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Fig. l. Phase diagram in (T, p) plane. Solid lines, perturbation theory and self-consistent cell 

model. Dashed lines, Monte Carlo calculations (interpolated); circles are directly calculated 

values. The square indicates one of Toxvaerd's values. 
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Fig. 2. Phase diagram in (p, T) plane. Solid lines, perturbation theory and self-consistent cell 

model. Circles, Monte Carlo results. 
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Barker et al. Physica A (1981); ten Wolde et al. PRL (1995); Auer et al. Nature (2001); 
Gasser et al. Science, (1991);J. Hernandez-Guzman et al. PNAS (2009). 
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• What is the structure and dynamics of the critical nucleus?

• Single particle dynamics, dynamical heterogeneities?

• Structure and dynamics of interfaces; growth laws? 

• Quench ⇒ “microstructural” glass? 

geometrical frustration in incompatible solids
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field, which couple to the faster electronic degrees of
freedom thereby affecting potentials such as v3; in
colloidal crystals held between glass plates, the crystal
structure may be manipulated by external modulating
potentials produced by crossed laser beams [7].

Figure 1 shows two representative transformation pro-
tocols [high (T1) and low (T2)] starting from the equilib-
rium square into the region where the square phase is
metastable. Following either protocol, the product phase
is formed by a process of nucleation and growth [Fig. 1
(inset)], but while the T1 nucleation is homogeneous, the
T2 nucleation needs to be seeded by defects (heteroge-
neous), e.g., by a single vacancy.

We define coarse-grained dynamical variables via in-
stantaneous displacements u of the particles from the
ideal square lattice —the nonlinear elastic strain !ij, den-
sity fluctuations about the mean h"i, # ! ""# h"i$=h"i
(referred to as vacancy/interstitial or simply VI density
[11]), and dislocation density (density of 5–7 disclination
pairs).

Our simulations show that nucleation of a triangular
region within the square initially produces density
fluctuations (VIs) at the interface which relax with a
bare diffusion coefficient Dv, which in general may
be anisotropic and different from its value D"v3; T$ at
equilibrium [the latter shows Arrhenius behavior, /
exp%#A"v3$=kBT&, with an activation A"v3$ ' 1:4]. An
MD snapshot following the T1 protocol [Fig. 2(a)] shows
the growth of an ‘‘isotropic’’ nucleus (after averaging over
initial conditions and a space-time window). Inset shows
x-y trajectories of five particles for 5( 103 < t < 25(
103, chosen to lie along a row (x axis) at t ! 0. At these
times the particles are part of the growing nucleus, and
their trajectories reveal significant diffusive motion. The
bare VI diffusion coefficient Dv is isotropic and roughly
equal to its equilibrium value D"v3; T$. This allows

the VIs to diffuse fast and annihilate each other, thus
encouraging the triangular phase to grow isotropically
[Fig. 2(a)]. The time averaged VI density # rapidly re-
laxes to 0. Since there is a chemical potential gain in
forming the triangular nucleus, the nucleus size R grows
linearly with time t, as observed in our simulation. The
critical nucleus is untwinned and grows to form a poly-
crystalline triangular solid; subsequently grain bounda-
ries reorient to form a homogeneous triangular phase
(‘‘ferrite’’).

In contrast, an MD snapshot following the T2 protocol
[Fig. 2(b)], shows the growth of a ‘‘needlelike’’ nucleus.
Recall that the T2 protocol needed a vacancy seed to
initiate nucleation. At these low temperatures the seed
vacancy does not diffuse away [the bare VI diffusion Dv
is spatially anisotropic with a value much smaller than its
equilibrium value D"v3; T$]; dominant density fluctua-
tions correspond to a coordinated movement of a line
segment of atoms along the square axes. Once these
fluctuations get large enough, they grow into a critical
nucleus which is highly anisotropic, breaking the C4
symmetry dynamically. The shear strain profile !xy
[Fig. 3 (inset)] integrated over y changes sign across an
interface which sharpens with the march of time. The
critical nucleus is therefore twinned with the twin inter-
face along one of the square axes [12]. Figure 3 shows the
time development of theVI profile # integrated over x as a
function of y (along the twin interface). The VIs while
staying separated from each other are found concentrated
at the interface of the growing nucleus. We now follow
individual particle trajectories as the growing nucleus
invades the surrounding square territory. Figure 2(b)
(inset) shows trajectories for 103 < t < 16:5( 103 of
five particles chosen to lie along a row (x axis) at t ! 0.
At these times the particles are part of the growing
nucleus, and their trajectories reveal highly correlated
(‘‘military’’) motion characteristic of martensites. If in-
stead, the particles are chosen to lie along a twin column
(y axis), then apart from thermal fluctuations, the particle
positions change only when they encounter the moving

(b)(a)

FIG. 2 (color online). MD snapshot of a 1102 system (a)
isotropic ferrite nucleus at t ! 104 (inset: trajectories of five
chosen particles). (b) Anisotropic twinned nucleus at t ! 6(
103 (inset: trajectories of five chosen particles which move
from bottom to top). Colors (gray scale) code the local order
parameter h!ii going from red (dark)—! to blue (light) —4.

