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What is a Moiré pattern?

A beat between periods
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Moiré in graphite



Rong and Kuiper, PRB 1993



Plan

Commensurability conditions

Continuum modeling: quasi-free Dirac fermions

Calculation of inter-layer hopping

Electronic structure.
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Commensurability angles
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cos(θi ) =
1 + 1/i + 1/(6i2)

1 + 1/i + 1/(3i2)
(1)

i = 15 ⇒ θ = 2.13o, L = 66 Å



Superlattice basis

θ

t1 = (i + 1)a1 + ia2

t2 = (2i + 1)a1 − (i + 1)a2. (2)



Continuum modeling

Single Layer

H1 = −t
∑

i

a†1(ri ) [b1(ri − s0) + b1(ri − s0 + a1) + b1(ri − s0 + a2)]+hc

a1(r) → v
1/2
c ψa(r) exp(iK · r)

b1(r) → v
1/2
c ψb(r) exp(iK · r)

~vF

∑
k

ψ′†(k)

[
0 (kx − iky )

(kx + iky ) 0

]
ψ′(k).
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Continuum Modeling

Rotated Layer

H2 = −t
∑

j

b†2(rj)
[
a2(rj + s′0) + a2(rj + s′0 − a′1) + a2(rj + s′0 − a′2)

]
+hc

a2(r) → v
1/2
c ψa′(r) exp(iKθ · r)

b2(r) → v
1/2
c ψb′(r) exp(iKθ · r)

~vF

∑
k

ψ′†(k)

[
0 e iθ (kx − iky )

e−iθ (kx + iky ) 0

]
ψ′(k).
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Inter-layer coupling

For each site in unrotated layer (layer 1) there is at most one
site in the rotated layer (2) for which there is significant
hopping;

r′(r) = r + δ(r) (in-plane positions)

t⊥ → tαβ
⊥ [δαβ(r)] ≡ tαβ

⊥ (r) α(β) = A,B(A′,B ′)

H(K)
⊥ =

∑
α,β

∑
k,G

t̃αβ
⊥ (G)ψ†

α,k+∆K/2+Gψβ′,k−∆K/2 (∆K = Kθ−K)

t̃αβ
⊥ (G) =

1

Vc

∫
uc

d2r tαβ
⊥ (r)e iKθ·δAB(r)e−iG·r



Full Hamiltonian

Choose k origin at mid-point between Dirac points of the two
layers.

φα,k = ψα,k+∆K/2 in layer 1;
φα′,k = ψα′,k−∆K/2 in layer 2;

H = ~
∑
k

φ†α,kvF τ ·
(

k +
∆K

2

)
φβ,k

+ ~
∑
k

φ†α′,kvF τ
θ ·

(
k− ∆K

2

)
φβ′,k

+
∑
α,β

∑
k,G

t̃αβ
⊥ (G)φ†α,k+Gφβ′,k .



Calculation of t⊥(r)
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Vppσ(r) and Vppπ(r) can be estimated from values of
t ≈ 2.78 eV, t ′ ≈ −0.12 eV and t⊥ ≈ 0.27 eV.
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Calculation of δαβ(r)
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Results for t̃αβ⊥ (G)

G t̃AB
⊥ (G)/ t̃AA

⊥ (G) t̃BA
⊥ (G) t̃BB

⊥ (G)

(0, 0) 0.102 0.102 0.102 0.102

(0, 1) 0.014 0.014 0.014 0.014

(1, 1) 0.014 0.014 0.014 0.014

(2, 0) 0.004 0.004 0.004 0.004

Values in eV. Absolute values, for G 6= 0.

Exact symmetries relate δAB ↔ δBA and δAA, δAA ↔ δBB .
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Keeping t̃αβ⊥ (G = 0)

New energy scale: ~vF∆K ≈ 370 meV

H(q) = ~vF |∆K |


0 q∗ − 1

2 Q⊥ Q⊥
q − 1

2 0 Q⊥ Q⊥
Q⊥ Q⊥ 0 e iθ

(
q∗ + 1

2

)
Q⊥ Q⊥ e−iθ

(
q + 1

2

)
0


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Summary

Full geometrical description of rotated layers
(commensurability)

Workable continuum description for slightly rotated layers:
“quasi-free”Dirac electrons

Preliminary results on electronic structure.

Moiré Patterns in bilayer KITP, Graphene Workshop, 2007


