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“Can we analytically solve the full binary dynamics 
in perturbation theory, or even nonperturbatively?”
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Conservative Dynamics
• Impressive progress from both traditional and new methods 

• Higher order potential, spin, tidal effects

0PN 1PN 2PN 3PN 4PN 5PN 6PN 7PN

1PM ( 1 + v2 + v4 + v6 + v8 + v10 + v12 + v14 + . . . ) G1

2PM ( 1 + v2 + v4 + v6 + v8 + v10 + v12 + . . . ) G2

3PM ( 1 + v2 + v4 + v6 + v8 + v10 + . . . ) G3

4PM ( 1 + v2 + v4 + v6 + v8 + . . . ) G4

5PM ( 1 + v2 + v4 + v6 + . . . ) G5

6PM ( 1 + v2 + v4 + . . . ) G6

...

LO NLO NNLO

1PM ( 1 + v2 + v4 + v6 + v8 + v10 + . . . ) G1

2PM ( 1 + v2 + v4 + v6 + v8 + . . . ) G2

3PM ( 1 + v2 + v4 + v6 + . . . ) G3

4PM ( 1 + v2 + v4 + . . . ) G4

...

[Bern, Cheung, Roiban, CHS, Solon, Zeng ’19]

[Bern, Parra-Martinez, Roiban, Ruf, CHS, Solon, Zeng ’21]

All orders in velocity at G3 and G4

[Dlapa, Kalin, Liu, Porto, ’21]

[Bini, Damour, Geralco] 
[Blumlein, Maier, Marquard, Schafer] 
[Foffa, Strurani, +Mastrolia, Strum, Torres]

See Snowmass white paper [Buonanno, Khalil, O’Connell, Roiban, Solon, Zeng, 2204.05194]  
and many other talks in this program
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[Burke, Throne ’69]

Starts at 2.5PN!! 

State of the art: (partial) 4.5PN
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Dissipative Dynamics in Scattering
• Double copy structure 

• Radiative contribution to binary deflections 
 

• Radiated energy via classical or quantum (KMOC) methods 

• Radiated angular momentum 

• Waveforms 

• Boundary to bound map

[Amati, Ciafaloni, Veneziano][Bini, Damour] [Damour] [Bini, Damour, Geralico] 
[Di Vecchia, Heissenberg, Russo, Veneziano][Herrmann, Parra-Martinez, Ruf, Zeng]…

[Herrmann, Parra-Martinez, Ruf, Zeng]  
[Jakobsen, Mogull, Plefka, Steinhoff] [Mougiakakos, Riva, Vernizzi]

[Jakobsen, Mogull, Plefka, Steinhoff][Mougiakakos, Riva, Vernizzi] 
[Cristofoli, Gonzo, Kosower, O’Connell] [Britto, Gonzo, Jehu] [Cristofoli, Gonzo, Moynihan, O’Connell, Ross]

See Snowmass white paper [Buonanno, Khalil, O’Connell, Roiban, Solon, 2204.05194]  
and talks by Gralla, Heissenberg, Moynihan, Parra-Martinez, Porto, Mogull  

[Goldberger, Ridgway] [CHS] [Vazquez-Holm, Carrasco]…

[Damour][Bini, Damour, Geralico] [Di Vecchia, Heissenberg, Russo, Veneziano] 
[Jakobsen, Mogull, Plefka, Steinhoff][Mougiakakos, Riva, Vernizzi][Gralla, Lobo]

[Cho, Kalin, Porto]



Dissipative Dynamics in Scattering
• Double copy structure 

• Radiative contribution to binary deflections 
 

• Radiated energy 

• Radiated angular momentum 

• Waveform

[Amati, Ciafaloni, Veneziano][Bini, Damour] [Damour] [Bini, Damour, Geralico] 
[di Vecchia, Heissenberg, Russo, Veneziano][Herrmann, Parra-Martinez, Ruf, Zeng]…

[Herrmann, Parra-Martinez, Ruf, Zeng]  
[Jakobsen, Mogull, Plefka, Steinhoff] [Mougiakakos, Riva, Vernizzi]

[Jakobsen, Mogull, Plefka, Steinhoff][Mougiakakos, Riva, Vernizzi] 
[Cristofoli, Gonzo, Kosower, O’Connell] [Britto, Gonzo, Jehu] [Cristofoli, Gonzo, Moynihan, O’Connell, Ross]

[Goldberger, Ridgway] [CHS] [Vazquez-Holm, Carrasco]…

[Damour][Bini, Damour, Geralico] 
[Jakobsen, Mogull, Plefka, Steinhoff][Mougiakakos, Riva, Vernizzi][Gralla, Lobo]

What can we learn about bounded binaries? 
 

Can we leverage symmetries again?
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How to calculate radiated angular momentum?

*We do not intend to resolve the BMS subtlety. But please ask during the discussion.



Radiated Poincare Charges
• Consider the final state of scattering.  

The radiated linear and angular momentum are

2

gular momentum of matter is equal to that carried away
by radiation. The radiated linear and angular momen-
tum in the final state are given by

P
µ =

Z
d3

x T
µ0

, J
µ⌫ =

Z
d3

x x
[µ

T
⌫]0

, (1)

where T
µ⌫ is the stress-energy tensor of the radiation,

a
[µ

b
⌫]

⌘ a
µ
b
⌫
� a

⌫
b
µ, and the integrals are over all space

at a fixed time. The global conserved charges are invari-
ant under improvement terms in T

µ⌫ [61].
Gravitational radiation is defined as the fluctuation

around flat space gµ⌫ = ⌘µ⌫ +
p

32⇡G hµ⌫ . In what
follows, we use the mostly-minus convention. Asymp-
totically, the radiation can be decomposed into on-shell
plane waves labeled by k

µ = (!,k), where ! is the en-
ergy, boldface k denotes spatial momentum, and k

2 = 0.
The radiation field written in terms of the stress-energy
pseudotensor T

⇢�(k) is

hµ⌫(x) =
p

8⇡G

Z
fdk

�
Pµ⌫⇢� T

⇢�(k) e
�ik·x + c.c.

�
, (2)

where Pµ⌫⇢� is the gauge-dependent transverse traceless

projection and fdk = dD�1k
(2⇡)D�12! is the Lorentz invariant

phase space measure. In de Donder gauge, one replaces
Pµ⌫⇢� with 1

2 (⌘µ⇢⌘⌫� + ⌘µ�⌘⌫⇢) �
1

D�2⌘µ⌫⌘⇢�. Crucially,
T

⇢�(k) contains both matter and radiation contributions
and is conserved on shell, i.e. k⇢T

⇢�(k) = 0. One can
always find such a T

⇢�(k) [62]. Note, Eq. (2) is invari-
ant under the residual gauge transformation T

µ⌫(k) !

T
µ⌫(k) + k

µ
✏
⌫(k) + k

⌫
✏
µ(k) where ✏(k) · k = 0.

Using Einstein’s equations, it is straightforward to re-
late T

µ⌫ to the radiation field. Combining Eqs. (1), (2),
and the expression for T

µ⌫ in terms of hµ⌫(x), we obtain
the main formulae of this paper,

P
µ = 8⇡G

Z
fdk k

µ

✓
T

⇤⇢�(k)T⇢�(k) �
T

⇤⇢
⇢ (k)T �

� (k)

D � 2

◆
,

J
µ⌫ = 8⇡G

Z
fdk

⇣
T

⇤⇢�(k)Lµ⌫
T⇢�(k) �

T
⇤⇢
⇢ (k)Lµ⌫

T
�
� (k)

D � 2

+ 2i T
⇤⇢[µ(k)T ⌫]

⇢(k)
⌘
, (3)

where L
µ⌫

⌘ ik
[µ

@
⌫]. Note the absence of any explicit

time dependence. Crucially, the formula for J
µ⌫ is writ-

ten in terms of the stress-energy pseudotensor, rather
than the transverse-traceless components of the radia-
tion field used in the standard formula [56], which means
our results are also applicable to the static mode. This
completes the set of expressions for the radiated Poincare
charges. Since the stress-energy pseudotensor can be de-
rived directly from on-shell amplitudes using the KMOC
framework [15, 16], our formulation for J

µ⌫ meshes well
with the QFT-based approach. Analogous formulæ for
P

µ and J
µ⌫ in classical electromagnetism are given in

Appendix A.
The expressions in Eq. (3) are highly constrained by

gauge invariance and the Poincare algebra. The relative

x
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FIG. 1. The initial configuration of the binary system. The
spatial momenta of the two particles are along the x direction,
and the impact vectors bµ1,2 are along the y direction.

factor between the first and last terms in the J
µ⌫ inte-

grand is fixed by invariance under residual gauge trans-
formations. These terms are sometimes referred to as
the orbital and spin contributions. However, only their
combination is gauge invariant, implying that individu-
ally, they have no physical meaning [63]. The Poincare
algebra imposes the following transformations under the
translation x

µ
! x

µ + a
µ,

P
µ
! P

µ
,

J
µ⌫

! J
µ⌫ + a

[µ
P

⌫]
. (4)

Since T
µ⌫(k) ! T

µ⌫(k)eik·a under translations, the ex-
pressions in Eq. (3) indeed obey Eq. (4).

Form Factor Parametrization. Consider the scatter-
ing of two massive spinless particles. By parametrizing
P

µ and J
µ⌫ in terms of the initial data, one can de-

rive additional constraints on them using the Poincare
algebra. The particles are labeled by a Roman sub-
script i = 1, 2 and mi, p

µ
i , and b

µ
i correspond to the

particle’s mass, initial momentum and impact vector,
which, as depicted in Fig. 1, obey pi · bj = 0. In ad-
dition, it is useful to define the relative impact vec-
tor �b

µ
⌘ b

µ
2 � b

µ
1 , its magnitude b ⌘

p
��b2, and

b̄
µ

⌘ (p1 · (p1 + p2) b
µ
1 + p2 · (p1 + p2) b

µ
2 )/(p1 + p2)2.

The Lorentz-invariant variables are then mi, b, and the
relative boost � ⌘ p1 · p2/(m1m2).

We find that the most general forms of P
µ and J

µ⌫

consistent with Lorentz covariance, the Poincare con-
straints (4), and particle interchange symmetry are

P
µ = F1p

µ
1 + F2p

µ
2 + F3�b

µ
,

J
µ⌫ = b̄

[µ
⇣
F1p

⌫]
1 + F2p

⌫]
2 + F3�b

⌫]
⌘

(5)

+ �b
[µ
⇣
G1p

⌫]
1 � G2p

⌫]
2

⌘
+ H12 p

[µ
2 p

⌫]
1 ,

where Fi, Gi, H12 are form factors that are functions of
the Lorentz invariants m1, m2, �, b. Particle interchange
symmetry implies that the form factors satisfy

F1
m1$m2= F2, G1

m1$m2= G2,

F3
m1$m2= �F3, H12

m1$m2= �H12, (6)

u = t� r ⇠ 0
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FIG. 1. The initial configuration of the binary system. The
spatial momenta of the two particles are along the x direction,
and the impact vectors bµ1,2 are along the y direction.

factor between the first and last terms in the J
µ⌫ inte-

grand is fixed by invariance under residual gauge trans-
formations. These terms are sometimes referred to as
the orbital and spin contributions. However, only their
combination is gauge invariant, implying that individu-
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where Fi, Gi, H12 are form factors that are functions of
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Radiated Poincare Charges
• Textbook formula for angular momentum

2.1 Linearized gravity as a classical field theory 63

so, comparing with eq. (2.40),

Ai
kl = �ikxl

� �ilxk . (2.46)

As for A0
kl, since time is unchanged under spatial rotations, we have

A0
kl = 0.
The quantity Fij,kl is determined by the properties of hTT

ij under ro-
tations. Since hTT

ij is a spatial tensor, it transforms as
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Comparing eqs. (2.41) and (2.47), we see that
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We can now plug these results into eq. (2.44). We also observe that

@L

@(@0hTT
ij )

= �
c4

32⇡G
@0hTT

ij

= +
c3

32⇡G
ḣTT
ij , (2.49)

and (renaming the indices (i, j) ! (a, b)) we get

j0kl =
c3

32⇡G

h
�ḣTT

ab (xk@l
� xl@k)hTT

ab + 2ḣTT
ab (�blh

TT
ak + �alh

TT
bk )

i
.

(2.50)
From eqs. (2.43), (2.44) and (2.42), the total angular momentum of the
GW is therefore

J i =
c2

32⇡G

Z
d3x

h
�✏iklḣTT

ab xk@lhTT
ab + 2✏iklhTT

ak ḣTT
al

i
. (2.51)

To understand the physical meaning of the two terms in bracket, it is
useful to recall the analogous results for spin-0 and spin-1 fields.8 For a 8For explicit proofs, see Maggiore

(2005), Section 3.3.1 for spin-0 fields,
and Section 4.3.1 for the electromag-
netic field. Pay attention to the fact
that this reference uses the opposite
metric signature (following the most
common convention used in field the-
ory, while here we are following the
most common convention used in gen-
eral relativity), and units ~ = c = 1.

real scalar field, applying Noether’s theorem, one finds that the angular
momentum carried by a field configuration � is

J i = �✏ikl
Z

d3x (@0�)x
k@l� . (2.52)

We see that this has the same structure as the first term in eq. (2.51) (af-
ter rescaling hTT

ab by a factor (32⇡G/c3)1/2; as we will see in Section 2.2,
this rescaling gives to hTT

ab the standard field-theoretical normalization).
The physical meaning of this term can be understood observing that,
for a real field � satisfying the massless Klein–Gordon equation 2� = 0,

How to see gauge invariance? 

 
Why not covariant?

u = t� r ⇠ 0
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Radiated Poincare Charges
• Radiation in momentum space

2

gular momentum of matter is equal to that carried away
by radiation. The radiated linear and angular momen-
tum in the final state are given by

P
µ =

Z
d3

x T
µ0

, J
µ⌫ =

Z
d3

x x
[µ

T
⌫]0

, (1)

where T
µ⌫ is the stress-energy tensor of the radiation,

a
[µ

b
⌫]

⌘ a
µ
b
⌫
� a

⌫
b
µ, and the integrals are over all space

at a fixed time. The global conserved charges are invari-
ant under improvement terms in T

µ⌫ [61].
Gravitational radiation is defined as the fluctuation

around flat space gµ⌫ = ⌘µ⌫ +
p

32⇡G hµ⌫ . In what
follows, we use the mostly-minus convention. Asymp-
totically, the radiation can be decomposed into on-shell
plane waves labeled by k

µ = (!,k), where ! is the en-
ergy, boldface k denotes spatial momentum, and k

2 = 0.
The radiation field written in terms of the stress-energy
pseudotensor T

⇢�(k) is

hµ⌫(x) =
p

8⇡G

Z
fdk

�
Pµ⌫⇢� T

⇢�(k) e
�ik·x + c.c.

�
, (2)

where Pµ⌫⇢� is the gauge-dependent transverse traceless

projection and fdk = dD�1k
(2⇡)D�12! is the Lorentz invariant

phase space measure. In de Donder gauge, one replaces
Pµ⌫⇢� with 1

2 (⌘µ⇢⌘⌫� + ⌘µ�⌘⌫⇢) �
1

D�2⌘µ⌫⌘⇢�. Crucially,
T

⇢�(k) contains both matter and radiation contributions
and is conserved on shell, i.e. k⇢T

⇢�(k) = 0. One can
always find such a T

⇢�(k) [62]. Note, Eq. (2) is invari-
ant under the residual gauge transformation T

µ⌫(k) !

T
µ⌫(k) + k

µ
✏
⌫(k) + k

⌫
✏
µ(k) where ✏(k) · k = 0.

Using Einstein’s equations, it is straightforward to re-
late T

µ⌫ to the radiation field. Combining Eqs. (1), (2),
and the expression for T

µ⌫ in terms of hµ⌫(x), we obtain
the main formulae of this paper,

P
µ = 8⇡G

Z
fdk k

µ

✓
T

⇤⇢�(k)T⇢�(k) �
T

⇤⇢
⇢ (k)T �

� (k)

D � 2

◆
,

J
µ⌫ = 8⇡G

Z
fdk

⇣
T

⇤⇢�(k)Lµ⌫
T⇢�(k) �

T
⇤⇢
⇢ (k)Lµ⌫

T
�
� (k)

D � 2

+ 2i T
⇤⇢[µ(k)T ⌫]

⇢(k)
⌘
, (3)

where L
µ⌫

⌘ ik
[µ

@
⌫]. Note the absence of any explicit

time dependence. Crucially, the formula for J
µ⌫ is writ-

ten in terms of the stress-energy pseudotensor, rather
than the transverse-traceless components of the radia-
tion field used in the standard formula [56], which means
our results are also applicable to the static mode. This
completes the set of expressions for the radiated Poincare
charges. Since the stress-energy pseudotensor can be de-
rived directly from on-shell amplitudes using the KMOC
framework [15, 16], our formulation for J

µ⌫ meshes well
with the QFT-based approach. Analogous formulæ for
P

µ and J
µ⌫ in classical electromagnetism are given in

Appendix A.
The expressions in Eq. (3) are highly constrained by

gauge invariance and the Poincare algebra. The relative

x
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FIG. 1. The initial configuration of the binary system. The
spatial momenta of the two particles are along the x direction,
and the impact vectors bµ1,2 are along the y direction.

factor between the first and last terms in the J
µ⌫ inte-

grand is fixed by invariance under residual gauge trans-
formations. These terms are sometimes referred to as
the orbital and spin contributions. However, only their
combination is gauge invariant, implying that individu-
ally, they have no physical meaning [63]. The Poincare
algebra imposes the following transformations under the
translation x

µ
! x

µ + a
µ,

P
µ
! P

µ
,

J
µ⌫

! J
µ⌫ + a

[µ
P

⌫]
. (4)

Since T
µ⌫(k) ! T

µ⌫(k)eik·a under translations, the ex-
pressions in Eq. (3) indeed obey Eq. (4).

