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Outline:

IQHE in graphene with disorder:

  quantum phase transitions and phase diagram

edge states, and topological insulator

 (QHE without B)

Effect of Interaction:  Pseudospin ferromagnet and
odd integer QHE state for interacting

electrons in graphene

Disorder effect and comparison of
 mobility gap at !=1 and !=3 odd IQHE

Bilayer Graphene (without tunneling)

Prediction of symmetry broken states in higher

(n > or = 2) Dirac LLs



Experimental realization of graphene monolayer

and discovery of “Half Integer” QHE

• NovoselovN Novoselov et al (2005)



“Half-Integer”  Quantized Quantum Hall Effect

Zhang et al (2005)



Experiment discovers !=1 IQHE and “!=0”

insulating phase

Y. Zhang et. al.,  PRL 2006
Interaction has to be taken

into account to explain the
!=1 IQHE---Pseudospin

Ferromagnet?



Insulating at Dirac point (n=0)?

Ong’s group 2007, 2008

Abanin et al. (2007-2008)

Shimshoni,  Fertig, Pai

Li Sheng, DNS (2009)

Edge states, spin-orbit,

interaction

SO and interaction can 

open gap

 (topological insulator without

Z2 symmetry)



Electrons on Honeycomb lattice



Haldane’s model for IQHE without

magnetic field (Phys. Rev. Lett. 1988)

IQHE does not require LLs, 

It can occur if the time-reversal 

symmetry is broken

t 2 is complex



L. Sheng, D. N. Sheng, C. S. Ting & F.D.M.Haldane 2005, 2006

Topological order in SOC band insulator and

SHE---honeycomb lattice model

+
other models:

B. A. Bernevig and S. C. Zhang, 

X. L. Qi, Y. S. Wu and S. C. Zhang

J. Moore, Sinitsyn et al, P. A. Lee
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spin species,  + & - IQHE

role of Rashba VR

F. D. M. Haldane 1988,           Kane and Mele 2004, 2005
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Chern number Sheng et al, 2006 (PRL)



Tight-binding model study of LLs and IQHE

Three regions of IQHE in the energy band
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Effect of disorder and phase diagram:   PRB 73 (2006)

Similar work:   Hasegawa & Kohmoto et al



Phase diagram

IQHE vs. metallic phase if

No intervally scattering



IQHE in bilayer Graphene

Calculated Thouless number and Hall conductivity

 for different disorder strengths
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Experiment discovers !=1 IQHE and “!=0”

insulating phase

Y. Zhang et. al.,  PRL 2006
Interaction has to be taken

into account to explain the
!=1 IQHE---Pseudospin

Ferromagnet?



Interaction and pseudospin state:Pseudospin

(or real Spin) Ferromagnet

   Theoretical  works

   Nomura & MacDonald (2006)

   Stoner criteria for pseudospin
FM

   Alicea & Fisher (2006)

   lattice effect is relevant

SU(4)  (2006-2007)

   Yang et al.,    Gusynin et al.

   Toke & Jain,  Goerbig et al.

Haldane’s Pseudo-Potential

gives rise to incompressible

state,   SU(4) invariant,

Algebraic correction (a/l) to

SU(4) may also be important



Exact diagonalization using lattice model
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Only keep states inside

the top-Landau level,

large

lattice size and keep a

degeneracy of Ns=24

100X100 Lattice sites



Importance of Disorder and Mobility

Gap in FQHE

Experimental Observations

• Disorder effect in FQHE (developing a topological method to

identify Mobility Gap, which is directly measured in experiments)

Dean et al. (2008) 



Comparison of the Calculated Mobility Gap 

With Experimental Data for 1/3 FQHE

Pseudospin Ferromagnet

and Graphene Odd IQHE

Sheng et al. (2007)

collaboration with X. Wan,

K. Yang et at.

 (2003-2005)



Energy spectrum

 for pure system

In each pseudo-spin sector, there is

 a FM state with “no double occupancy”

and phase coherence

Ne=9

Ne=12

Sz=-1/2

Sz=1/2



the excitation energy gap (with double

occupation), mobility gap

the excitation gap scales with 1/Ne,

possibly extrapolates to zero

at large Ne limit

W

|S_z|



Directly look at the transport property instead of

“gaps”



boundary phase

Just get %(&) at all nodes of mesh

 of 100-1000 points,
overlap of %(&) at  nearest points(&x, &y) 

