + iα). Usually 0 ≤ α ≤ 1.



Limit Frequencies in age-order

X1 = B1, X2 = (1−B1)B2, X3 = (1−B1)(1−B2)B3, . . . where

{Bi} is an independent sequence and Bi has a Beta (1−α, θ+iα)
distribution.

This Beta distribution form characterizes the product distribution

form which is invariant under size-biassing.



Limit age-ordered frequencies given record indices
Let {ij, j = 1, 2, . . .} be the limit sequence of record indices and
X1, X2, . . . be the age-ordered limit frequencies. A representa-
tion is

Xj = ξj−1

∞∏
m=j

(1 − ξm)

where {ξj} are independent, ξ0 = 1 and for j > 1, ξj is Beta
(1 − α, ij+1 − jα − 1).

{ij, j = 1, 2, . . .} is a Markov chain with

Pj(ij+1 | ij) = (ij − αj)(ij+1−ij−1)

∏ij+1
l=ij+1(θ + α(l − 1))

θ + j

Griffiths and Spanò (2007).



Poisson Dirichlet Process

{x(i)} is a point process on (0,1),

x(1) > x(2) > · · · ,
∞∑
1

x(i) = 1.

...........................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................×××××××× ×× ×
0 1

Relative frequencies in the Ewens sampling formula converge in

distribution to the Poisson Dirichlet Process.

Kingman (1993), Poisson Processes; Arratia, Barbour and Tavaré

(2003), Logarithmic combinatorial structures; Pitman (2006),

Combinatorial stochastic processes



Definition Let {Yi} be a non-homogeneous Poisson process with

mean measure density

θy−1e−y, y > 0, (θ > 0),

and Y =
∑∞

j=1 Yj. Then the Poisson Dirichlet point process is

defined as
{
X(i) =

Y(i)

Y

}
.

Y has a Gamma (θ) distribution and is independent of {X(i)}.



Multidimensional frequency spectra hk

P (Points in (x1, x1 + dx1), . . . , (xk, xk + dxk))

= hk(x1, . . . , xk)dx1 · · · dxk

= θk(x1 . . . xk)
−1(

1 −
k∑
1

xi
)θ−1

dx1 · · · dxk

for x1, . . . , xk > 0,
∑k

1 xi < 1.

Ewens sampling formula from the PD(θ) distribution
∫

n!

n1! · · ·nk!
x

n1
1 . . . x

nk
k hk(x1, . . . , xk)dx1 · · · dxk

=
n!

n1 · · ·nk
· θk

θ(θ + 1) · · · (θ + n − 1)



Size-Biassed Poisson Dirichlet

Let {Zi} be iid random variables with density

θ(1 − z)θ−1, 0 < z < 1,

and

X1 = Z1,
X2 = Z2(1 − Z1),
X3 = Z3(1 − Z2)(1 − Z1), . . .

then {Xi} is distributed as a Poisson Dirichlet process.

This is a size-biassed representation of the process.

An important result is that the size-biassed distribution is the
age-ordered distribution of allele frequencies.



Coalescent lineage distributions

Forest of non-mutant ancestral lineages
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Aθ

n(t) is the number of edges in the forest at time t back,
with Aθ

n(0) = n. It is possible that n = ∞.



Mutant family sizes in the Poisson Dirichlet process

In an infinite-leaf coalescent tree the joint distribution of family

sizes from non-mutant lineages at time t back, given Aθ∞(t) = l
is Dirichlet

Γ(θ + l)

Γ(θ)
(1 − x1 − · · · − xl)

θ−1, 0 <
l∑
1

xj < 1

New mutant family sizes, scaled to have a total frequency 1,

have an independent PD(θ) distribution. The total frequency

of old mutations Y is Beta (l, θ), and total frequency of new

mutations is 1 − Y .



Poisson Dirichlet random measure

μ =
∞∑
i=1

xiδξi

where {xi} is PD(θ) and independent of {ξj} which are i.i.d.

ν0 ∈ P(S), with S a compact metric space.

Stationary distribution of the random measure

Πθ,ν0
(·) = P (μ ∈ ·)

Fleming-Viot process with type space S, and mutation operator

(Af)(x) =
θ

2

∫
S

(
f(ξ) − f(x)

)
ν0(dξ)



Denote ηn(y1, . . . , yn) as the empirical measure of points
y1, . . . , yn ∈ S,

ηn(y1, . . . , yn) = n−1(δy1 + · · · + δyn)

The Fleming-Viot process with type space S and mutation op-
erator A has transition function P (t, μ, dν) for given μ ∈ P(S)

P (t, μ, .) = qθ
0(t)Πθ,ν0

(·)
+

∞∑
n=1

qθ
n(t)

∫
Sn

μn(dy1 × · · · × dyn)

Πn+θ,(n+θ)−1{nηn(y1,...,yn)+θν0}(·)

Ethier and Griffiths (1993). A review paper is Ethier and Kurtz
(1993), Fleming-Viot Processes in Population Genetics.



Lineage distribution, sample of n genes

P
(
Aθ

n(t) = j
)

=
n∑

k=j

ρθ
k(t)(−1)k−j

(2k + θ − 1)(j + θ)(k−1)n[k]

j!(k − j)!(n + θ)(k)

for j = 0, 1, ..., n, where ρθ
k(t) = e−k(k+θ−1)t/2

and a(j) = a(a + 1) · · · (a + j − 1), b[j] = b(b− 1) · · · (b− j + 1)

{Aθ
n(t), t ≥ 0} is a death process with edges lost by coalescence

or mutation at rate
(

j
2

)
+ jθ

2, j = n, n − 1, . . . , 1.

If θ = 0 then A0
n(t) is the number of edges at time t back in the

coalescent tree.



Lineage distribution, infinite-leaf coalescent tree

P
(
Aθ∞(t) = j

)
=

∞∑
k=j

ρθ
k(t)(−1)k−j

(2k + θ − 1)(j + θ)(k−1)

j!(k − j)!

where

ρθ
k(t) = e−k(k+θ−1)t/2

{Aθ∞(t), t ≥ 0} is a death process with edges lost by coalescence

or mutation at rate j(j + θ − 1)/2, j = . . . 5, 4, 3, 2, 1.

Functional form of ρθ
k(t) suggests a connection with Brownian

motion. Griffiths (2006).



Complex variable representations: Xt is N(0, t) and Zt = eiXt

The distribution of the number of non-mutant ancestor lineages

in the population at time t back is

P
(
Aθ∞(t) = j

)
= e

1
8t Γ(2j + θ)

Γ(j + θ)j!
E

[ (ρZt)
j(1 − ρZt)√

Zt(1 + ρZt)2j+θ

]

for j = 0, 1, . . . where Zt = exp(iXt) and ρ = e−
1
2θt.



Time to the most recent common ancestor

The distribution of the time to the most recent common ancestor

of the population T ◦ is

P
(
T ◦ < t

)
= e

1
8tE

[ (1 − βZt)√
Zt(1 + βZt)2

]

where β = e−t.

The distribution of the time to the most recent common ancestor

of a sample T ◦
n is

P
(
T ◦

n < t
)

= e
1
8tE

[√
Zt(1 − Zt)(1 − V Zt)

n−2
]

where V is independent of Zt with a Beta (2, n−2) distribution.



Age of a mutation in the population

The distribution of the age of a mutation ξp, observed to be of

frequency p in the current population is

P (ξp ≤ t) =
e

t
8

2(1 − p)
E

[ (1 − Z2
t )√

ZtR(Zt, p)

]

where

R(Zt, p) =
[(

1 + Zt
)2 − 4(1 − p)Zt

]1
2
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