Form Factor Parametrization. Consider the scatter-
ing of two massive spinless particles. By parametrizing
P

µ and J
µ⌫ in terms of the initial data, one can de-

rive additional constraints on them using the Poincare
algebra. The particles are labeled by a Roman sub-
script i = 1, 2 and mi, p

µ
i , and b

µ
i correspond to the

particle’s mass, initial momentum and impact vector,
which, as depicted in Fig. 1, obey pi · bj = 0. In ad-
dition, it is useful to define the relative impact vec-
tor �b

µ
⌘ b

µ
2 � b

µ
1 , its magnitude b ⌘

p
��b2, and

b̄
µ

⌘ (p1 · (p1 + p2) b
µ
1 + p2 · (p1 + p2) b

µ
2 )/(p1 + p2)2.

The Lorentz-invariant variables are then mi, b, and the
relative boost � ⌘ p1 · p2/(m1m2).

We find that the most general forms of P
µ and J

µ⌫

consistent with Lorentz covariance, the Poincare con-
straints (4), and particle interchange symmetry are

P
µ = F1p

µ
1 + F2p

µ
2 + F3�b

µ
,

J
µ⌫ = b̄

[µ
⇣
F1p

⌫]
1 + F2p

⌫]
2 + F3�b

⌫]
⌘

(5)

+ �b
[µ
⇣
G1p

⌫]
1 � G2p

⌫]
2

⌘
+ H12 p

[µ
2 p

⌫]
1 ,

where Fi, Gi, H12 are form factors that are functions of
the Lorentz invariants m1, m2, �, b. Particle interchange
symmetry implies that the form factors satisfy

F1
m1$m2= F2, G1

m1$m2= G2,

F3
m1$m2= �F3, H12

m1$m2= �H12, (6)

�(x) =

Z
fdk

�
J (k) e�ik·x + c.c.

�
,

Aµ(x) =

Z
fdk

�
Pµ⌫ J ⌫(k) e�ik·x + c.c.

�
,
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Lorentz-invariant phase space sources (current or stress-energy pseudotensor)
gauge-dependent tensor

• Do not impose standard transverse projection  
for the Coulomb mode (free-particle waveform) 

• Do not use creation/annihilation operators for the same reason

Pµ⌫ = ⌘µ⌫

Pµ⌫⇢� = ⌘µ⇢⌘⌫� + ⌘µ�⌘⌫⇢ �
1

2
⌘µ⌫⌘⇢�
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Radiated Poincare Charges
• Linear momentum

2

gular momentum of matter is equal to that carried away
by radiation. The radiated linear and angular momen-
tum in the final state are given by

P
µ =

Z
d3

x T
µ0

, J
µ⌫ =

Z
d3

x x
[µ

T
⌫]0

, (1)

where T
µ⌫ is the stress-energy tensor of the radiation,

a
[µ

b
⌫]

⌘ a
µ
b
⌫
� a

⌫
b
µ, and the integrals are over all space

at a fixed time. The global conserved charges are invari-
ant under improvement terms in T

µ⌫ [61].
Gravitational radiation is defined as the fluctuation

around flat space gµ⌫ = ⌘µ⌫ +
p

32⇡G hµ⌫ . In what
follows, we use the mostly-minus convention. Asymp-
totically, the radiation can be decomposed into on-shell
plane waves labeled by k

µ = (!,k), where ! is the en-
ergy, boldface k denotes spatial momentum, and k

2 = 0.
The radiation field written in terms of the stress-energy
pseudotensor T

⇢�(k) is

hµ⌫(x) =
p

8⇡G

Z
fdk

�
Pµ⌫⇢� T

⇢�(k) e
�ik·x + c.c.

�
, (2)

where Pµ⌫⇢� is the gauge-dependent transverse traceless

projection and fdk = dD�1k
(2⇡)D�12! is the Lorentz invariant

phase space measure. In de Donder gauge, one replaces
Pµ⌫⇢� with 1

2 (⌘µ⇢⌘⌫� + ⌘µ�⌘⌫⇢) �
1

D�2⌘µ⌫⌘⇢�. Crucially,
T

⇢�(k) contains both matter and radiation contributions
and is conserved on shell, i.e. k⇢T

⇢�(k) = 0. One can
always find such a T

⇢�(k) [62]. Note, Eq. (2) is invari-
ant under the residual gauge transformation T

µ⌫(k) !

T
µ⌫(k) + k

µ
✏
⌫(k) + k

⌫
✏
µ(k) where ✏(k) · k = 0.

Using Einstein’s equations, it is straightforward to re-
late T

µ⌫ to the radiation field. Combining Eqs. (1), (2),
and the expression for T

µ⌫ in terms of hµ⌫(x), we obtain
the main formulae of this paper,

P
µ = 8⇡G

Z
fdk k

µ

✓
T

⇤⇢�(k)T⇢�(k) �
T

⇤⇢
⇢ (k)T �

� (k)

D � 2

◆
,

J
µ⌫ = 8⇡G

Z
fdk

⇣
T

⇤⇢�(k)Lµ⌫
T⇢�(k) �

T
⇤⇢
⇢ (k)Lµ⌫

T
�
� (k)

D � 2

+ 2i T
⇤⇢[µ(k)T ⌫]

⇢(k)
⌘
, (3)

where L
µ⌫

⌘ ik
[µ

@
⌫]. Note the absence of any explicit

time dependence. Crucially, the formula for J
µ⌫ is writ-

ten in terms of the stress-energy pseudotensor, rather
than the transverse-traceless components of the radia-
tion field used in the standard formula [56], which means
our results are also applicable to the static mode. This
completes the set of expressions for the radiated Poincare
charges. Since the stress-energy pseudotensor can be de-
rived directly from on-shell amplitudes using the KMOC
framework [15, 16], our formulation for J

µ⌫ meshes well
with the QFT-based approach. Analogous formulæ for
P

µ and J
µ⌫ in classical electromagnetism are given in

Appendix A.
The expressions in Eq. (3) are highly constrained by

gauge invariance and the Poincare algebra. The relative

x
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FIG. 1. The initial configuration of the binary system. The
spatial momenta of the two particles are along the x direction,
and the impact vectors bµ1,2 are along the y direction.

factor between the first and last terms in the J
µ⌫ inte-

grand is fixed by invariance under residual gauge trans-
formations. These terms are sometimes referred to as
the orbital and spin contributions. However, only their
combination is gauge invariant, implying that individu-
ally, they have no physical meaning [63]. The Poincare
algebra imposes the following transformations under the
translation x

µ
! x

µ + a
µ,

P
µ
! P

µ
,

J
µ⌫

! J
µ⌫ + a

[µ
P

⌫]
. (4)

Since T
µ⌫(k) ! T

µ⌫(k)eik·a under translations, the ex-
pressions in Eq. (3) indeed obey Eq. (4).

Form Factor Parametrization. Consider the scatter-
ing of two massive spinless particles. By parametrizing
P

µ and J
µ⌫ in terms of the initial data, one can de-

rive additional constraints on them using the Poincare
algebra. The particles are labeled by a Roman sub-
script i = 1, 2 and mi, p

µ
i , and b

µ
i correspond to the

particle’s mass, initial momentum and impact vector,
which, as depicted in Fig. 1, obey pi · bj = 0. In ad-
dition, it is useful to define the relative impact vec-
tor �b

µ
⌘ b

µ
2 � b

µ
1 , its magnitude b ⌘

p
��b2, and

b̄
µ

⌘ (p1 · (p1 + p2) b
µ
1 + p2 · (p1 + p2) b

µ
2 )/(p1 + p2)2.

The Lorentz-invariant variables are then mi, b, and the
relative boost � ⌘ p1 · p2/(m1m2).

We find that the most general forms of P
µ and J

µ⌫

consistent with Lorentz covariance, the Poincare con-
straints (4), and particle interchange symmetry are

P
µ = F1p

µ
1 + F2p

µ
2 + F3�b

µ
,

J
µ⌫ = b̄

[µ
⇣
F1p

⌫]
1 + F2p

⌫]
2 + F3�b

⌫]
⌘

(5)

+ �b
[µ
⇣
G1p

⌫]
1 � G2p

⌫]
2

⌘
+ H12 p

[µ
2 p

⌫]
1 ,

where Fi, Gi, H12 are form factors that are functions of
the Lorentz invariants m1, m2, �, b. Particle interchange
symmetry implies that the form factors satisfy

F1
m1$m2= F2, G1

m1$m2= G2,

F3
m1$m2= �F3, H12

m1$m2= �H12, (6)

2

gular momentum of matter is equal to that carried away
by radiation. The radiated linear and angular momen-
tum in the final state are given by

P
µ =

Z
d3

x T
µ0

, J
µ⌫ =

Z
d3

x x
[µ

T
⌫]0

, (1)

where T
µ⌫ is the stress-energy tensor of the radiation,

a
[µ

b
⌫]

⌘ a
µ
b
⌫
� a

⌫
b
µ, and the integrals are over all space

at a fixed time. The global conserved charges are invari-
ant under improvement terms in T

µ⌫ [61].
Gravitational radiation is defined as the fluctuation

around flat space gµ⌫ = ⌘µ⌫ +
p

32⇡G hµ⌫ . In what
follows, we use the mostly-minus convention. Asymp-
totically, the radiation can be decomposed into on-shell
plane waves labeled by k

µ = (!,k), where ! is the en-
ergy, boldface k denotes spatial momentum, and k

2 = 0.
The radiation field written in terms of the stress-energy
pseudotensor T

⇢�(k) is

hµ⌫(x) =
p

8⇡G

Z
fdk

�
Pµ⌫⇢� T

⇢�(k) e
�ik·x + c.c.

�
, (2)

where Pµ⌫⇢� is the gauge-dependent transverse traceless

projection and fdk = dD�1k
(2⇡)D�12! is the Lorentz invariant

phase space measure. In de Donder gauge, one replaces
Pµ⌫⇢� with 1

2 (⌘µ⇢⌘⌫� + ⌘µ�⌘⌫⇢) �
1

D�2⌘µ⌫⌘⇢�. Crucially,
T

⇢�(k) contains both matter and radiation contributions
and is conserved on shell, i.e. k⇢T

⇢�(k) = 0. One can
always find such a T

⇢�(k) [62]. Note, Eq. (2) is invari-
ant under the residual gauge transformation T

µ⌫(k) !

T
µ⌫(k) + k

µ
✏
⌫(k) + k

⌫
✏
µ(k) where ✏(k) · k = 0.

Using Einstein’s equations, it is straightforward to re-
late T

µ⌫ to the radiation field. Combining Eqs. (1), (2),
and the expression for T

µ⌫ in terms of hµ⌫(x), we obtain
the main formulae of this paper,

P
µ = 8⇡G

Z
fdk k

µ

✓
T

⇤⇢�(k)T⇢�(k) �
T

⇤⇢
⇢ (k)T �

� (k)

D � 2

◆
,

J
µ⌫ = 8⇡G

Z
fdk

⇣
T

⇤⇢�(k)Lµ⌫
T⇢�(k) �

T
⇤⇢
⇢ (k)Lµ⌫

T
�
� (k)

D � 2

+ 2i T
⇤⇢[µ(k)T ⌫]

⇢(k)
⌘
, (3)

where L
µ⌫

⌘ ik
[µ

@
⌫]. Note the absence of any explicit

time dependence. Crucially, the formula for J
µ⌫ is writ-

ten in terms of the stress-energy pseudotensor, rather
than the transverse-traceless components of the radia-
tion field used in the standard formula [56], which means
our results are also applicable to the static mode. This
completes the set of expressions for the radiated Poincare
charges. Since the stress-energy pseudotensor can be de-
rived directly from on-shell amplitudes using the KMOC
framework [15, 16], our formulation for J

µ⌫ meshes well
with the QFT-based approach. Analogous formulæ for
P

µ and J
µ⌫ in classical electromagnetism are given in

Appendix A.
The expressions in Eq. (3) are highly constrained by

gauge invariance and the Poincare algebra. The relative

x
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FIG. 1. The initial configuration of the binary system. The
spatial momenta of the two particles are along the x direction,
and the impact vectors bµ1,2 are along the y direction.

factor between the first and last terms in the J
µ⌫ inte-

grand is fixed by invariance under residual gauge trans-
formations. These terms are sometimes referred to as
the orbital and spin contributions. However, only their
combination is gauge invariant, implying that individu-
ally, they have no physical meaning [63]. The Poincare
algebra imposes the following transformations under the
translation x

µ
! x

µ + a
µ,

P
µ
! P

µ
,

J
µ⌫

! J
µ⌫ + a

[µ
P

⌫]
. (4)

Since T
µ⌫(k) ! T

µ⌫(k)eik·a under translations, the ex-
pressions in Eq. (3) indeed obey Eq. (4).

Form Factor Parametrization. Consider the scatter-
ing of two massive spinless particles. By parametrizing
P

µ and J
µ⌫ in terms of the initial data, one can de-

rive additional constraints on them using the Poincare
algebra. The particles are labeled by a Roman sub-
script i = 1, 2 and mi, p

µ
i , and b

µ
i correspond to the

particle’s mass, initial momentum and impact vector,
which, as depicted in Fig. 1, obey pi · bj = 0. In ad-
dition, it is useful to define the relative impact vec-
tor �b

µ
⌘ b

µ
2 � b

µ
1 , its magnitude b ⌘

p
��b2, and

b̄
µ

⌘ (p1 · (p1 + p2) b
µ
1 + p2 · (p1 + p2) b

µ
2 )/(p1 + p2)2.

The Lorentz-invariant variables are then mi, b, and the
relative boost � ⌘ p1 · p2/(m1m2).

We find that the most general forms of P
µ and J

µ⌫

consistent with Lorentz covariance, the Poincare con-
straints (4), and particle interchange symmetry are

P
µ = F1p

µ
1 + F2p

µ
2 + F3�b

µ
,

J
µ⌫ = b̄

[µ
⇣
F1p

⌫]
1 + F2p

⌫]
2 + F3�b

⌫]
⌘

(5)

+ �b
[µ
⇣
G1p

⌫]
1 � G2p

⌫]
2

⌘
+ H12 p

[µ
2 p

⌫]
1 ,

where Fi, Gi, H12 are form factors that are functions of
the Lorentz invariants m1, m2, �, b. Particle interchange
symmetry implies that the form factors satisfy

F1
m1$m2= F2, G1

m1$m2= G2,

F3
m1$m2= �F3, H12

m1$m2= �H12, (6)

2

gular momentum of matter is equal to that carried away
by radiation. The radiated linear and angular momen-
tum in the final state are given by

P
µ =

Z
d3

x T
µ0

, J
µ⌫ =

Z
d3

x x
[µ

T
⌫]0

, (1)

where T
µ⌫ is the stress-energy tensor of the radiation,

a
[µ

b
⌫]

⌘ a
µ
b
⌫
� a

⌫
b
µ, and the integrals are over all space

at a fixed time. The global conserved charges are invari-
ant under improvement terms in T

µ⌫ [61].
Gravitational radiation is defined as the fluctuation

around flat space gµ⌫ = ⌘µ⌫ +
p

32⇡G hµ⌫ . In what
follows, we use the mostly-minus convention. Asymp-
totically, the radiation can be decomposed into on-shell
plane waves labeled by k

µ = (!,k), where ! is the en-
ergy, boldface k denotes spatial momentum, and k

2 = 0.
The radiation field written in terms of the stress-energy
pseudotensor T

⇢�(k) is

hµ⌫(x) =
p

8⇡G

Z
fdk

�
Pµ⌫⇢� T

⇢�(k) e
�ik·x + c.c.

�
, (2)

where Pµ⌫⇢� is the gauge-dependent transverse traceless

projection and fdk = dD�1k
(2⇡)D�12! is the Lorentz invariant

phase space measure. In de Donder gauge, one replaces
Pµ⌫⇢� with 1

2 (⌘µ⇢⌘⌫� + ⌘µ�⌘⌫⇢) �
1

D�2⌘µ⌫⌘⇢�. Crucially,
T

⇢�(k) contains both matter and radiation contributions
and is conserved on shell, i.e. k⇢T

⇢�(k) = 0. One can
always find such a T

⇢�(k) [62]. Note, Eq. (2) is invari-
ant under the residual gauge transformation T

µ⌫(k) !