FIG. 1. Equilibrium phase diagram for N ! 2499 at h"i !
1:05, showing the square (!) and triangle (4) phases separated
by a phase boundary (dark line). Arrows T1 and T2 are the
constant temperature transformation protocols into the region
where square is metastable (bounded by dotted line [6]). Inset:
h!i versus t for the two transformation protocols.

P H Y S I C A L R E V I E W L E T T E R S week ending
25 JULY 2003VOLUME 91, NUMBER 4
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M. Rao S. Sengupta, PRL, (1997), (2003); J. Phys. Condens. Matter (2004) 
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Purely repulsive system
NVT - MD simulations
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Fig. 1: (a) Phase diagram in T − v3 − α at 〈ρ〉 = 1.05, indicating the equilibrium P4m → P2 (Sqr→Rmb) first order phase
transition (curved surface bounded by solid lines) as well as the dynamical transition between ferrite (F ) and martensite (M)
(shaded surface). Particles interact via an effective (purely repulsive) short range potential - a sum of an anisotropic 2-body
potential (anisotropy parametrized by α) and a 3- body potential, whose strength is parametrized by v3 [18]. The large black
dot on the α axis denotes a tricritical point where the jump in the order parameter e3 vanishes. (b) Snapshots of the growing
F nucleus at temperature T = 0.7 following the quench (Q2, see (a)) to the F -phase at times t = .1, 1, and 5. (c) Snapshots
of the growing twinned nucleus following the quench (Q1, see (a)) to the M -phase at T = 0.1 at comparable values of t . The
colors denote e3 and the nonaffine parameter φ [18], Red → e3 > 0, Blue → e3 < 0, Gold → φ > 0 and Green → φ < 0. (d)
Shape anisotropy A (blue ∗, axis on the left) and the degree of twinning Ψ2 (red +, axis on the right) of the product nucleus,
(for definitions see text) vs. T , shows an abrupt jump across the dynamical transition.

lier MD work on microstructure selection [18], addressed
the issue of dynamical selection from a more mesoscopic
point of view. Though we focus on a model solid-solid
transformation, our conclusions should hold very gener-
ally.

Our MD simulation is carried out on N = 12099 par-
ticles in theNV T ensemble with periodic boundary con-
ditions attached to a Nosé-Hoover thermostat [19].Parti-
cles interact via an effective (purely repulsive) short range
potential – a sum of an anisotropic 2-body V2(rij) =
v2 (σ/rij)

12 {1 + α cos2 2θij} and 3- body V3(ri, rj , rk) =
v3 [fij sin2(4θijk)fjk+fjk sin2(4θjki)fki+fki sin2(4θkij)fij ]
potentials. Particles i and j are separated by a distance
rij , θijk is the bond angle at j between triplets (ijk), and
fij ≡ f(rij) is any short ranged, nonnegative, monotoni-
cally decreasing function. The units of length and energy
are set by σ and v2 respectively, making the unit of time
σ
√

m/v2, where m is the particle mass. The molecular
dynamics time step (MDS) is chosen to be 0.001 corre-
sponding roughly to a real time of 1 fs. In all the figures
we choose 103 MDS as our unit of time and the parameters
of the thermostat is fixed throughout.

A “quench” from the square parent phase across the
structural transition, nucleates rhombic regions ; the

shapes, microstructure, and nucleation dynamics of prod-
uct nuclei depend on the ‘depth-of-quench’ (Fig.1a). A
quench into region F (ferrite), results in a critical nu-
cleus which is isotropic, untwinned and with a rhombic
microstructure separated by grain boundaries (Fig.1b).
The order parameter strain is obtained by fitting an affine
transformation to the neighborhood of a particle with the
untransformed square crystal as reference [9, 18]. The
non-affine parameter φ = χ2 × sgn(∆ρ) where χ2 is the
error of the fit and ∆ρ is the change in local density.
Note that in the F phase the large non-affine contribution
masks the order parameter strain (Fig. 1 b). In contrast,
a quench into region M (martensite), nucleates a ‘needle-
like’ region – the critical nucleus is highly anistropic, with
the long axis lying along one of the axes of the parent
square lattice (Fig.1c). The microstructure is twinned —
a plot of the shear strain e3 reveals that it changes sign
across a twin interface between two degenerate product
variants which lies along one of the square axes. In ad-
dition, the shape anisotropy of the nucleus is defined as
A = (λ> − λ<)/(λ> + λ<), where λ> and λ< are the
eigenvalues of the moment of inertia tensor of the growing
nucleus. The degree of twinning can in principle be mea-
sured by the amplitude of the appropriate Fourier compo-
nent of the equal time e3. However, we find it convenient

p-2

shear strain is the o.p. for the transition

Tuning incompatibility - frustration

parent = square 

product = rhombus 

Rao, Sengupta, PRL, (1997)
 J. Bhattacharya et al.,  J. Phys. Condens. Matt. (2008);

e3 =
∂ux

∂y
+

∂uy

∂x
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O/N ≡ 1
tobsN

∫ tobs

0 dt
∑

i |∆i
αβ(t)|2

“off-diagonal” order parameter:

∆i
αβ(t) = uiα(t)uiβ(t) (α != β)

with
i ∈ active

uiα(t) = riα(t)− riα(t− δt)
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from trajectories to NAZ

Regions of non-affine volume strain (NAZ) are automatically produced at 
the transformation front and are advected by it as transformation proceeds.
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Effects of decreasing incompatibility:
• growth velocity increases
• but more fluctuations as TCP is 

approached - “tweed” like 
structures
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Ingredients for coarse a grained theory

A. Paul et al. J. Phys. Condens. Mat. (2008)
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Ingredients for coarse a grained theory

• elasticity is not enough.

• local plasticity at the growing interface 
produced when stress reaches a threshold. 

• amount of plasticity produced depends on 
the incompatibility.

• rate of production of plasticity vs. rate of 
transformation controls microstructure 
(Deborah number)

• plasticity relaxes when transformation front 
moves away. 

∇× (∇× ε)T = 0

A. Paul et al. J. Phys. Condens. Mat. (2008)

Shenoy, Lookman, Saxena, Bishop,  PRB,  (1997)....etc
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Elasto-plastic theory
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Elasto-plastic theory
L[ei , ep

i , u̇x , u̇y ] =
∑

r

[m
2

(u̇2
x + u̇2

y )− F [ei(r), eP
i (r)]

]
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Elasto-plastic theory
L[ei , ep

i , u̇x , u̇y ] =
∑

r

[m
2

(u̇2
x + u̇2

y )− F [ei(r), eP
i (r)]

]

e1(r) =
∂ux(r)
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e3(r) =
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∂y
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∂x

.

d
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∂u
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∂u̇
,
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1
2
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γ1ė

2
1(r) + γ2ė

2
2(r) + γ3ė

2
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]
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∫
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2
a1(e1 + eP

1 )2 +
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2
(∇e1)2 +

1
2
a2e

2
2 +

c2

2
(∇e2)2

1
2
a3e

2
3 + V (ei) +

c3

2
(∇e3)2]dr.
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2
2(r) + γ3ė
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ρë1 = ∇2[a1(e1 + eP
1 )− c1∇2e1 + γ1ė1] + 2

∂2

∂x∂y

(
a3e3 +

∂V
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− c3∇2e3 + γ3ė3
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Elasto-plastic theory
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−ėP
1 =

1
ν

∫ t

−∞
σ1(t′)e−

(t−t′)
τ dt′ + cp∇2eP

1 if |σ1| > σ1c

= cp∇2eP
1 otherwise

Elasto-plastic theory

∇× (∇× ε)T #= 0 = ∇2eP
1

1
2
(−∂eP

1

∂y
,
∂eP

1

∂x
) = ∇× εP

= Burger′s vector
density
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Droplet model
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Elastic coupling makes energy of parent product interfaces 
go as (L/N)2. This favors a twin structure.
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L
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16π2e0

√
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√
π
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0(t)
)W

Elastic coupling makes energy of parent product interfaces 
go as (L/N)2. This favors a twin structure.
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Elastic coupling makes energy of parent product interfaces 
go as (L/N)2. This favors a twin structure.
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=
16π2e0

√
c3Fs

a1

(
λ2 + 4
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0(t)
)W

Too much of plasticity destroys twinned structure because 
it screens elastic interactions and makes them short 
ranged.

eP
0 (t) → −λ

√
1
8π

L

N
→ ∞

Elastic coupling makes energy of parent product interfaces 
go as (L/N)2. This favors a twin structure.
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ν

γ3
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ν

γ3

given by local elastic modulus times 
atomic strain threshold (<13%)

σ1c
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ν

γ3

is a Deborah number  = 
ν

γ3

Growth velocity
plasticity production rate

given by local elastic modulus times 
atomic strain threshold (<13%)

σ1c
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• Is this phenomenon generic? Other models in 2D and 
3D showing structural transitions between 
incompatible solids.

• Other kinds of approaches: intermediate scale 
dynamics for NAZs - connections with STZ theory.

• Spin (S=±1,0) models with plasticity.

• and ....

Future directions
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Is there a solid-solid route to 
microstructural glass?

Glass = frozen-in liquid
Microstructural glass =  a messed up solid
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when size of NAZ comparable to grain size (ferrite)! 

Vogel-Fulcher! 
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“Microstructural glass”?
How different will this be from quenching from liquid?
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