Chern number  “IS” Hall conductance

2#

2#

0

D. J.  Thouless et al 1982,   J. E. Avron et al.  1883

D.N. Sheng, Xin, Yang.,  PRL 2003;

Sheng, Balents, Wang

Xin et al. PRB (FQHE)
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Arovas et al (1988) Huo & Bhatt (1992), Sheng & Weng (95)



The destruction of odd IQHE is due to the mixing of

various Chern numbers



The importance of mobility gap (activation gap of experiment):

 from direct Hall conductance and Chern number calculations

States inside

 mobility gap

the size of the

Mobility gap

finite size scaling confirms a finite transport gap at

large size limit (more data are coming)
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Fluctuation of Chern numbers determine a

mobility edge



Mobility gap for  odd IQHE  states



Transport for bi-layer (2 graphene layer) system

V  1
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counter-flow current 

measurement,

Kellogg et al. PRL 2004 

V 2 

I 2 

     2*2  Hall conductance

symmetric and anti-symmetric (pseudo-spin) transport channels

2

22

1

21

2

2

12

1

11

1

VVI

VVI

!!

!!

+=

+=



iiiii

Chern number matrix in two-component

systems
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Sheng,  Balents, Wang 2003

 (bilayer QHE)



• The pseudospin degeneracy=4

Feromagnetism has smaller stiffness,

but mobility gap remains robust,

If d < magnetic length

Kellogg et al. (2004)

Two single layer graphenes without tunneling

Counter flowing superfluid state (measurement highly desired)

Quantized Hall
(xy=e2/h

Quantized Hall Drag e2/h

Vanish )xy=)xx=0 (T=0) in

counter flow

Similar physics

to bilayer ?

Eva Andrei group: decoupled graphene 



Insulating at Dirac point (n=0)?   Open question!

Ong’s group 2007, 2008

Abanin et al. (2007-2008)

Shimshoni,  Fertig, Pai

Li Sheng, DNS (2009)

Edge states, spin-orbit,

interaction

SO and interaction can 

open gap

 (topological insulator without

Z2 symmetry)

Corbino disk measurement
of (xx  relation to 1/)xx

Backward scattering can
bring (xy

up/down to zero

Weak B, metallic ? 
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Symmetry broken states (stripes and bubbles) in

n=3 and n=2 Dirac LLs

Hartree-Folk:

Zhang & Joglekar (2007)
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8/24 system, LL2+3, a/b=0.65,

bubble phase

Structure factor:S0(q) Correlation function:G(r)



8/24 system, LL2+3, a/b=0.86,

stripe phase

Structure factor:S0(q) Correlation function:G(r)



Summary:
The Dirac QHE shows interesting phase diagram, explains

how conventional QHE can be connected to Dirac ones.

Extended levels merge together to separate insulating

 (or metallic phase) from Dirac IQHE

The !=1 IQHE is robust in both pseudo-spin FM state and

pseudo-spin liquid like state,  protected by a mobility gap

(importance of localization in interacting system)

Bilayer (two single layer graphenes and possible

counter flowing superfluid state is dicussed

Quantitative results of activation (mobility) gap at different

disorder strengths can be compared with future experiments

Symmetry broken states (stripes and bubbles) are predicted

to be stable states in higher (n=3 and n=2) Dirac LLs



iiiii
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B

B

C_up=1

C_down=  -1

with Rashba SOC, coupled 2D system

is still topologically nontrivial

Starting state for QSHE models:

?)1(1 =!+



LB formula



robust and system size independent SHE

only appears as  C
SC

 =C1  -  C2 =2 phase,

carried by two dissipationless edge states

Kubo formula for bulk SHC
CSC =CCS=2



Chern number



Spin 90% up state pumping to top,  90% down to bottom, SHC= 1.8 (e/4#)

Spin polarization

S

S

(bulk)

(edge)



Spin C in QSHE is  charge-spin coupled (mixing) Chern number

CSC

CCC=0,   CSS =0

(       )
1   0

0  -1
Chern number matrix

2
2211

=!= CCC
SC

+1 -1

-1 +1

gap

Density of states

QSHE to trivial state only happens

-1 + +1 = 0 

-1 + +1 = 0 

Charge  twist 21
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!! =

21
yy !! "=Spin twist