T
µ⌫(k) + k

µ
✏
⌫(k) + k

⌫
✏
µ(k) where ✏(k) · k = 0.

Using Einstein’s equations, it is straightforward to re-
late T

µ⌫ to the radiation field. Combining Eqs. (1), (2),
and the expression for T

µ⌫ in terms of hµ⌫(x), we obtain
the main formulae of this paper,

P
µ = 8⇡G

Z
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✓
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⇤⇢�(k)T⇢�(k) �
T

⇤⇢
⇢ (k)T �
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◆
,
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µ⌫ = 8⇡G

Z
fdk

⇣
T

⇤⇢�(k)Lµ⌫
T⇢�(k) �

T
⇤⇢
⇢ (k)Lµ⌫

T
�
� (k)

D � 2

+ 2i T
⇤⇢[µ(k)T ⌫]

⇢(k)
⌘
, (3)

where L
µ⌫

⌘ ik
[µ

@
⌫]. Note the absence of any explicit

time dependence. Crucially, the formula for J
µ⌫ is writ-

ten in terms of the stress-energy pseudotensor, rather
than the transverse-traceless components of the radia-
tion field used in the standard formula [56], which means
our results are also applicable to the static mode. This
completes the set of expressions for the radiated Poincare
charges. Since the stress-energy pseudotensor can be de-
rived directly from on-shell amplitudes using the KMOC
framework [15, 16], our formulation for J

µ⌫ meshes well
with the QFT-based approach. Analogous formulæ for
P

µ and J
µ⌫ in classical electromagnetism are given in

Appendix A.
The expressions in Eq. (3) are highly constrained by

gauge invariance and the Poincare algebra. The relative

x
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FIG. 1. The initial configuration of the binary system. The
spatial momenta of the two particles are along the x direction,
and the impact vectors bµ1,2 are along the y direction.

factor between the first and last terms in the J
µ⌫ inte-

grand is fixed by invariance under residual gauge trans-
formations. These terms are sometimes referred to as
the orbital and spin contributions. However, only their
combination is gauge invariant, implying that individu-
ally, they have no physical meaning [63]. The Poincare
algebra imposes the following transformations under the
translation x

µ
! x

µ + a
µ,

P
µ
! P

µ
,

J
µ⌫

! J
µ⌫ + a

[µ
P

⌫]
. (4)

Since T
µ⌫(k) ! T

µ⌫(k)eik·a under translations, the ex-
pressions in Eq. (3) indeed obey Eq. (4).

Form Factor Parametrization. Consider the scatter-
ing of two massive spinless particles. By parametrizing
P

µ and J
µ⌫ in terms of the initial data, one can de-

rive additional constraints on them using the Poincare
algebra. The particles are labeled by a Roman sub-
script i = 1, 2 and mi, p

µ
i , and b

µ
i correspond to the

particle’s mass, initial momentum and impact vector,
which, as depicted in Fig. 1, obey pi · bj = 0. In ad-
dition, it is useful to define the relative impact vec-
tor �b

µ
⌘ b

µ
2 � b

µ
1 , its magnitude b ⌘

p
��b2, and

b̄
µ

⌘ (p1 · (p1 + p2) b
µ
1 + p2 · (p1 + p2) b

µ
2 )/(p1 + p2)2.

The Lorentz-invariant variables are then mi, b, and the
relative boost � ⌘ p1 · p2/(m1m2).

We find that the most general forms of P
µ and J

µ⌫

consistent with Lorentz covariance, the Poincare con-
straints (4), and particle interchange symmetry are

P
µ = F1p

µ
1 + F2p

µ
2 + F3�b

µ
,

J
µ⌫ = b̄
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F1p

⌫]
1 + F2p

⌫]
2 + F3�b

⌫]
⌘

(5)

+ �b
[µ
⇣
G1p

⌫]
1 � G2p

⌫]
2

⌘
+ H12 p

[µ
2 p

⌫]
1 ,

where Fi, Gi, H12 are form factors that are functions of
the Lorentz invariants m1, m2, �, b. Particle interchange
symmetry implies that the form factors satisfy

F1
m1$m2= F2, G1

m1$m2= G2,

F3
m1$m2= �F3, H12

m1$m2= �H12, (6)

Phase space integral momentum polarization sum

u = t� r ⇠ 0
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Radiated Poincare Charges
• New formula in GR for radiated angular momentum

Lµ⌫ = ikµ
@

@k⌫
� ik⌫

@

@kµ
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• Fully covariant 

• Time dependence and gauge choice cancel



• New formula in GR for radiated angular momentum

Lµ⌫ = ikµ
@
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• Poincare algebra:
Pµ ! Pµ

Jµ⌫ ! Jµ⌫ + a[µP ⌫]
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xµ ! xµ + aµ

T µ⌫(k) ! T µ⌫(k)eik·a
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Radiated Poincare Charges



• New formula in GR for radiated angular momentum

Lµ⌫ = ikµ
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• Gauge invariance: 

• No physical separation of “orbital” and “spin” angular momentum

J µ(k) ! J µ(k) + kµ

T µ⌫(k) ! T µ⌫(k) + kµ✏⌫(k) + k⌫✏µ(k)
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Radiated Poincare Charges



Leading Order: Zero-Frequency Limit 

(Weinberg Soft theorem, memory, …)



Stress-energy Pseudotensor
• Zoom out the time scale so collision occurs at t=0 (zero-frequency limit) 

 
 
 
 
 
 
 
 
 
 

[Weinberg] 
see Carlo’s talk

�(u = t� r)
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Free particles 
(Coulomb mode)

deflection turned on at t=0
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3

FIG. 2. Sample diagrams depicting contributions to T
µ⌫(k).

Straight and wavy lines denote massive particles and gravi-
tons. Radiation can be emitted from any of the external mat-
ter legs. The top row illustrates relevant diagrams for the
zero-frequency limit in Eq. (8). The solid and hallow blobs
correspond to the O(G) and O(G2) deflections. The bottom
row depicts T µ⌫(k) at O(G) with general frequency.

so that the only independent ones are F2, F3, G2, H12.
We consider two frames in this paper, the center-of-

mass (CM) and the frame where particle 1 is initially
at rest (referred to as the rest frame hereafter). See Ap-
pendix B for a description of the initial conditions in each
frame. We denote the components of J

µ⌫ in the CM and
rest frames as J

µ⌫
CM and J

µ⌫
rest, and the initial angular mo-

mentum along the z direction as JCM and Jrest. Their
form factor expressions are summarized in Eqs. (B4) and
(B5). Remarkably, all form factors can be fixed with only
P

µ, J
12
rest and J

01
rest.

Since Eq. (5) was derived from exact symmetries, we
can deduce non-perturbative relations among the com-
ponents of J

µ⌫
CM and J

µ⌫
rest. For instance, Eqs. (B4) and

(B5) imply J
01
CM = J

01
rest. In addition, the zero-frequency

sector of the radiation has vanishing Fi and, according
to Eqs. (B4) and (B5), we find

J
12
CM

JCM

����
!=0

= G1 + G2 ,
J

12
rest

Jrest

����
!=0

= G2 . (7)

Since the radiation carries no energy at O(G2), Eq. (7) is
indeed the full result at this order. As we discuss further
below, our formula (3) agrees with this relation, but the
standard formula [54–56] does not.

The remainder of the letter is devoted to using this
formalism to compute J

µ⌫ perturbatively in G. See Ap-
pendix C for the definition of the G expansion.

Stress-Energy Pseudotensor. To obtain the O(G3) cor-
rection to J

µ⌫ , it is necessary to determine T
µ⌫(k) to

O(G2), i.e. next-to-next-to-leading order. The diagrams
in Fig. 2 depict these contributions. The full expres-
sion for T

µ⌫(k) is only known up to O(G) [16, 64] and
is reviewed in Appendix E. However, at O(G2) only the
related integrand has been constructed [65].

Fortunately, the full O(G2) expression for T
µ⌫(k) is

not needed to compute J
µ⌫ at O(G3), since this term

only enters through an interference term with the leading
O(1) static piece. This implies we only need to consider
the leading soft limit of T

µ⌫(k) which is governed by

Weinberg’s soft theorem [57]

T
µ⌫(k)|!!0+ = �

i

2

X

a=1,2

p
µ
ap

⌫
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Ea � k̂ · pa

2⇡�(!) (8)

+
1

! + i0

X
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p
µ
a,fp

⌫
a,f

Ea,f � k̂ · pa,f

�
p
µ
ap

⌫
a

Ea � k̂ · pa

!
,

where k̂ = k/! is a unit vector, and p
µ
a = (Ea,pa) and

p
µ
a,f = (Ea,f ,pa,f ) are the initial and final momenta of

particle a. The first line is the static contribution to T
µ⌫

sourced by the initial particles and is exactly soft. The
factor of 1/2 is present to avoid double counting positive-
and negative-frequency contributions to the static piece.

The second term in Eq. (8) encodes the scattering pro-
cess. In the soft limit, the scattering trajectory reduces
to a kink at t = 0 whose frequency space representation is
1/(!+ i0). The kink is fixed by the hard scattering data,
which, for our purposes, is needed to O(G2), and can
be obtained from the scattering angle � summarized in
Appendix D. We also derive Eq. (8) in the KMOC frame-
work [16] by taking the soft limit of amplitudes [66]. (See
also similar studies in Refs. [67, 68].)

Perturbative results at O(G2). At O(G2), the only
contribution to J

µ⌫ is due to interference between the
O(1) static term and the O(G) contribution to T

µ⌫ .
As pointed out above and by Damour [51], the zero-
frequency limit of T

µ⌫ is all that is needed for this in-
terference piece, which is given by Eq. (8) and the O(G)
impulse. Evaluating Eq. (3), and using the notation of
Appendix C, yields

J
12
rest,2

Jrest
= ⌫M

2
�1 I(�) =

⌫M
2(2�

2
� 1)

p
�2 � 1

I(�) ,

J
01
rest,2 = 0 , (9)

where M = m1 + m2 is the total mass, ⌫ = m1m2/M
2 is

the reduced mass ratio, �1 is the O(G) scattering angle
in Eq. (D2), and I(�) is given in Table I. Interestingly,
J
µ⌫ can be written in terms of the scattering angle �1

and is independent of short-distance details. We find
the leading radiated angular momentum is positive when
�1 > 0, i.e., the scattering is attractive.

Matching the above to Eqs. (B5) and (C3) gives

G1,2 = G2,2 =
⌫M

2(2�
2
� 1)

p
�2 � 1

I(�), (10)

while all other form factors vanish at this order. Plugging
Eq. (10) into Eqs. (B4) and (B5) gives the remaining
components of J

µ⌫ in the rest and CM frames:

J
02
CM,2

E1 � E2
=

J
02
rest,2

m1 � m2�
=

b⌫M
2(2�

2
� 1)

p
�2 � 1

I(�) , (11)

J
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JCM
= 2

J
12
rest,2

Jrest
=

2⌫M
2(2�

2
� 1)

p
�2 � 1

I(�) . (12)

These results can be directly verified using Eq. (3).
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FIG. 2. Sample diagrams depicting contributions to T
µ⌫(k).

Straight and wavy lines denote massive particles and gravi-
tons. Radiation can be emitted from any of the external mat-
ter legs. The top row illustrates relevant diagrams for the
zero-frequency limit in Eq. (8). The solid and hallow blobs
correspond to the O(G) and O(G2) deflections. The bottom
row depicts T µ⌫(k) at O(G) with general frequency.

so that the only independent ones are F2, F3, G2, H12.
We consider two frames in this paper, the center-of-

mass (CM) and the frame where particle 1 is initially
at rest (referred to as the rest frame hereafter). See Ap-
pendix B for a description of the initial conditions in each
frame. We denote the components of J

µ⌫ in the CM and
rest frames as J

µ⌫
CM and J

µ⌫
rest, and the initial angular mo-

mentum along the z direction as JCM and Jrest. Their
form factor expressions are summarized in Eqs. (B4) and
(B5). Remarkably, all form factors can be fixed with only
P

µ, J
12
rest and J
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rest.

Since Eq. (5) was derived from exact symmetries, we
can deduce non-perturbative relations among the com-
ponents of J

µ⌫
CM and J

µ⌫
rest. For instance, Eqs. (B4) and

(B5) imply J
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CM = J
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rest. In addition, the zero-frequency

sector of the radiation has vanishing Fi and, according
to Eqs. (B4) and (B5), we find
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= G1 + G2 ,
J

12
rest

Jrest

����
!=0
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Since the radiation carries no energy at O(G2), Eq. (7) is
indeed the full result at this order. As we discuss further
below, our formula (3) agrees with this relation, but the
standard formula [54–56] does not.

The remainder of the letter is devoted to using this
formalism to compute J

µ⌫ perturbatively in G. See Ap-
pendix C for the definition of the G expansion.

Stress-Energy Pseudotensor. To obtain the O(G3) cor-
rection to J

µ⌫ , it is necessary to determine T
µ⌫(k) to

O(G2), i.e. next-to-next-to-leading order. The diagrams
in Fig. 2 depict these contributions. The full expres-
sion for T

µ⌫(k) is only known up to O(G) [16, 64] and
is reviewed in Appendix E. However, at O(G2) only the
related integrand has been constructed [65].

Fortunately, the full O(G2) expression for T
µ⌫(k) is

not needed to compute J
µ⌫ at O(G3), since this term

only enters through an interference term with the leading
O(1) static piece. This implies we only need to consider
the leading soft limit of T

µ⌫(k) which is governed by

Weinberg’s soft theorem [57]
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where k̂ = k/! is a unit vector, and p
µ
a = (Ea,pa) and

p
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a,f = (Ea,f ,pa,f ) are the initial and final momenta of

particle a. The first line is the static contribution to T
µ⌫

sourced by the initial particles and is exactly soft. The
factor of 1/2 is present to avoid double counting positive-
and negative-frequency contributions to the static piece.

The second term in Eq. (8) encodes the scattering pro-
cess. In the soft limit, the scattering trajectory reduces
to a kink at t = 0 whose frequency space representation is
1/(!+ i0). The kink is fixed by the hard scattering data,
which, for our purposes, is needed to O(G2), and can
be obtained from the scattering angle � summarized in
Appendix D. We also derive Eq. (8) in the KMOC frame-
work [16] by taking the soft limit of amplitudes [66]. (See
also similar studies in Refs. [67, 68].)

Perturbative results at O(G2). At O(G2), the only
contribution to J

µ⌫ is due to interference between the
O(1) static term and the O(G) contribution to T

µ⌫ .
As pointed out above and by Damour [51], the zero-
frequency limit of T

µ⌫ is all that is needed for this in-
terference piece, which is given by Eq. (8) and the O(G)
impulse. Evaluating Eq. (3), and using the notation of
Appendix C, yields

J
12
rest,2

Jrest
= ⌫M

2
�1 I(�) =
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where M = m1 + m2 is the total mass, ⌫ = m1m2/M
2 is

the reduced mass ratio, �1 is the O(G) scattering angle
in Eq. (D2), and I(�) is given in Table I. Interestingly,
J
µ⌫ can be written in terms of the scattering angle �1

and is independent of short-distance details. We find
the leading radiated angular momentum is positive when
�1 > 0, i.e., the scattering is attractive.

Matching the above to Eqs. (B5) and (C3) gives

G1,2 = G2,2 =
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2(2�
2
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while all other form factors vanish at this order. Plugging
Eq. (10) into Eqs. (B4) and (B5) gives the remaining
components of J
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These results can be directly verified using Eq. (3).



Stress-energy Pseudotensor
• Zoom out the time scale so collision occurs at t=0 (zero-frequency limit) 

 
 
 
 
 
 
 
 
 
 

• Coulomb modes are physical 
but NOT transverse!

Aµ ⇠ Jµ/r

~E, ~B ⇠ 1/r2
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• Valid for arbitrary deflection

Free particles 
(Coulomb mode)

deflection turned on at t=0
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• Zero-frequency limit
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FIG.2.SamplediagramsdepictingcontributionstoT
µ⌫(k).

Straightandwavylinesdenotemassiveparticlesandgravi-
tons.Radiationcanbeemittedfromanyoftheexternalmat-
terlegs.Thetoprowillustratesrelevantdiagramsforthe
zero-frequencylimitinEq.(8).Thesolidandhallowblobs
correspondtotheO(G)andO(G2)deflections.Thebottom
rowdepictsTµ⌫(k)atO(G)withgeneralfrequency.

sothattheonlyindependentonesareF2,F3,G2,H12.
Weconsidertwoframesinthispaper,thecenter-of-

mass(CM)andtheframewhereparticle1isinitially
atrest(referredtoastherestframehereafter).SeeAp-
pendixBforadescriptionoftheinitialconditionsineach
frame.WedenotethecomponentsofJ

µ⌫intheCMand
restframesasJ

µ⌫
CMandJ

µ⌫
rest,andtheinitialangularmo-

mentumalongthezdirectionasJCMandJrest.Their
formfactorexpressionsaresummarizedinEqs.(B4)and
(B5).Remarkably,allformfactorscanbefixedwithonly
P

µ,J
12
restandJ

01
rest.

