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In 4D we can experience more…
[…] that ye, being rooted and grounded in 
love, May be able to comprehend with all 
saints what is the breadth, and length, and 
depth, and height;

-Ephesians III, 17-18 (KJV)

Spirits have four dimensions
-Henry More (1614-1687) 

Cambridge mystical philosopherCambridge mystical philosopher
Spissitude is used to describe a fourth spatial
dimension in which he believed the spiritual realm
extended, and refers to a measurement of an object's
length in that dimension.

Edwin Abbott Abbott was 
an English schoolmaster 
and theologian.

Miegakure is a puzzle 
platform indie video 
game that explores 
the fourth dimension 
in the same way that 
a 2D object explores 
3D.



Fragile Caging
Between the ballistic and the diffusive regimes, caging extends 
with supercooling.
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Kob and Andersen, PRE (1995)
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Hard Sphere Glasses

Parisi and Zamponi, Rev. Mod. Phys. (2010)



Crystal Nucleation

Auer and Frenkel, Nature (2002)

Radius



Aside: On the Normality of HS

Agrawal and Kofke, PRL (1995 )
Davidchack and Laird, PRL (2005)







Geometrical Frustration

FCC Lattice vs. Icosahedron

Spaepen, Science (2000)
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Geometrical Frustration in 4D
The 24-cell comes to the mind of any 
good schoolboy (and is unique)…
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2D Packing

Simple Square Rotated Simple Square



3D Packing

Simple Cubic Body-Centered Cubic



4D Packing

Simple Hypercubic D4

(1/2, 1/2, 1/2, 1/2)



4D Equation of State

van Meel, Frenkel, Charbonneau, PRE (2009)



Nucleation Barrier

Cluster Size

In 3D, the surface tension 
is 2-3 times smaller for similar 
supersaturations!

van Meel, Frenkel, Charbonneau, PRE (2009)



How frustrated is it?

Laird and Davidchack, J. Phys. Chem. C (2007)
van Meel, Charbonneau, Fortini, and Charbonneau, PRE (2009)



Aside: Insights Into Polydispersity
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A Possible Explanation
Bond-order parameters à la Steinhardt and Nelson

van Meel, Charbonneau, Fortini, and Charbonneau, PRE (2009)
Liquid/crystal structural resemblance vanishes with dimension.



More Explanations

Could the icosahedral configuration in fact help crystallization?
Suggests that BCC is entropically unlikely. Is it purely energetic?



arXiv:1003.2552



What Have We Learned?

• 4D is truly hard to crystallize!

– Locally preferred cluster matters little.

– Polytetrahedral frustration dominates.

• 3D is marginally frustrated.3D is marginally frustrated.

– Monodisperse hard spheres freeze rather easily.

– Icosahedral order is not singular.



Testing!

And further, my son, take note 
of this: of the making of books
models there is no end, and 
much learning is a weariness to 
the flesh.

-Ecclesiastes 12:12



Monodisperse Glass Former

Charbonneau, Ikeda, van Meel, and Miyazaki, PRE (2010)



Mode-Coupling Theory (MCT)

Dynamical mean-field theory that does not include 
hopping (improved upon  by K. Schweizer et al., and 
others).

Upper critical dimension of MCT is postulated to be 8.



Testing MCT
Mode-coupling theory works better in 
4D than in 3D!

Dynamical heterogeneity appears 
reduced.

But MCT is dysfunctional in higher 
dimension: arXiv:1003.5472 dimension: arXiv:1003.5472 

Charbonneau, Ikeda, van Meel, and Miyazaki, PRE (2010)



Testing Jamming I



Squeezed Out of Equilibrium

THIS WORK

Padé EoS

Glass

Metastable fluid

Glass
non ergodic

Parisi and Zamponi, Rev. Mod. Phys. (2010)
using van Meel and Charbonneau data



Testing Jamming II



Not all Mean Fields are Equal

Skoge, Donev, Stillinger, and Torquato, PRE (2006)
Song, Wang, and Makse, Nature (2008)

Parisi and Zamponi, Rev. Mod. Phys. (2010)
van Meel, Charbonneau, Fortini, and Charbonneau, PRE (2009)



Delaunay Tessellation

A Delaunay tessellation for a set P of 
points in space is a tessellation DT(P) such 
that no point in P is inside the 
circumsphere of any simplex in DT(P). circumsphere of any simplex in DT(P). 

Dual of a Voronoi tessellation.

http://en.wikipedia.org/wiki/Delaunay_triangulation



Spindles and Disclinations in 2D

Nelson, Defects and Geometry in Condensed Matter Physics (2002)

At high densities 5-7 
defects are paired.

Basis for KTNHY 2D 
melting theory.



Spindles and Disclinations in 3D

Nelson, Defects and Geometry in Condensed Matter Physics (2002)



Disclination Lines

Frank-Kasper crystal phases for alloys are polytetrahedral. 

Nelson, Defects and Geometry in Condensed Matter Physics (2002)



Higher-D liquids

3D Spindle Dist.4D Spindle Dist.

Charbonneau and Charbonneau, unpublished

Inherent (relaxed or compressed) 
structure has more defects in 4D.



Could I get married in 4D?

It might be easier if metallic glasses remain in vogue…
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