SinceEq.(5)wasderivedfromexactsymmetries,we
candeducenon-perturbativerelationsamongthecom-
ponentsofJ

µ⌫
CMandJ

µ⌫
rest.Forinstance,Eqs.(B4)and

(B5)implyJ
01
CM=J

01
rest.Inaddition,thezero-frequency

sectoroftheradiationhasvanishingFiand,according
toEqs.(B4)and(B5),wefind

J
12
CM

JCM

����
!=0

=G1+G2,
J

12
rest

Jrest

����
!=0

=G2.(7)

SincetheradiationcarriesnoenergyatO(G2),Eq.(7)is
indeedthefullresultatthisorder.Aswediscussfurther
below,ourformula(3)agreeswiththisrelation,butthe
standardformula[54–56]doesnot.

Theremainderoftheletterisdevotedtousingthis
formalismtocomputeJ

µ⌫perturbativelyinG.SeeAp-
pendixCforthedefinitionoftheGexpansion.

Stress-EnergyPseudotensor.ToobtaintheO(G3)cor-
rectiontoJ

µ⌫,itisnecessarytodetermineT
µ⌫(k)to

O(G2),i.e.next-to-next-to-leadingorder.Thediagrams
inFig.2depictthesecontributions.Thefullexpres-
sionforT

µ⌫(k)isonlyknownuptoO(G)[16,64]and
isreviewedinAppendixE.However,atO(G2)onlythe
relatedintegrandhasbeenconstructed[65].

Fortunately,thefullO(G2)expressionforT
µ⌫(k)is

notneededtocomputeJ
µ⌫atO(G3),sincethisterm

onlyentersthroughaninterferencetermwiththeleading
O(1)staticpiece.Thisimpliesweonlyneedtoconsider
theleadingsoftlimitofT

µ⌫(k)whichisgovernedby

Weinberg’ssofttheorem[57]

T
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,

wherek̂=k/!isaunitvector,andp
µ
a=(Ea,pa)and

p
µ
a,f=(Ea,f,pa,f)aretheinitialandfinalmomentaof
particlea.ThefirstlineisthestaticcontributiontoT

µ⌫

sourcedbytheinitialparticlesandisexactlysoft.The
factorof1/2ispresenttoavoiddoublecountingpositive-
andnegative-frequencycontributionstothestaticpiece.

ThesecondterminEq.(8)encodesthescatteringpro-
cess.Inthesoftlimit,thescatteringtrajectoryreduces
toakinkatt=0whosefrequencyspacerepresentationis
1/(!+i0).Thekinkisfixedbythehardscatteringdata,
which,forourpurposes,isneededtoO(G2),andcan
beobtainedfromthescatteringangle�summarizedin
AppendixD.WealsoderiveEq.(8)intheKMOCframe-
work[16]bytakingthesoftlimitofamplitudes[66].(See
alsosimilarstudiesinRefs.[67,68].)

PerturbativeresultsatO(G2).AtO(G2),theonly
contributiontoJ

µ⌫isduetointerferencebetweenthe
O(1)statictermandtheO(G)contributiontoT

µ⌫.
AspointedoutaboveandbyDamour[51],thezero-
frequencylimitofT

µ⌫isallthatisneededforthisin-
terferencepiece,whichisgivenbyEq.(8)andtheO(G)
impulse.EvaluatingEq.(3),andusingthenotationof
AppendixC,yields

J
12
rest,2

Jrest
=⌫M

2
�1I(�)=

⌫M
2(2�

2
�1)

p
�2�1

I(�),

J
01
rest,2=0,(9)

whereM=m1+m2isthetotalmass,⌫=m1m2/M
2is

thereducedmassratio,�1istheO(G)scatteringangle
inEq.(D2),andI(�)isgiveninTableI.Interestingly,
J

µ⌫canbewrittenintermsofthescatteringangle�1

andisindependentofshort-distancedetails.Wefind
theleadingradiatedangularmomentumispositivewhen
�1>0,i.e.,thescatteringisattractive.

MatchingtheabovetoEqs.(B5)and(C3)gives

G1,2=G2,2=
⌫M

2(2�
2

�1)
p

�2�1
I(�),(10)

whileallotherformfactorsvanishatthisorder.Plugging
Eq.(10)intoEqs.(B4)and(B5)givestheremaining
componentsofJ

µ⌫intherestandCMframes:

J
02
CM,2

E1�E2
=

J
02
rest,2

m1�m2�
=

b⌫M
2(2�
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�1)

p
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J
12
CM,2

JCM
=2

J
12
rest,2

Jrest
=

2⌫M
2(2�

2
�1)

p
�2�1

I(�).(12)

TheseresultscanbedirectlyverifiedusingEq.(3).

3

FIG. 2. Sample diagrams depicting contributions to T
µ⌫(k).

Straight and wavy lines denote massive particles and gravi-
tons. Radiation can be emitted from any of the external mat-
ter legs. The top row illustrates relevant diagrams for the
zero-frequency limit in Eq. (8). The solid and hallow blobs
correspond to the O(G) and O(G2) deflections. The bottom
row depicts T µ⌫(k) at O(G) with general frequency.

so that the only independent ones are F2, F3, G2, H12.
We consider two frames in this paper, the center-of-

mass (CM) and the frame where particle 1 is initially
at rest (referred to as the rest frame hereafter). See Ap-
pendix B for a description of the initial conditions in each
frame. We denote the components of J

µ⌫ in the CM and
rest frames as J

µ⌫
CM and J

µ⌫
rest, and the initial angular mo-

mentum along the z direction as JCM and Jrest. Their
form factor expressions are summarized in Eqs. (B4) and
(B5). Remarkably, all form factors can be fixed with only
P

µ, J
12
rest and J

01
rest.

Since Eq. (5) was derived from exact symmetries, we
can deduce non-perturbative relations among the com-
ponents of J

µ⌫
CM and J

µ⌫
rest. For instance, Eqs. (B4) and

(B5) imply J
01
CM = J

01
rest. In addition, the zero-frequency

sector of the radiation has vanishing Fi and, according
to Eqs. (B4) and (B5), we find

J
12
CM

JCM

����
!=0

= G1 + G2 ,
J

12
rest

Jrest

����
!=0

= G2 . (7)

Since the radiation carries no energy at O(G2), Eq. (7) is
indeed the full result at this order. As we discuss further
below, our formula (3) agrees with this relation, but the
standard formula [54–56] does not.

The remainder of the letter is devoted to using this
formalism to compute J

µ⌫ perturbatively in G. See Ap-
pendix C for the definition of the G expansion.

Stress-Energy Pseudotensor. To obtain the O(G3) cor-
rection to J

µ⌫ , it is necessary to determine T
µ⌫(k) to

O(G2), i.e. next-to-next-to-leading order. The diagrams
in Fig. 2 depict these contributions. The full expres-
sion for T

µ⌫(k) is only known up to O(G) [16, 64] and
is reviewed in Appendix E. However, at O(G2) only the
related integrand has been constructed [65].

Fortunately, the full O(G2) expression for T
µ⌫(k) is

not needed to compute J
µ⌫ at O(G3), since this term

only enters through an interference term with the leading
O(1) static piece. This implies we only need to consider
the leading soft limit of T

µ⌫(k) which is governed by

Weinberg’s soft theorem [57]
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where k̂ = k/! is a unit vector, and p
µ
a = (Ea,pa) and

p
µ
a,f = (Ea,f ,pa,f ) are the initial and final momenta of

particle a. The first line is the static contribution to T
µ⌫

sourced by the initial particles and is exactly soft. The
factor of 1/2 is present to avoid double counting positive-
and negative-frequency contributions to the static piece.

The second term in Eq. (8) encodes the scattering pro-
cess. In the soft limit, the scattering trajectory reduces
to a kink at t = 0 whose frequency space representation is
1/(!+ i0). The kink is fixed by the hard scattering data,
which, for our purposes, is needed to O(G2), and can
be obtained from the scattering angle � summarized in
Appendix D. We also derive Eq. (8) in the KMOC frame-
work [16] by taking the soft limit of amplitudes [66]. (See
also similar studies in Refs. [67, 68].)

Perturbative results at O(G2). At O(G2), the only
contribution to J

µ⌫ is due to interference between the
O(1) static term and the O(G) contribution to T

µ⌫ .
As pointed out above and by Damour [51], the zero-
frequency limit of T

µ⌫ is all that is needed for this in-
terference piece, which is given by Eq. (8) and the O(G)
impulse. Evaluating Eq. (3), and using the notation of
Appendix C, yields

J
12
rest,2

Jrest
= ⌫M

2
�1 I(�) =

⌫M
2(2�

2
� 1)

p
�2 � 1

I(�) ,

J
01
rest,2 = 0 , (9)

where M = m1 + m2 is the total mass, ⌫ = m1m2/M
2 is

the reduced mass ratio, �1 is the O(G) scattering angle
in Eq. (D2), and I(�) is given in Table I. Interestingly,
J
µ⌫ can be written in terms of the scattering angle �1

and is independent of short-distance details. We find
the leading radiated angular momentum is positive when
�1 > 0, i.e., the scattering is attractive.

Matching the above to Eqs. (B5) and (C3) gives

G1,2 = G2,2 =
⌫M

2(2�
2
� 1)

p
�2 � 1

I(�), (10)

while all other form factors vanish at this order. Plugging
Eq. (10) into Eqs. (B4) and (B5) gives the remaining
components of J

µ⌫ in the rest and CM frames:

J
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E1 � E2
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J
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rest,2
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These results can be directly verified using Eq. (3).
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• There is nothing wrong with zero energy and non-zero angular momentum
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Radiated angular momentum 
• Leading order in deflection angle

Pµ = 0

J12
CM,2

JCM
= 2⇥

J12
rest,2

Jrest
= 2m1m2 I(�) ✓

J02
CM,2

(E1 � E2)b
=

J02
rest,2

(m1 �m2�)b
= m1m2I(�) ✓
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• Model independent (GR, with spin, dilaton gravity, supergravity, etc) 

• Radiated Angular momentum is positive when scattering is attractive

See also talks by Gralla and Heissenberg



Comparison
• J12 at G2 agrees with [Damour] 

• Fully agrees arbitrary deflection 

• J0i at G2 agrees w/ [Gralla, Lobo] (modulo a potential extra term) 

• Disagree with the textbook formula in the rest frame by x2 
 
 
 

See also talks by Gralla and Heissenberg

[Di Vecchia, Heissenberg, Russo]

[Jakobsen, Mogull, Plefka, Steinhoff][Mougiakakos, Riva, Vernizzi]



Textbook v.s. Our formula

• Both agree in the CM frame 

• Independent checks: general covariance and 3.5PN RR force 
 

Textbook formula 
TT part of metric

Our formula 
stress-energy pseudotensor

J12
rest,2

Jrest
=

J12
CM,2

JCM
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[Jaranowski, Schafer; Nissanke, Blanchet]



General Structure
• Form factors parametrization:

2

gular momentum of matter is equal to that carried away
by radiation. The radiated linear and angular momen-
tum in the final state are given by

P
µ =

Z
d3

x T
µ0

, J
µ⌫ =

Z
d3

x x
[µ

T
⌫]0

, (1)

where T
µ⌫ is the stress-energy tensor of the radiation,

a
[µ

b
⌫]

⌘ a
µ
b
⌫
� a

⌫
b
µ, and the integrals are over all space

at a fixed time. The global conserved charges are invari-
ant under improvement terms in T

µ⌫ [61].
Gravitational radiation is defined as the fluctuation

around flat space gµ⌫ = ⌘µ⌫ +
p

32⇡G hµ⌫ . In what
follows, we use the mostly-minus convention. Asymp-
totically, the radiation can be decomposed into on-shell
plane waves labeled by k

µ = (!,k), where ! is the en-
ergy, boldface k denotes spatial momentum, and k

2 = 0.
The radiation field written in terms of the stress-energy
pseudotensor T

⇢�(k) is

hµ⌫(x) =
p

8⇡G

Z
fdk

�
Pµ⌫⇢� T

⇢�(k) e
�ik·x + c.c.

�
, (2)

where Pµ⌫⇢� is the gauge-dependent transverse traceless

projection and fdk = dD�1k
(2⇡)D�12! is the Lorentz invariant

phase space measure. In de Donder gauge, one replaces
Pµ⌫⇢� with 1

2 (⌘µ⇢⌘⌫� + ⌘µ�⌘⌫⇢) �
1

D�2⌘µ⌫⌘⇢�. Crucially,
T

⇢�(k) contains both matter and radiation contributions
and is conserved on shell, i.e. k⇢T

⇢�(k) = 0. One can
always find such a T

⇢�(k) [62]. Note, Eq. (2) is invari-
ant under the residual gauge transformation T

µ⌫(k) !

T
µ⌫(k) + k

µ
✏
⌫(k) + k

⌫
✏
µ(k) where ✏(k) · k = 0.

Using Einstein’s equations, it is straightforward to re-
late T

µ⌫ to the radiation field. Combining Eqs. (1), (2),
and the expression for T

µ⌫ in terms of hµ⌫(x), we obtain
the main formulae of this paper,

P
µ = 8⇡G

Z
fdk k

µ

✓
T

⇤⇢�(k)T⇢�(k) �
T

⇤⇢
⇢ (k)T �

� (k)

D � 2

◆
,

J
µ⌫ = 8⇡G

Z
fdk

⇣
T

⇤⇢�(k)Lµ⌫
T⇢�(k) �

T
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⇢ (k)Lµ⌫

T
�
� (k)

D � 2

+ 2i T
⇤⇢[µ(k)T ⌫]

⇢(k)
⌘
, (3)

where L
µ⌫

⌘ ik
[µ

@
⌫]. Note the absence of any explicit

time dependence. Crucially, the formula for J
µ⌫ is writ-

ten in terms of the stress-energy pseudotensor, rather
than the transverse-traceless components of the radia-
tion field used in the standard formula [56], which means
our results are also applicable to the static mode. This
completes the set of expressions for the radiated Poincare
charges. Since the stress-energy pseudotensor can be de-
rived directly from on-shell amplitudes using the KMOC
framework [15, 16], our formulation for J

µ⌫ meshes well
with the QFT-based approach. Analogous formulæ for
P

µ and J
µ⌫ in classical electromagnetism are given in

Appendix A.
The expressions in Eq. (3) are highly constrained by

gauge invariance and the Poincare algebra. The relative

x
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FIG. 1. The initial configuration of the binary system. The
spatial momenta of the two particles are along the x direction,
and the impact vectors bµ1,2 are along the y direction.

factor between the first and last terms in the J
µ⌫ inte-

grand is fixed by invariance under residual gauge trans-
formations. These terms are sometimes referred to as
the orbital and spin contributions. However, only their
combination is gauge invariant, implying that individu-
ally, they have no physical meaning [63]. The Poincare
algebra imposes the following transformations under the
translation x

µ
! x

µ + a
µ,

P
µ
! P

µ
,

J
µ⌫

! J
µ⌫ + a

[µ
P

⌫]
. (4)

Since T
µ⌫(k) ! T

µ⌫(k)eik·a under translations, the ex-
pressions in Eq. (3) indeed obey Eq. (4).

Form Factor Parametrization. Consider the scatter-
ing of two massive spinless particles. By parametrizing
P

µ and J
µ⌫ in terms of the initial data, one can de-

rive additional constraints on them using the Poincare
algebra. The particles are labeled by a Roman sub-
script i = 1, 2 and mi, p

µ
i , and b

µ
i correspond to the

particle’s mass, initial momentum and impact vector,
which, as depicted in Fig. 1, obey pi · bj = 0. In ad-
dition, it is useful to define the relative impact vec-
tor �b

µ
⌘ b

µ
2 � b

µ
1 , its magnitude b ⌘

p
��b2, and

b̄
µ

⌘ (p1 · (p1 + p2) b
µ
1 + p2 · (p1 + p2) b

µ
2 )/(p1 + p2)2.

The Lorentz-invariant variables are then mi, b, and the
relative boost � ⌘ p1 · p2/(m1m2).

We find that the most general forms of P
µ and J

µ⌫

consistent with Lorentz covariance, the Poincare con-
straints (4), and particle interchange symmetry are

P
µ = F1p

µ
1 + F2p

µ
2 + F3�b

µ
,

J
µ⌫ = b̄

[µ
⇣
F1p

⌫]
1 + F2p

⌫]
2 + F3�b

⌫]
⌘

(5)

+ �b
[µ
⇣
G1p

⌫]
1 � G2p

⌫]
2

⌘
+ H12 p

[µ
2 p

⌫]
1 ,

where Fi, Gi, H12 are form factors that are functions of
the Lorentz invariants m1, m2, �, b. Particle interchange
symmetry implies that the form factors satisfy

F1
m1$m2= F2, G1

m1$m2= G2,

F3
m1$m2= �F3, H12

m1$m2= �H12, (6)

• Only assume Lorentz covariance, Poincare algebra, and 1 ↔ 2 symmetry 

• Form factors are functions of m1,2, |�b|,�
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gular momentum of matter is equal to that carried away
by radiation. The radiated linear and angular momen-
tum in the final state are given by
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µ =
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ant under improvement terms in T

µ⌫ [61].
Gravitational radiation is defined as the fluctuation

around flat space gµ⌫ = ⌘µ⌫ +
p

32⇡G hµ⌫ . In what
follows, we use the mostly-minus convention. Asymp-
totically, the radiation can be decomposed into on-shell
plane waves labeled by k

µ = (!,k), where ! is the en-
ergy, boldface k denotes spatial momentum, and k

2 = 0.
The radiation field written in terms of the stress-energy
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where Pµ⌫⇢� is the gauge-dependent transverse traceless

projection and fdk = dD�1k
(2⇡)D�12! is the Lorentz invariant

phase space measure. In de Donder gauge, one replaces
Pµ⌫⇢� with 1

2 (⌘µ⇢⌘⌫� + ⌘µ�⌘⌫⇢) �
1

D�2⌘µ⌫⌘⇢�. Crucially,
T

⇢�(k) contains both matter and radiation contributions
and is conserved on shell, i.e. k⇢T

⇢�(k) = 0. One can
always find such a T

⇢�(k) [62]. Note, Eq. (2) is invari-
ant under the residual gauge transformation T

µ⌫(k) !

T
µ⌫(k) + k

µ
✏
⌫(k) + k

⌫
✏
µ(k) where ✏(k) · k = 0.

Using Einstein’s equations, it is straightforward to re-
late T

µ⌫ to the radiation field. Combining Eqs. (1), (2),
and the expression for T

µ⌫ in terms of hµ⌫(x), we obtain
the main formulae of this paper,

P
µ = 8⇡G

Z
fdk k

µ

✓
T

⇤⇢�(k)T⇢�(k) �
T

⇤⇢
⇢ (k)T �

� (k)

D � 2

◆
,

J
µ⌫ = 8⇡G

Z
fdk

⇣
T

⇤⇢�(k)Lµ⌫
T⇢�(k) �

T
⇤⇢
⇢ (k)Lµ⌫

T
�
� (k)

D � 2

+ 2i T
⇤⇢[µ(k)T ⌫]

⇢(k)
⌘
, (3)

where L
µ⌫

⌘ ik
[µ

@
⌫]. Note the absence of any explicit

time dependence. Crucially, the formula for J
µ⌫ is writ-

ten in terms of the stress-energy pseudotensor, rather
than the transverse-traceless components of the radia-
tion field used in the standard formula [56], which means
our results are also applicable to the static mode. This
completes the set of expressions for the radiated Poincare
charges. Since the stress-energy pseudotensor can be de-
rived directly from on-shell amplitudes using the KMOC
framework [15, 16], our formulation for J

µ⌫ meshes well
with the QFT-based approach. Analogous formulæ for
P

µ and J
µ⌫ in classical electromagnetism are given in

Appendix A.
The expressions in Eq. (3) are highly constrained by

gauge invariance and the Poincare algebra. The relative

x
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FIG. 1. The initial configuration of the binary system. The
spatial momenta of the two particles are along the x direction,
and the impact vectors bµ1,2 are along the y direction.

factor between the first and last terms in the J
µ⌫ inte-

grand is fixed by invariance under residual gauge trans-
formations. These terms are sometimes referred to as
the orbital and spin contributions. However, only their
combination is gauge invariant, implying that individu-
ally, they have no physical meaning [63]. The Poincare
algebra imposes the following transformations under the
translation x

µ
! x

µ + a
µ,

P
µ
! P

µ
,

J
µ⌫

! J
µ⌫ + a

[µ
P

⌫]
. (4)

Since T
µ⌫(k) ! T

µ⌫(k)eik·a under translations, the ex-
pressions in Eq. (3) indeed obey Eq. (4).

Form Factor Parametrization. Consider the scatter-
ing of two massive spinless particles. By parametrizing
P

µ and J
µ⌫ in terms of the initial data, one can de-

rive additional constraints on them using the Poincare
algebra. The particles are labeled by a Roman sub-
script i = 1, 2 and mi, p

µ
i , and b

µ
i correspond to the

particle’s mass, initial momentum and impact vector,
which, as depicted in Fig. 1, obey pi · bj = 0. In ad-
dition, it is useful to define the relative impact vec-
tor �b

µ
⌘ b

µ
2 � b

µ
1 , its magnitude b ⌘

p
��b2, and

b̄
µ

⌘ (p1 · (p1 + p2) b
µ
1 + p2 · (p1 + p2) b

µ
2 )/(p1 + p2)2.

The Lorentz-invariant variables are then mi, b, and the
relative boost � ⌘ p1 · p2/(m1m2).

We find that the most general forms of P
µ and J

µ⌫

consistent with Lorentz covariance, the Poincare con-
straints (4), and particle interchange symmetry are

P
µ = F1p

µ
1 + F2p

µ
2 + F3�b

µ
,

J
µ⌫ = b̄

[µ
⇣
F1p

⌫]
1 + F2p

⌫]
2 + F3�b

⌫]
⌘

(5)

+ �b
[µ
⇣
G1p

⌫]
1 � G2p

⌫]
2

⌘
+ H12 p

[µ
2 p

⌫]
1 ,

where Fi, Gi, H12 are form factors that are functions of
the Lorentz invariants m1, m2, �, b. Particle interchange
symmetry implies that the form factors satisfy

F1
m1$m2= F2, G1

m1$m2= G2,

F3
m1$m2= �F3, H12

m1$m2= �H12, (6)

P
µ = F1p

µ
1 + F2p

µ
2 + F3�b

µ
,

J
µ⌫ = b̄

[µ
⇣
F1p

⌫]
1 + F2p

⌫]
2 + F3�b

⌫]
⌘
+�b

[µ
⇣
G1p

⌫]
1 �G2p

⌫]
2

⌘
+H12 p

[µ
2 p

⌫]
1
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FIG. 2. Sample diagrams depicting contributions to T
µ⌫(k).

Straight and wavy lines denote massive particles and gravi-
tons. Radiation can be emitted from any of the external mat-
ter legs. The top row illustrates relevant diagrams for the
zero-frequency limit in Eq. (8). The solid and hallow blobs
correspond to the O(G) and O(G2) deflections. The bottom
row depicts T µ⌫(k) at O(G) with general frequency.

so that the only independent ones are F2, F3, G2, H12.
We consider two frames in this paper, the center-of-

mass (CM) and the frame where particle 1 is initially
at rest (referred to as the rest frame hereafter). See Ap-
pendix B for a description of the initial conditions in each
frame. We denote the components of J

µ⌫ in the CM and
rest frames as J

µ⌫
CM and J

µ⌫
rest, and the initial angular mo-

mentum along the z direction as JCM and Jrest. Their
form factor expressions are summarized in Eqs. (B4) and
(B5). Remarkably, all form factors can be fixed with only
P

µ, J
12
rest and J

01
rest.

Since Eq. (5) was derived from exact symmetries, we
can deduce non-perturbative relations among the com-
ponents of J

µ⌫
CM and J

µ⌫
rest. For instance, Eqs. (B4) and

(B5) imply J
01
CM = J

01
rest. In addition, the zero-frequency

sector of the radiation has vanishing Fi and, according
to Eqs. (B4) and (B5), we find

J
12
CM

JCM

����
!=0

= G1 + G2 ,
J

12
rest

Jrest

����
!=0

= G2 . (7)

Since the radiation carries no energy at O(G2), Eq. (7) is
indeed the full result at this order. As we discuss further
below, our formula (3) agrees with this relation, but the
standard formula [54–56] does not.

The remainder of the letter is devoted to using this
formalism to compute J

µ⌫ perturbatively in G. See Ap-
pendix C for the definition of the G expansion.

Stress-Energy Pseudotensor. To obtain the O(G3) cor-
rection to J

µ⌫ , it is necessary to determine T
µ⌫(k) to

O(G2), i.e. next-to-next-to-leading order. The diagrams
in Fig. 2 depict these contributions. The full expres-
sion for T

µ⌫(k) is only known up to O(G) [16, 64] and
is reviewed in Appendix E. However, at O(G2) only the
related integrand has been constructed [65].

Fortunately, the full O(G2) expression for T
µ⌫(k) is

not needed to compute J
µ⌫ at O(G3), since this term

only enters through an interference term with the leading
O(1) static piece. This implies we only need to consider
the leading soft limit of T

µ⌫(k) which is governed by

Weinberg’s soft theorem [57]

T
µ⌫(k)|!!0+ = �

i

2

X

a=1,2

p
µ
ap

⌫
a

Ea � k̂ · pa

2⇡�(!) (8)

+
1

! + i0

X

a=1,2

 
p
µ
a,fp

⌫
a,f

Ea,f � k̂ · pa,f

�
p
µ
ap

⌫
a

Ea � k̂ · pa

!
,

where k̂ = k/! is a unit vector, and p
µ
a = (Ea,pa) and

p
µ
a,f = (Ea,f ,pa,f ) are the initial and final momenta of

particle a. The first line is the static contribution to T
µ⌫

sourced by the initial particles and is exactly soft. The
factor of 1/2 is present to avoid double counting positive-
and negative-frequency contributions to the static piece.

The second term in Eq. (8) encodes the scattering pro-
cess. In the soft limit, the scattering trajectory reduces
to a kink at t = 0 whose frequency space representation is
1/(!+ i0). The kink is fixed by the hard scattering data,
which, for our purposes, is needed to O(G2), and can
be obtained from the scattering angle � summarized in
Appendix D. We also derive Eq. (8) in the KMOC frame-
work [16] by taking the soft limit of amplitudes [66]. (See
also similar studies in Refs. [67, 68].)

Perturbative results at O(G2). At O(G2), the only
contribution to J

µ⌫ is due to interference between the
O(1) static term and the O(G) contribution to T

µ⌫ .
As pointed out above and by Damour [51], the zero-
frequency limit of T

µ⌫ is all that is needed for this in-
terference piece, which is given by Eq. (8) and the O(G)
impulse. Evaluating Eq. (3), and using the notation of
Appendix C, yields

J
12
rest,2

Jrest
= ⌫M

2
�1 I(�) =

⌫M
2(2�

2
� 1)

p
�2 � 1

I(�) ,

J
01
rest,2 = 0 , (9)

where M = m1 + m2 is the total mass, ⌫ = m1m2/M
2 is

the reduced mass ratio, �1 is the O(G) scattering angle
in Eq. (D2), and I(�) is given in Table I. Interestingly,
J
µ⌫ can be written in terms of the scattering angle �1

and is independent of short-distance details. We find
the leading radiated angular momentum is positive when
�1 > 0, i.e., the scattering is attractive.

Matching the above to Eqs. (B5) and (C3) gives

G1,2 = G2,2 =
⌫M

2(2�
2
� 1)

p
�2 � 1

I(�), (10)

while all other form factors vanish at this order. Plugging
Eq. (10) into Eqs. (B4) and (B5) gives the remaining
components of J

µ⌫ in the rest and CM frames:

J
02
CM,2

E1 � E2
=

J
02
rest,2

m1 � m2�
=

b⌫M
2(2�

2
� 1)

p
�2 � 1

I(�) , (11)

J
12
CM,2

JCM
= 2

J
12
rest,2

Jrest
=

2⌫M
2(2�

2
� 1)

p
�2 � 1

I(�) . (12)

These results can be directly verified using Eq. (3).
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FIG. 2. Sample diagrams depicting contributions to T
µ⌫(k).

Straight and wavy lines denote massive particles and gravi-
tons. Radiation can be emitted from any of the external mat-
ter legs. The top row illustrates relevant diagrams for the
zero-frequency limit in Eq. (8). The solid and hallow blobs
correspond to the O(G) and O(G2) deflections. The bottom
row depicts T µ⌫(k) at O(G) with general frequency.

so that the only independent ones are F2, F3, G2, H12.
We consider two frames in this paper, the center-of-

mass (CM) and the frame where particle 1 is initially
at rest (referred to as the rest frame hereafter). See Ap-
pendix B for a description of the initial conditions in each
frame. We denote the components of J

µ⌫ in the CM and
rest frames as J

µ⌫
CM and J

µ⌫
rest, and the initial angular mo-

mentum along the z direction as JCM and Jrest. Their
form factor expressions are summarized in Eqs. (B4) and
(B5). Remarkably, all form factors can be fixed with only
P

µ, J
12
rest and J

01
rest.

Since Eq. (5) was derived from exact symmetries, we
can deduce non-perturbative relations among the com-
ponents of J

µ⌫
CM and J

µ⌫
rest. For instance, Eqs. (B4) and

(B5) imply J
01
CM = J

01
rest. In addition, the zero-frequency

sector of the radiation has vanishing Fi and, according
to Eqs. (B4) and (B5), we find

J
12
CM

JCM

����
!=0

= G1 + G2 ,
J

12
rest

Jrest

����
!=0

= G2 . (7)

Since the radiation carries no energy at O(G2), Eq. (7) is
indeed the full result at this order. As we discuss further
below, our formula (3) agrees with this relation, but the
standard formula [54–56] does not.

The remainder of the letter is devoted to using this
formalism to compute J

µ⌫ perturbatively in G. See Ap-
pendix C for the definition of the G expansion.

Stress-Energy Pseudotensor. To obtain the O(G3) cor-
rection to J

µ⌫ , it is necessary to determine T
µ⌫(k) to

O(G2), i.e. next-to-next-to-leading order. The diagrams
in Fig. 2 depict these contributions. The full expres-
sion for T

µ⌫(k) is only known up to O(G) [16, 64] and
is reviewed in Appendix E. However, at O(G2) only the
related integrand has been constructed [65].

Fortunately, the full O(G2) expression for T
µ⌫(k) is

not needed to compute J
µ⌫ at O(G3), since this term

only enters through an interference term with the leading
O(1) static piece. This implies we only need to consider
the leading soft limit of T

µ⌫(k) which is governed by

Weinberg’s soft theorem [57]

T
µ⌫(k)|!!0+ = �
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where k̂ = k/! is a unit vector, and p
µ
a = (Ea,pa) and

p
µ
a,f = (Ea,f ,pa,f ) are the initial and final momenta of

particle a. The first line is the static contribution to T
µ⌫

sourced by the initial particles and is exactly soft. The
factor of 1/2 is present to avoid double counting positive-
and negative-frequency contributions to the static piece.

The second term in Eq. (8) encodes the scattering pro-
cess. In the soft limit, the scattering trajectory reduces
to a kink at t = 0 whose frequency space representation is
1/(!+ i0). The kink is fixed by the hard scattering data,
which, for our purposes, is needed to O(G2), and can
be obtained from the scattering angle � summarized in
Appendix D. We also derive Eq. (8) in the KMOC frame-
work [16] by taking the soft limit of amplitudes [66]. (See
also similar studies in Refs. [67, 68].)

Perturbative results at O(G2). At O(G2), the only
contribution to J

µ⌫ is due to interference between the
O(1) static term and the O(G) contribution to T

µ⌫ .
As pointed out above and by Damour [51], the zero-
frequency limit of T

µ⌫ is all that is needed for this in-
terference piece, which is given by Eq. (8) and the O(G)
impulse. Evaluating Eq. (3), and using the notation of
Appendix C, yields

J
12
rest,2

Jrest
= ⌫M

2
�1 I(�) =

⌫M
2(2�

2
� 1)

p
�2 � 1

I(�) ,

J
01
rest,2 = 0 , (9)

where M = m1 + m2 is the total mass, ⌫ = m1m2/M
2 is

the reduced mass ratio, �1 is the O(G) scattering angle
in Eq. (D2), and I(�) is given in Table I. Interestingly,
J
µ⌫ can be written in terms of the scattering angle �1

and is independent of short-distance details. We find
the leading radiated angular momentum is positive when
�1 > 0, i.e., the scattering is attractive.

Matching the above to Eqs. (B5) and (C3) gives

G1,2 = G2,2 =
⌫M

2(2�
2
� 1)

p
�2 � 1

I(�), (10)

while all other form factors vanish at this order. Plugging
Eq. (10) into Eqs. (B4) and (B5) gives the remaining
components of J

µ⌫ in the rest and CM frames:

J
02
CM,2

E1 � E2
=

J
02
rest,2

m1 � m2�
=
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2(2�

2
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These results can be directly verified using Eq. (3).

[Manohar, Ridgway, CHS]

G1 = G2
<latexit sha1_base64="f796TytuVwcvOfEMcV1WzX+gNBY="></latexit>



• Burke-Throne force at G2:

Crosscheck with Burke-Throne

• Final energy is the same as initial 

• Impact parameter shrinks equally 

• Non-decoupling of heavy particle

a1 = �a2 =
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• Burke-Throne force at G2:

Radiation Reaction Force
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Back reaction is important!



Our formula agrees with covariance and Burke-Throne force 

Pµ = 0,

Jµ⌫ = 8⇡G

Z
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⇣
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Precision Frontier: 
Radiated angular momentum at G3



• State of the art precision at G3

Radiated Poincare Charges

3

FIG. 2. Sample diagrams depicting contributions to T
µ⌫(k).

Straight and wavy lines denote massive particles and gravi-
tons. Radiation can be emitted from any of the external mat-
ter legs. The top row illustrates relevant diagrams for the
zero-frequency limit in Eq. (8). The solid and hallow blobs
correspond to the O(G) and O(G2) deflections. The bottom
row depicts T µ⌫(k) at O(G) with general frequency.

so that the only independent ones are F2, F3, G2, H12.
We consider two frames in this paper, the center-of-

mass (CM) and the frame where particle 1 is initially
at rest (referred to as the rest frame hereafter). See Ap-
pendix B for a description of the initial conditions in each
frame. We denote the components of J

µ⌫ in the CM and
rest frames as J

µ⌫
CM and J

µ⌫
rest, and the initial angular mo-

mentum along the z direction as JCM and Jrest. Their
form factor expressions are summarized in Eqs. (B4) and
(B5). Remarkably, all form factors can be fixed with only
P

µ, J
12
rest and J

01
rest.

Since Eq. (5) was derived from exact symmetries, we
can deduce non-perturbative relations among the com-
ponents of J

µ⌫
CM and J

µ⌫
rest. For instance, Eqs. (B4) and

(B5) imply J
01
CM = J

01
rest. In addition, the zero-frequency

sector of the radiation has vanishing Fi and, according
to Eqs. (B4) and (B5), we find

J
12
CM

JCM

����
!=0

= G1 + G2 ,
J

12
rest

Jrest

����
!=0

= G2 . (7)

Since the radiation carries no energy at O(G2), Eq. (7) is
indeed the full result at this order. As we discuss further
below, our formula (3) agrees with this relation, but the
standard formula [54–56] does not.

The remainder of the letter is devoted to using this
formalism to compute J

µ⌫ perturbatively in G. See Ap-
pendix C for the definition of the G expansion.

Stress-Energy Pseudotensor. To obtain the O(G3) cor-
rection to J

µ⌫ , it is necessary to determine T
µ⌫(k) to

O(G2), i.e. next-to-next-to-leading order. The diagrams
in Fig. 2 depict these contributions. The full expres-
sion for T

µ⌫(k) is only known up to O(G) [16, 64] and
is reviewed in Appendix E. However, at O(G2) only the
related integrand has been constructed [65].

Fortunately, the full O(G2) expression for T
µ⌫(k) is

not needed to compute J
µ⌫ at O(G3), since this term

only enters through an interference term with the leading
O(1) static piece. This implies we only need to consider
the leading soft limit of T

µ⌫(k) which is governed by

Weinberg’s soft theorem [57]
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where k̂ = k/! is a unit vector, and p
µ
a = (Ea,pa) and

p
µ
a,f = (Ea,f ,pa,f ) are the initial and final momenta of

particle a. The first line is the static contribution to T
µ⌫

sourced by the initial particles and is exactly soft. The
factor of 1/2 is present to avoid double counting positive-
and negative-frequency contributions to the static piece.

The second term in Eq. (8) encodes the scattering pro-
cess. In the soft limit, the scattering trajectory reduces
to a kink at t = 0 whose frequency space representation is
1/(!+ i0). The kink is fixed by the hard scattering data,
which, for our purposes, is needed to O(G2), and can
be obtained from the scattering angle � summarized in
Appendix D. We also derive Eq. (8) in the KMOC frame-
work [16] by taking the soft limit of amplitudes [66]. (See
also similar studies in Refs. [67, 68].)

Perturbative results at O(G2). At O(G2), the only
contribution to J

µ⌫ is due to interference between the
O(1) static term and the O(G) contribution to T

µ⌫ .
As pointed out above and by Damour [51], the zero-
frequency limit of T

µ⌫ is all that is needed for this in-
terference piece, which is given by Eq. (8) and the O(G)
impulse. Evaluating Eq. (3), and using the notation of
Appendix C, yields
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Jrest
= ⌫M

2
�1 I(�) =
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2(2�

2
� 1)

p
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I(�) ,
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where M = m1 + m2 is the total mass, ⌫ = m1m2/M
2 is

the reduced mass ratio, �1 is the O(G) scattering angle
in Eq. (D2), and I(�) is given in Table I. Interestingly,
J
µ⌫ can be written in terms of the scattering angle �1

and is independent of short-distance details. We find
the leading radiated angular momentum is positive when
�1 > 0, i.e., the scattering is attractive.

Matching the above to Eqs. (B5) and (C3) gives
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These results can be directly verified using Eq. (3).
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FIG.2.SamplediagramsdepictingcontributionstoT
µ⌫(k).

Straightandwavylinesdenotemassiveparticlesandgravi-
tons.Radiationcanbeemittedfromanyoftheexternalmat-
terlegs.Thetoprowillustratesrelevantdiagramsforthe
zero-frequencylimitinEq.(8).Thesolidandhallowblobs
correspondtotheO(G)andO(G2)deflections.Thebottom
rowdepictsTµ⌫(k)atO(G)withgeneralfrequency.

sothattheonlyindependentonesareF2,F3,G2,H12.
Weconsidertwoframesinthispaper,thecenter-of-

mass(CM)andtheframewhereparticle1isinitially
atrest(referredtoastherestframehereafter).SeeAp-
pendixBforadescriptionoftheinitialconditionsineach
frame.WedenotethecomponentsofJ

µ⌫intheCMand
restframesasJ

µ⌫
CMandJ

µ⌫
rest,andtheinitialangularmo-

mentumalongthezdirectionasJCMandJrest.Their
formfactorexpressionsaresummarizedinEqs.(B4)and
(B5).Remarkably,allformfactorscanbefixedwithonly
P

µ,J
12
restandJ

01
rest.

SinceEq.(5)wasderivedfromexactsymmetries,we
candeducenon-perturbativerelationsamongthecom-
ponentsofJ

µ⌫
CMandJ

µ⌫
rest.Forinstance,Eqs.(B4)and

(B5)implyJ
01
CM=J

01
rest.Inaddition,thezero-frequency

sectoroftheradiationhasvanishingFiand,according
toEqs.(B4)and(B5),wefind
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SincetheradiationcarriesnoenergyatO(G2),Eq.(7)is
indeedthefullresultatthisorder.Aswediscussfurther
below,ourformula(3)agreeswiththisrelation,butthe
standardformula[54–56]doesnot.

Theremainderoftheletterisdevotedtousingthis
formalismtocomputeJ

µ⌫perturbativelyinG.SeeAp-
pendixCforthedefinitionoftheGexpansion.

Stress-EnergyPseudotensor.ToobtaintheO(G3)cor-
rectiontoJ

µ⌫,itisnecessarytodetermineT
µ⌫(k)to

O(G2),i.e.next-to-next-to-leadingorder.Thediagrams
inFig.2depictthesecontributions.Thefullexpres-
sionforT

µ⌫(k)isonlyknownuptoO(G)[16,64]and
isreviewedinAppendixE.However,atO(G2)onlythe
relatedintegrandhasbeenconstructed[65].

Fortunately,thefullO(G2)expressionforT
µ⌫(k)is

notneededtocomputeJ
µ⌫atO(G3),sincethisterm

onlyentersthroughaninterferencetermwiththeleading
O(1)staticpiece.Thisimpliesweonlyneedtoconsider
theleadingsoftlimitofT

µ⌫(k)whichisgovernedby

Weinberg’ssofttheorem[57]
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wherek̂=k/!isaunitvector,andp
µ
a=(Ea,pa)and

p
µ
a,f=(Ea,f,pa,f)aretheinitialandfinalmomentaof
particlea.ThefirstlineisthestaticcontributiontoT

µ⌫

sourcedbytheinitialparticlesandisexactlysoft.The
factorof1/2ispresenttoavoiddoublecountingpositive-
andnegative-frequencycontributionstothestaticpiece.

ThesecondterminEq.(8)encodesthescatteringpro-
cess.Inthesoftlimit,thescatteringtrajectoryreduces
toakinkatt=0whosefrequencyspacerepresentationis
1/(!+i0).Thekinkisfixedbythehardscatteringdata,
which,forourpurposes,isneededtoO(G2),andcan
beobtainedfromthescatteringangle�summarizedin
AppendixD.WealsoderiveEq.(8)intheKMOCframe-
work[16]bytakingthesoftlimitofamplitudes[66].(See
alsosimilarstudiesinRefs.[67,68].)

PerturbativeresultsatO(G2).AtO(G2),theonly
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O(1)statictermandtheO(G)contributiontoT

µ⌫.
AspointedoutaboveandbyDamour[51],thezero-
frequencylimitofT

µ⌫isallthatisneededforthisin-
terferencepiece,whichisgivenbyEq.(8)andtheO(G)
impulse.EvaluatingEq.(3),andusingthenotationof
AppendixC,yields
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andisindependentofshort-distancedetails.Wefind
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componentsofJ
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FIG. 2. Sample diagrams depicting contributions to T
µ⌫(k).

Straight and wavy lines denote massive particles and gravi-
tons. Radiation can be emitted from any of the external mat-
ter legs. The top row illustrates relevant diagrams for the
zero-frequency limit in Eq. (8). The solid and hallow blobs
correspond to the O(G) and O(G2) deflections. The bottom
row depicts T µ⌫(k) at O(G) with general frequency.

so that the only independent ones are F2, F3, G2, H12.
We consider two frames in this paper, the center-of-

mass (CM) and the frame where particle 1 is initially
at rest (referred to as the rest frame hereafter). See Ap-
pendix B for a description of the initial conditions in each
frame. We denote the components of J

µ⌫ in the CM and
rest frames as J

µ⌫
CM and J

µ⌫
rest, and the initial angular mo-

mentum along the z direction as JCM and Jrest. Their
form factor expressions are summarized in Eqs. (B4) and
(B5). Remarkably, all form factors can be fixed with only
P

µ, J
12
rest and J

01
rest.

Since Eq. (5) was derived from exact symmetries, we
can deduce non-perturbative relations among the com-
ponents of J

µ⌫
CM and J

µ⌫
rest. For instance, Eqs. (B4) and

(B5) imply J
01
CM = J

01
rest. In addition, the zero-frequency

sector of the radiation has vanishing Fi and, according
to Eqs. (B4) and (B5), we find
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Since the radiation carries no energy at O(G2), Eq. (7) is
indeed the full result at this order. As we discuss further
below, our formula (3) agrees with this relation, but the
standard formula [54–56] does not.

The remainder of the letter is devoted to using this
formalism to compute J

µ⌫ perturbatively in G. See Ap-
pendix C for the definition of the G expansion.

Stress-Energy Pseudotensor. To obtain the O(G3) cor-
rection to J

µ⌫ , it is necessary to determine T
µ⌫(k) to

O(G2), i.e. next-to-next-to-leading order. The diagrams
in Fig. 2 depict these contributions. The full expres-
sion for T

µ⌫(k) is only known up to O(G) [16, 64] and
is reviewed in Appendix E. However, at O(G2) only the
related integrand has been constructed [65].

Fortunately, the full O(G2) expression for T
µ⌫(k) is

not needed to compute J
µ⌫ at O(G3), since this term

only enters through an interference term with the leading
O(1) static piece. This implies we only need to consider
the leading soft limit of T

µ⌫(k) which is governed by

Weinberg’s soft theorem [57]
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where k̂ = k/! is a unit vector, and p
µ
a = (Ea,pa) and

p
µ
a,f = (Ea,f ,pa,f ) are the initial and final momenta of

particle a. The first line is the static contribution to T
µ⌫

sourced by the initial particles and is exactly soft. The
factor of 1/2 is present to avoid double counting positive-
and negative-frequency contributions to the static piece.

The second term in Eq. (8) encodes the scattering pro-
cess. In the soft limit, the scattering trajectory reduces
to a kink at t = 0 whose frequency space representation is
1/(!+ i0). The kink is fixed by the hard scattering data,
which, for our purposes, is needed to O(G2), and can
be obtained from the scattering angle � summarized in
Appendix D. We also derive Eq. (8) in the KMOC frame-
work [16] by taking the soft limit of amplitudes [66]. (See
also similar studies in Refs. [67, 68].)

Perturbative results at O(G2). At O(G2), the only
contribution to J

µ⌫ is due to interference between the
O(1) static term and the O(G) contribution to T

µ⌫ .
As pointed out above and by Damour [51], the zero-
frequency limit of T

µ⌫ is all that is needed for this in-
terference piece, which is given by Eq. (8) and the O(G)
impulse. Evaluating Eq. (3), and using the notation of
Appendix C, yields
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where M = m1 + m2 is the total mass, ⌫ = m1m2/M
2 is

the reduced mass ratio, �1 is the O(G) scattering angle
in Eq. (D2), and I(�) is given in Table I. Interestingly,
J
µ⌫ can be written in terms of the scattering angle �1

and is independent of short-distance details. We find
the leading radiated angular momentum is positive when
�1 > 0, i.e., the scattering is attractive.

Matching the above to Eqs. (B5) and (C3) gives
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while all other form factors vanish at this order. Plugging
Eq. (10) into Eqs. (B4) and (B5) gives the remaining
components of J

µ⌫ in the rest and CM frames:
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FIG.2.SamplediagramsdepictingcontributionstoT
µ⌫(k).

Straightandwavylinesdenotemassiveparticlesandgravi-
tons.Radiationcanbeemittedfromanyoftheexternalmat-
terlegs.Thetoprowillustratesrelevantdiagramsforthe
zero-frequencylimitinEq.(8).Thesolidandhallowblobs
correspondtotheO(G)andO(G2)deflections.Thebottom
rowdepictsTµ⌫(k)atO(G)withgeneralfrequency.

sothattheonlyindependentonesareF2,F3,G2,H12.
Weconsidertwoframesinthispaper,thecenter-of-

mass(CM)andtheframewhereparticle1isinitially
atrest(referredtoastherestframehereafter).SeeAp-
pendixBforadescriptionoftheinitialconditionsineach
frame.WedenotethecomponentsofJ

µ⌫intheCMand
restframesasJ

µ⌫
CMandJ
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rest,andtheinitialangularmo-

mentumalongthezdirectionasJCMandJrest.Their
formfactorexpressionsaresummarizedinEqs.(B4)and
(B5).Remarkably,allformfactorscanbefixedwithonly
P

µ,J
12
restandJ
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SinceEq.(5)wasderivedfromexactsymmetries,we
candeducenon-perturbativerelationsamongthecom-
ponentsofJ

µ⌫
CMandJ
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rest.Forinstance,Eqs.(B4)and

(B5)implyJ
01
CM=J

01
rest.Inaddition,thezero-frequency

sectoroftheradiationhasvanishingFiand,according
toEqs.(B4)and(B5),wefind
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JCM
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=G1+G2,
J

12
rest

Jrest
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SincetheradiationcarriesnoenergyatO(G2),Eq.(7)is
indeedthefullresultatthisorder.Aswediscussfurther
below,ourformula(3)agreeswiththisrelation,butthe
standardformula[54–56]doesnot.

Theremainderoftheletterisdevotedtousingthis
formalismtocomputeJ

µ⌫perturbativelyinG.SeeAp-
pendixCforthedefinitionoftheGexpansion.

Stress-EnergyPseudotensor.ToobtaintheO(G3)cor-
rectiontoJ

µ⌫,itisnecessarytodetermineT
µ⌫(k)to

O(G2),i.e.next-to-next-to-leadingorder.Thediagrams
inFig.2depictthesecontributions.Thefullexpres-
sionforT

µ⌫(k)isonlyknownuptoO(G)[16,64]and
isreviewedinAppendixE.However,atO(G2)onlythe
relatedintegrandhasbeenconstructed[65].

Fortunately,thefullO(G2)expressionforT
µ⌫(k)is

notneededtocomputeJ
µ⌫atO(G3),sincethisterm

onlyentersthroughaninterferencetermwiththeleading
O(1)staticpiece.Thisimpliesweonlyneedtoconsider
theleadingsoftlimitofT

µ⌫(k)whichisgovernedby

Weinberg’ssofttheorem[57]
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wherek̂=k/!isaunitvector,andp
µ
a=(Ea,pa)and

p
µ
a,f=(Ea,f,pa,f)aretheinitialandfinalmomentaof
particlea.ThefirstlineisthestaticcontributiontoT

µ⌫

sourcedbytheinitialparticlesandisexactlysoft.The
factorof1/2ispresenttoavoiddoublecountingpositive-
andnegative-frequencycontributionstothestaticpiece.

ThesecondterminEq.(8)encodesthescatteringpro-
cess.Inthesoftlimit,thescatteringtrajectoryreduces
toakinkatt=0whosefrequencyspacerepresentationis
1/(!+i0).Thekinkisfixedbythehardscatteringdata,
which,forourpurposes,isneededtoO(G2),andcan
beobtainedfromthescatteringangle�summarizedin
AppendixD.WealsoderiveEq.(8)intheKMOCframe-
work[16]bytakingthesoftlimitofamplitudes[66].(See
alsosimilarstudiesinRefs.[67,68].)

PerturbativeresultsatO(G2).AtO(G2),theonly
contributiontoJ

µ⌫isduetointerferencebetweenthe
O(1)statictermandtheO(G)contributiontoT

µ⌫.
AspointedoutaboveandbyDamour[51],thezero-
frequencylimitofT

µ⌫isallthatisneededforthisin-
terferencepiece,whichisgivenbyEq.(8)andtheO(G)
impulse.EvaluatingEq.(3),andusingthenotationof
AppendixC,yields
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inEq.(D2),andI(�)isgiveninTableI.Interestingly,
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µ⌫canbewrittenintermsofthescatteringangle�1

andisindependentofshort-distancedetails.Wefind
theleadingradiatedangularmomentumispositivewhen
�1>0,i.e.,thescatteringisattractive.
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whileallotherformfactorsvanishatthisorder.Plugging
Eq.(10)intoEqs.(B4)and(B5)givestheremaining
componentsofJ
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TheseresultscanbedirectlyverifiedusingEq.(3).

Known [Herrmann, Parra-Martinez, Ruf, Zeng]

• Waveform from 2-to-3 amplitude via KMOC 

• Resum velocity expansion from O(v60) series

Pµ !

Jµ⌫ !
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Both zero and finite frequency contributions

[See Parra-Martinez’s talk]

Soft Theorem Double Copy & Generalized Unitarity

• Same as before, just use G2 impulses
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New Results in General Relativity
• New results for G3 radiated angular momentum 

 
 
 

• As the form factors show, radiated energy enters  
when translating from rest to CM frame 

• Elucidate the relation originally found by Bini, Damour, Geralico  
when considering G4 scattering
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components of J
µ⌫ in the rest and CM frames:
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These results can be directly verified using Eq. (3).
Our results for J

µ⌫
CM,2 agree with Eq. (4.9) of Ref. [59],

and Eq. (159) and (160) of Ref. [60] modulo “scoot”
terms, which deserve further study. As a nontrivial
check, we computed the angular momentum loss using
the known 3.5PN RR force exerted on the matter [49].
This predicts the first two orders of the non-relativistic
expansion of J

µ⌫ at O(G2), and we fully agree in the CM
and rest frames. However, we disagree with the J

12
rest,2 in

Refs. [61, 62], where the authors found J
12
rest,2/Jrest =

J
12
CM,2/JCM using the standard formula. This disagrees

with Eqs. (7) and (12) because of the subtlety of standard
formula when applied to the zero-energy contribution.

The radiated angular momentum at O(G2) are intrigu-
ing. First, it implies that radiation can carry finite an-
gular momentum but, at the same time, zero linear mo-
mentum (see also the recent discussions [77]). Second,
the ratios between the angular momentum loss and the
initial values are di↵erent in the CM and rest frames,
even in the large mass ratio, i.e. m1 � m2. Both fea-
tures can be seen easily from the matter point of view
using the RR force. Relative to the binary’s initial state,
the final state has a smaller impact parameter but the
same energy. This implies the radiated energy vanishes
but not the angular momentum. In addition, the leading
2.5PN RR force exerts the same acceleration between the
two particles for any mass ratio. So the recoil from the
heavy particle cannot be ignored. Therefore, the results
do not have to coincide in the CM and rest frames in the
large mass ratio, in contrast to the conservative e↵ects.

Perturbative results at O(G3). The O(G3) correction to
J
µ⌫ also contains an interference contribution between

the initial state memory and the soft limit of T µ⌫(k) in
Eq. (8). At this order, one needs the O(G2) correction to
the momentum impulses. These are comprised of trans-
verse components, given by the O(G2) scattering angle,
and longitudinal ones, which are related to the square of
the O(G) scattering angle.

The finite energy contribution to J
µ⌫ at O(G3) comes

from inserting (E1) at O(G
3
2 ) into Eq. (3). To evaluate

this integral, we work in the rest frame, expand the in-
tegrand order by order in small velocity, p1 ⌘

p
�2 � 1,

and integrate each individual term. Using this method,
we computed the non-relativistic expansion of J

12
rest at

O(G3) to O(p60
1). To re-sum the velocity series, we

constructed an ansatze by dressing the same transcen-
dental functions appearing in the expression for P

µ at
O(G3) [56] with rational functions of � multiplied by un-
known coe�cients. The ansatze can be fixed by matching
the series to O(p54

1), and agrees with the remaining terms
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TABLE I. Functions specifying Pµ [56] and Jµ⌫ at O(G2) and
O(G3). These are provided in an ancillary file [? ].Add anc
file.

in the O(p60
1) series. It would be interesting to verify the

series to all orders in velocity using modern integration
methods [28–31]. As a cross check, we reproduced the
results for P

µ obtained in Ref. [56] using this procedure.
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where C(�) and D(�) (see Table I) correspond to the
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Our results for J
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New Results in General Relativity
• Predict for G4 odd-in-v impulses via Bini-Damour formula 

• Using ideas from factorization in EFT,  
simply a G4 problem into mostly leading order inputs
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a consequence of the mass scaling at O(G3) in Eq. (13)
and the form factors in Eq. (5). Expanding J3 in small
velocity yields
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The first three terms agree with Eq. (7.21) of Ref. [52].

Implications for O(G4) Scattering. It was pointed out
in Refs. [51, 52, 58] that RR e↵ects on the scattering
angle and momentum impulses can be extracted from
P

µ and J
µ⌫ . Define the transverse impulse at O(G4) to

be �p?,4 ⌘
�p1·�b

b |G4 . It can be written as

�p?,4 = ⌫M
5
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where c
cons
b,4 is the conservative contribution calculated

in [24, 25] using the prescription [52], and c
rr,even and

c
rr,odd are the dissipative contributions that are even

and odd under time reversal. Using the explicit map
in Ref. [52], c

rr,odd
b,4 is fixed by P

µ and J
µ⌫ to O(G3)

c
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where the mass dependence is consistent with Refs. [52,
74]. The first three orders of the velocity expansion in
Eq. (19) agree with the last line of Eq. (8.6) of Ref. [52].

In the high energy limit � ! 1, c
rr,odd
b,4 is dominated

by terms coming from C(�) and E(�) and scales as �
3.

This high-energy behavior is comparable to that of c
cons
b,4 .

However, the sum does not cancel and �p?,4 ⇠ G
4
�

3 in
the high energy limit. It would be interesting to see if
the contribution from c

rr,even
b,4 tames this divergence.

Radiation Reaction Force. Dissipative e↵ects on a binary
system in a generic orbit can be described by the RR
force FRR. Let the spinless binary motion lie on the
x � y plane. In polar coordinates, FRR = Frer + F�

r e�,
where er and e� are the radial and angular unit vectors,
r is the relative distance, and � is the polar angle. The
energy E and angular momentum J of the binary are not
conserved in the presence of FRR. Using the formulation
given in Refs. [52, 58], the flux of E and J are

J̇ = F�, Ė = ṙFr + �̇F�. (20)

One can boostrap the RR force using the loss of en-
ergy and angular momentum due to scattering in the CM

frame. Assuming FRR is a vector that is odd under spa-
tial parity and time reversal,

FRR = crpr er + cp p = (cr + cp)prer +
cpJ

r
e� (21)

where p is the relative momentum, pr = p · er, and cr

and cp are unknown coe�cients that are even under time
reversal. We also assume that cr and cp can be expressed
in isotropic gauge, i.e. they only depend on r and p2.
Classical power counting yields the ansatze

cr =
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r3
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�
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G
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�
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where the dots denote higher orders in G.
Plugging Eqs. (21) and (22) into Eq. (20), and in-

tegrating over the conservative trajectories in the CM
frame, which to leading order are straight lines, yields
the change in E and J after scattering
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Conservation of energy and angular momentum implies,

�J = �J
12
CM, �E = �P

0
CM . (24)

Matching this to Eq. (12) and P
0
CM,2 = 0 at O(G2) fixes

the ansatze entirely:
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This extends the RR force to all orders in velocity at
O(G2). The equations of motion for the CM recoil, and
the extension to O(G3), can be studied similarly.

This analysis, however, assumes that FRR can be ex-
pressed in the isotropic gauge. It would be important to
check the agreement between Eq. (25) with the known
RR force in the overlapping region by including Schott
terms [59], i.e. total time derivatives that leave �J and
�E invariant [60]. We leave this to future work.

Conclusions. In this Letter, we build a new framework
to calculate the radiated angular momentum due to scat-
tering that meshes well with QFT-based methods. Our
work opens up many avenues for future work. Some ob-
vious generalizations include dissipative e↵ects in scat-
tering with spin [75, 76], and in gauge [60, 77] and su-
persymmetric theories [41, 78]. It would also be interest-
ing to compare our method with other approaches using
soft theorems [48, 49]. A crucial next step is to calcu-
late P

µ and J
µ⌫ to O(G4). To apply these results to

bound states, it is important to verify the consistency
of Eq. (25) with the known RR force, compare with the
flux from analytic continuation [19], and study its im-
pact on waveform models [79]. Last but not least, it
would be interesting to extend our framework beyond
gravitational-wave science, perhaps along the lines of jet
observables [80].
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Eq. (19) agree with the last line of Eq. (8.6) of Ref. [52].
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system in a generic orbit can be described by the RR
force FRR. Let the spinless binary motion lie on the
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where er and e� are the radial and angular unit vectors,
r is the relative distance, and � is the polar angle. The
energy E and angular momentum J of the binary are not
conserved in the presence of FRR. Using the formulation
given in Refs. [52, 58], the flux of E and J are
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This extends the RR force to all orders in velocity at
O(G2). The equations of motion for the CM recoil, and
the extension to O(G3), can be studied similarly.

This analysis, however, assumes that FRR can be ex-
pressed in the isotropic gauge. It would be important to
check the agreement between Eq. (25) with the known
RR force in the overlapping region by including Schott
terms [59], i.e. total time derivatives that leave �J and
�E invariant [60]. We leave this to future work.

Conclusions. In this Letter, we build a new framework
to calculate the radiated angular momentum due to scat-
tering that meshes well with QFT-based methods. Our
work opens up many avenues for future work. Some ob-
vious generalizations include dissipative e↵ects in scat-
tering with spin [75, 76], and in gauge [60, 77] and su-
persymmetric theories [41, 78]. It would also be interest-
ing to compare our method with other approaches using
soft theorems [48, 49]. A crucial next step is to calcu-
late P

µ and J
µ⌫ to O(G4). To apply these results to

bound states, it is important to verify the consistency
of Eq. (25) with the known RR force, compare with the
flux from analytic continuation [19], and study its im-
pact on waveform models [79]. Last but not least, it
would be interesting to extend our framework beyond
gravitational-wave science, perhaps along the lines of jet
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1 Basics
1.1 Hamiltonian formulation

According to Ref. [1], the canonical equations of motion are

ẋ = ˆH

ˆp
(1)

ṗ = ≠
ˆH

ˆx
+ FRR, (2)

where F is the radiation reaction force.
For spinless binaries, it is convenient to choose the polar coordinate. Note that

x = rr̂ (3)

p = prr̂ + p„

r
„̂ (4)
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Abstract

Notes on the EOM Matching
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1 Basics
1.1 Hamiltonian formulation

According to Ref. [1], the canonical equations of motion are

ẋ = ˆH

ˆp
(1)

ṗ = ≠
ˆH

ˆx
+ FRR, (2)

where F is the radiation reaction force.
For spinless binaries, it is convenient to choose the polar coordinate. Note that

x = rr̂ (3)

p = prr̂ + p„

r
„̂ (4)

e-mail:c9shen@physics.ucsd.edu *Caveat:  illustration only 
Don’t trust a plot made by theorists



Precision Binary Dynamics
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Figure 1. (left) The binding energy (in units of the reduced mass) versus the orbital fre-

quency of an equal-mass non-spinning binary black hole following an adiabatic quasi-circular

orbit towards merger. The horizontal axis is also given as the number of orbits before merger.

(right) The scattering angle versus impact parameter of two equal-mass non-spinning black

holes following hyperbolic trajectories with initial relative velocity v = 0.4. These plots are

adapted from [5], where the authors compared predictions for post-Minkowskian (PM) con-

servative dynamics obtained using QFT tools (solid lines of increasing accuracy in Newton’s

constant G, i.e., in the PM approximation) with NR [28, 29] and e↵ective-one-body (EOB)

results, here at third post-Newtonian (PN) order, which are the benchmarks for building

waveform models in the LVK collaboration.

both the high-energy physics and general relativity communities is the exploration of

theoretical structures that emerge in the classical limit of scattering amplitudes.

This new research direction in theoretical high-energy physics is an opportunity to

deploy the classic and modern tools of quantum field theory (QFT) in a new arena,

thereby impacting an important experimental frontier and uncovering rich theoretical

structure that can lead to new tools. The program is in a nascent stage, and significant

progress will come in the next several years, building towards the vision that QFT

tools will advance the computation of gravitational waveforms. In particular, they will

address the need for high precision in upcoming LVK runs, in space-based detectors such

as LISA [20], and in future ground-based detectors such as LIGO-India [21], Cosmic

Explorer [22] and Einstein Telescope [23]. High-precision waveform models will be

crucial for maximizing the discovery potential and extracting the best science with

GW observations of ever more sensitive future detectors [20, 24–27].

– 2 –

Snowmass white paper [Buonanno, Khalil, O’Connell, Roiban, Solon, Zeng, 2204.05194]  
[Khalil, Buonanno, Steinhoff, Vines, 2204.05047]

Only Conservative PM effect included so far 

Can dissipation bring closer to NR?



Summary
• We solve dissipative dynamics using Poincare invariance and soft theorem 

• We derive a new formula for radiated angular momentum 

• Agreement found w/ covariance and known force 

• We give a nonperturbative form-factor parametrization 

• We calculate all Poincare charges to G3 

• We bootstrap the dissipative force from Poincare invariance to G3 

• New prediction at G4 
Thank you
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CM Frame v.s. Rest frame

• They are related by boost and translation

CM Frame: Rest Frame:

pµ1 = (E1, |p|, 0, 0)
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Precision Binary Dynamics
• State-of-the-art EOM all orders in v to G3

FRR = crpr r̂+ cpp
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4

components of J
µ⌫ in the rest and CM frames:

J
02
CM,2

E1 � E2
=

J
02
rest,2

m1 � m2�
=

b⌫M
2(2�

2
� 1)

p
�2 � 1

I(�) , (11)

J
12
CM,2

JCM
= 2

J
12
rest,2

Jrest
=

2⌫M
2(2�

2
� 1)

p
�2 � 1

I(�) . (12)

These results can be directly verified using Eq. (3).
Our results for J

µ⌫
CM,2 agree with Eq. (4.9) of Ref. [59],

and Eq. (159) and (160) of Ref. [60] modulo “scoot”
terms, which deserve further study. As a nontrivial
check, we computed the angular momentum loss using
the known 3.5PN RR force exerted on the matter [49].
This predicts the first two orders of the non-relativistic
expansion of J

µ⌫ at O(G2), and we fully agree in the CM
and rest frames. However, we disagree with the J

12
rest,2 in

Refs. [61, 62], where the authors found J
12
rest,2/Jrest =

J
12
CM,2/JCM using the standard formula. This disagrees

with Eqs. (7) and (12) because of the subtlety of standard
formula when applied to the zero-energy contribution.

The radiated angular momentum at O(G2) are intrigu-
ing. First, it implies that radiation can carry finite an-
gular momentum but, at the same time, zero linear mo-
mentum (see also the recent discussions [77]). Second,
the ratios between the angular momentum loss and the
initial values are di↵erent in the CM and rest frames,
even in the large mass ratio, i.e. m1 � m2. Both fea-
tures can be seen easily from the matter point of view
using the RR force. Relative to the binary’s initial state,
the final state has a smaller impact parameter but the
same energy. This implies the radiated energy vanishes
but not the angular momentum. In addition, the leading
2.5PN RR force exerts the same acceleration between the
two particles for any mass ratio. So the recoil from the
heavy particle cannot be ignored. Therefore, the results
do not have to coincide in the CM and rest frames in the
large mass ratio, in contrast to the conservative e↵ects.

Perturbative results at O(G3). The O(G3) correction to
J
µ⌫ also contains an interference contribution between

the initial state memory and the soft limit of T µ⌫(k) in
Eq. (8). At this order, one needs the O(G2) correction to
the momentum impulses. These are comprised of trans-
verse components, given by the O(G2) scattering angle,
and longitudinal ones, which are related to the square of
the O(G) scattering angle.

The finite energy contribution to J
µ⌫ at O(G3) comes

from inserting (E1) at O(G
3
2 ) into Eq. (3). To evaluate

this integral, we work in the rest frame, expand the in-
tegrand order by order in small velocity, p1 ⌘

p
�2 � 1,

and integrate each individual term. Using this method,
we computed the non-relativistic expansion of J

12
rest at

O(G3) to O(p60
1). To re-sum the velocity series, we

constructed an ansatze by dressing the same transcen-
dental functions appearing in the expression for P

µ at
O(G3) [56] with rational functions of � multiplied by un-
known coe�cients. The ansatze can be fixed by matching
the series to O(p54

1), and agrees with the remaining terms

I(�) = �
16
3

+
2�2

�2 � 1
+

(2�2
� 3)

�2 � 1

�arcsinh
⇣q

��1
2

⌘

p
�2 � 1

E(�)
⇡

= f1 + f2 log

✓
� + 1
2

◆
+ f3

�arcsinh
⇣q

��1
2

⌘

p
�2 � 1

C(�)
⇡

= g1 + g2 log

✓
� + 1
2

◆
+ g3

�arcsinh
⇣q

��1
2

⌘

p
�2 � 1

D(�) =
3⇡(5�2

� 1)
8

I(�)

f1 =
210�6

� 552�5 + 339�4
� 912�3 + 3148�2

� 3336� + 1151

48(�2 � 1)3/2

f2 = �
35�4 + 60�3

� 150�2 + 76� � 5

8
p
�2 � 1

f3 =
(2�2

� 3)(35�4
� 30�2 + 11)

8(�2 � 1)3/2

g1 =
105�7

� 411�6 + 240�5 + 537�4
� 683�3 + 111�2 + 386� � 237

24(�2 � 1)2

g2 =
35�5

� 90�4
� 70�3 + 16�2 + 155� � 62

4(�2 � 1)

g3 =
�(2�2

� 3)(35�5
� 60�4

� 70�3 + 72�2 + 19� � 12)
4(�2 � 1)2

TABLE I. Functions specifying Pµ [56] and Jµ⌫ at O(G2) and
O(G3). These are provided in an ancillary file [? ].Add anc
file.

in the O(p60
1) series. It would be interesting to verify the

series to all orders in velocity using modern integration
methods [28–31]. As a cross check, we reproduced the
results for P

µ obtained in Ref. [56] using this procedure.
The results for J

µ⌫ at O(G3) in the rest frame are

J
12
rest,3 = bm1m

2
2 (m1C(�) + (m1 + m2)D(�)) ,

J
01
rest,3 = �bm1m2(m

2
1 � m

2
2)

�
2
1

p
�2 � 1

I(�) (13)

where C(�) and D(�) (see Table I) correspond to the
finite energy and interference contributions. Using the
maps in Eqs. (B5) and (C3), we fix Fi,3, Gi,3 and H12,3

by matching to P
µ [56] and Eq. (13):

F2,3 =
m

2
1m2

� + 1
E(�), F3,3 = 0 ,

G2,3 =
m1m2
p

�2 � 1

h
m1C(�) + (m1 + m2)D(�)

�
(m2 + m1�)

M2h2

m1m2

p
�2 � 1E(�)

� + 1

i
, (14)

H12,3 = �b(m2
1 � m

2
2)

�
2
1

�2 � 1
I(�),

where h =
p

(1 + 2⌫(� � 1)).
The form factors in Eq. (14) and Eqs. (B4) and (B5)

can be used to translate the rest frame results into CM
ones. For instance,

J
12
CM,3

JCM
=

⌫M
3

p1

h
C(�) + 2D(�) �

⌫p1E(�)

h2

i
. (15)

where
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(10.10)
The variables used in Eq. (10.10) are defined below Eq. (9.3) and in Appendix A. Note that plugging
in c1 and c2 into the IR divergent integrals in Eq. (10.6) exactly reproduces the IR divergent integrals
in Eq. (9.3). This explicitly demonstrates the cancellation of IR artifacts in the matching between
full theory and the EFT.

The Hamiltonian in Eq. (10.8) contains a mass singularity, reflecting the mass singularity in the
amplitude (9.3). Taking both masses small, the arcsinh term in c3 dominates and gives

H
3PM(p, r) æ ≠64 G

3p4

|r|3 ln m1m2

4p2
+ · · · = ≠4 G

3
s

2

|r|3 ln m1m2

s
+ · · · , (10.11)

where we display only the singular term. As we explain in Sec. 12, this singularity is consistent with
the known absence of collinear singularities in gravitational theories [79] because the small mass
and small momentum transfer limits do not commute.

11 Consistency Checks
Our calculation of the 3PM Hamiltonian exploits a number of novel techniques. To validate the
result, we have performed several consistency checks against known results such as the 4PN Hamil-
tonian, the Schwarzschild solution, and the 4PN and 2PM scattering angles. These are of course
not all independent but nevertheless it is satisfying to reproduce multiple results in the literature.

As shown in Fig. 1, the overlap between our 3PM Hamiltonian and the 4PN Hamiltonian pro-
vides a nontrivial check. However, Hamiltonians depend on the choice of coordinates and cannot
be directly compared. In Sec. 11.1, we construct a canonical transformation that relates our 3PM
Hamiltonian in Eq. (10.8) and the 4PN Hamiltonian in Ref. [17], thus demonstrating their equiva-
lence in the overlap region.

Alternatively, we may check the equivalence between Hamiltonians by comparing scattering
amplitudes, which encode only physical information and are independent of the gauge choice. In

99

H(r, p2)
<latexit sha1_base64="7JZXWi2s6Mdl9w+LzPVz2seaqh4="></latexit>



• Can zero-energy radiation carries angular momentum? 

• Is radiated angular momentum infrared finite  
(due to 1/r potential in 4D)? 

• Are distribution functions (e.g. delta functions) well-defined? 

• Is there BMS ambiguity on angular momentum?

Common concerns

Need to analyze each question by calculation 
scalar, EM, gravity

….[Veneziano, Vilkovisky]



Common concerns
• Scalar theory: fixed spacetime & no gauge 

• Momentum space formula: 

• Position space calculation 

• Radiation reaction force 

• Not derived from 1/r expansion and applies to arbitrary trajectory 

• Bini-Damour relation on N=8 
 
 

For angular momentum, we will use
ˆ

d3xe≠i(k1≠k2)·xxj = ≠ie≠i(Ê1≠Ê2)t ˆ

ˆkj
1

1
”̂(k1 ≠ k2)

2
(80)
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ˆkj
1

1
e≠i(Ê1≠Ê2)t . . .

2
(81)
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A

t
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1
Ê1

+ i
ˆ

ˆkj
1

B

(82)
ˆ

d3xe≠i(k1≠k2)·xt = t ”̂(k1 ≠ k2) (83)

Note that Ê is a function of k. If we treat kµ as a four vector

ˆ

ˆkj
= ˆ

ˆkj
+ kj

Ê

ˆ
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(84)

This ensures that

ˆ

ˆkj
(k2) =

A
ˆ

ˆkj
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Ê

ˆ

ˆÊ

B

(k2) = 0 (85)

Following similar step as in P µ and the above identities

Jµ‹ =
ˆ

Êdk (4fiJ(k))ú
1
ik[µˆ‹]

2
(4fiJ(k)) (86)

Note that the ≠÷µ‹ 1
2(ˆ„)2 in T µ‹ does not contribute at all.

4.2 Momentum space result

The current can be separated as the free and the kink

4fiJ(k) =
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—
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by matching to Eq. (19) Using the general formula for Jµ‹
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2

gular momentum of matter is equal to that carried away
by radiation. The radiated linear and angular momen-
tum in the final state are given by

P
µ =

Z
d3

x T
µ0

, J
µ⌫ =

Z
d3

x x
[µ

T
⌫]0

, (1)

where T
µ⌫ is the stress-energy tensor of the radiation,

a
[µ

b
⌫]

⌘ a
µ
b
⌫
� a

⌫
b
µ, and the integrals are over all space

at a fixed time. The global conserved charges are invari-
ant under improvement terms in T

µ⌫ [61].
Gravitational radiation is defined as the fluctuation

around flat space gµ⌫ = ⌘µ⌫ +
p

32⇡G hµ⌫ . In what
follows, we use the mostly-minus convention. Asymp-
totically, the radiation can be decomposed into on-shell
plane waves labeled by k

µ = (!,k), where ! is the en-
ergy, boldface k denotes spatial momentum, and k

2 = 0.
The radiation field written in terms of the stress-energy
pseudotensor T

⇢�(k) is

hµ⌫(x) =
p

8⇡G

Z
fdk

�
Pµ⌫⇢� T

⇢�(k) e
�ik·x + c.c.

�
, (2)

where Pµ⌫⇢� is the gauge-dependent transverse traceless

projection and fdk = dD�1k
(2⇡)D�12! is the Lorentz invariant

phase space measure. In de Donder gauge, one replaces
Pµ⌫⇢� with 1

2 (⌘µ⇢⌘⌫� + ⌘µ�⌘⌫⇢) �
1

D�2⌘µ⌫⌘⇢�. Crucially,
T

⇢�(k) contains both matter and radiation contributions
and is conserved on shell, i.e. k⇢T

⇢�(k) = 0. One can
always find such a T

⇢�(k) [62]. Note, Eq. (2) is invari-
ant under the residual gauge transformation T

µ⌫(k) !

T
µ⌫(k) + k

µ
✏
⌫(k) + k

⌫
✏
µ(k) where ✏(k) · k = 0.

Using Einstein’s equations, it is straightforward to re-
late T

µ⌫ to the radiation field. Combining Eqs. (1), (2),
and the expression for T

µ⌫ in terms of hµ⌫(x), we obtain
the main formulae of this paper,

P
µ = 8⇡G

Z
fdk k

µ

✓
T

⇤⇢�(k)T⇢�(k) �
T

⇤⇢
⇢ (k)T �

� (k)

D � 2

◆
,

J
µ⌫ = 8⇡G

Z
fdk

⇣
T

⇤⇢�(k)Lµ⌫
T⇢�(k) �

T
⇤⇢
⇢ (k)Lµ⌫

T
�
� (k)

D � 2

+ 2i T
⇤⇢[µ(k)T ⌫]

⇢(k)
⌘
, (3)

where L
µ⌫

⌘ ik
[µ

@
⌫]. Note the absence of any explicit

time dependence. Crucially, the formula for J
µ⌫ is writ-

ten in terms of the stress-energy pseudotensor, rather
than the transverse-traceless components of the radia-
tion field used in the standard formula [56], which means
our results are also applicable to the static mode. This
completes the set of expressions for the radiated Poincare
charges. Since the stress-energy pseudotensor can be de-
rived directly from on-shell amplitudes using the KMOC
framework [15, 16], our formulation for J

µ⌫ meshes well
with the QFT-based approach. Analogous formulæ for
P

µ and J
µ⌫ in classical electromagnetism are given in

Appendix A.
The expressions in Eq. (3) are highly constrained by

gauge invariance and the Poincare algebra. The relative

x
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y
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FIG. 1. The initial configuration of the binary system. The
spatial momenta of the two particles are along the x direction,
and the impact vectors bµ1,2 are along the y direction.

factor between the first and last terms in the J
µ⌫ inte-

grand is fixed by invariance under residual gauge trans-
formations. These terms are sometimes referred to as
the orbital and spin contributions. However, only their
combination is gauge invariant, implying that individu-
ally, they have no physical meaning [63]. The Poincare
algebra imposes the following transformations under the
translation x

µ
! x

µ + a
µ,

P
µ
! P

µ
,

J
µ⌫

! J
µ⌫ + a

[µ
P

⌫]
. (4)

Since T
µ⌫(k) ! T

µ⌫(k)eik·a under translations, the ex-
pressions in Eq. (3) indeed obey Eq. (4).

Form Factor Parametrization. Consider the scatter-
ing of two massive spinless particles. By parametrizing
P

µ and J
µ⌫ in terms of the initial data, one can de-

rive additional constraints on them using the Poincare
algebra. The particles are labeled by a Roman sub-
script i = 1, 2 and mi, p

µ
i , and b

µ
i correspond to the

particle’s mass, initial momentum and impact vector,
which, as depicted in Fig. 1, obey pi · bj = 0. In ad-
dition, it is useful to define the relative impact vec-
tor �b

µ
⌘ b

µ
2 � b

µ
1 , its magnitude b ⌘

p
��b2, and

b̄
µ

⌘ (p1 · (p1 + p2) b
µ
1 + p2 · (p1 + p2) b

µ
2 )/(p1 + p2)2.

The Lorentz-invariant variables are then mi, b, and the
relative boost � ⌘ p1 · p2/(m1m2).

We find that the most general forms of P
µ and J

µ⌫

consistent with Lorentz covariance, the Poincare con-
straints (4), and particle interchange symmetry are

P
µ = F1p

µ
1 + F2p

µ
2 + F3�b

µ
,

J
µ⌫ = b̄

[µ
⇣
F1p

⌫]
1 + F2p

⌫]
2 + F3�b

⌫]
⌘

(5)

+ �b
[µ
⇣
G1p

⌫]
1 � G2p

⌫]
2

⌘
+ H12 p

[µ
2 p

⌫]
1 ,

where Fi, Gi, H12 are form factors that are functions of
the Lorentz invariants m1, m2, �, b. Particle interchange
symmetry implies that the form factors satisfy

F1
m1$m2= F2, G1

m1$m2= G2,

F3
m1$m2= �F3, H12

m1$m2= �H12, (6)

[Di Vecchia, Heissenberg, Russo]

Sint = g

Z
d⌧�(x(⌧))
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gular momentum of matter is equal to that carried away
by radiation. The radiated linear and angular momen-
tum in the final state are given by

P
µ =

Z
d3

x T
µ0

, J
µ⌫ =

Z
d3

x x
[µ

T
⌫]0

, (1)

where T
µ⌫ is the stress-energy tensor of the radiation,

a
[µ

b
⌫]

⌘ a
µ
b
⌫
� a

⌫
b
µ, and the integrals are over all space

at a fixed time. The global conserved charges are invari-
ant under improvement terms in T

µ⌫ [61].
Gravitational radiation is defined as the fluctuation

around flat space gµ⌫ = ⌘µ⌫ +
p

32⇡G hµ⌫ . In what
follows, we use the mostly-minus convention. Asymp-
totically, the radiation can be decomposed into on-shell
plane waves labeled by k

µ = (!,k), where ! is the en-
ergy, boldface k denotes spatial momentum, and k

2 = 0.
The radiation field written in terms of the stress-energy
pseudotensor T

⇢�(k) is

hµ⌫(x) =
p

8⇡G

Z
fdk

�
Pµ⌫⇢� T

⇢�(k) e
�ik·x + c.c.

�
, (2)

where Pµ⌫⇢� is the gauge-dependent transverse traceless

projection and fdk = dD�1k
(2⇡)D�12! is the Lorentz invariant

phase space measure. In de Donder gauge, one replaces
Pµ⌫⇢� with 1

2 (⌘µ⇢⌘⌫� + ⌘µ�⌘⌫⇢) �
1

D�2⌘µ⌫⌘⇢�. Crucially,
T

⇢�(k) contains both matter and radiation contributions
and is conserved on shell, i.e. k⇢T

⇢�(k) = 0. One can
always find such a T

⇢�(k) [62]. Note, Eq. (2) is invari-
ant under the residual gauge transformation T

µ⌫(k) !

T
µ⌫(k) + k

µ
✏
⌫(k) + k

⌫
✏
µ(k) where ✏(k) · k = 0.

Using Einstein’s equations, it is straightforward to re-
late T

µ⌫ to the radiation field. Combining Eqs. (1), (2),
and the expression for T

µ⌫ in terms of hµ⌫(x), we obtain
the main formulae of this paper,

P
µ = 8⇡G

Z
fdk k

µ

✓
T

⇤⇢�(k)T⇢�(k) �
T

⇤⇢
⇢ (k)T �

� (k)

D � 2

◆
,

J
µ⌫ = 8⇡G

Z
fdk

⇣
T

⇤⇢�(k)Lµ⌫
T⇢�(k) �

T
⇤⇢
⇢ (k)Lµ⌫

T
�
� (k)

D � 2

+ 2i T
⇤⇢[µ(k)T ⌫]

⇢(k)
⌘
, (3)

where L
µ⌫

⌘ ik
[µ

@
⌫]. Note the absence of any explicit

time dependence. Crucially, the formula for J
µ⌫ is writ-

ten in terms of the stress-energy pseudotensor, rather
than the transverse-traceless components of the radia-
tion field used in the standard formula [56], which means
our results are also applicable to the static mode. This
completes the set of expressions for the radiated Poincare
charges. Since the stress-energy pseudotensor can be de-
rived directly from on-shell amplitudes using the KMOC
framework [15, 16], our formulation for J

µ⌫ meshes well
with the QFT-based approach. Analogous formulæ for
P

µ and J
µ⌫ in classical electromagnetism are given in

Appendix A.
The expressions in Eq. (3) are highly constrained by

gauge invariance and the Poincare algebra. The relative

x
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FIG. 1. The initial configuration of the binary system. The
spatial momenta of the two particles are along the x direction,
and the impact vectors bµ1,2 are along the y direction.

factor between the first and last terms in the J
µ⌫ inte-

grand is fixed by invariance under residual gauge trans-
formations. These terms are sometimes referred to as
the orbital and spin contributions. However, only their
combination is gauge invariant, implying that individu-
ally, they have no physical meaning [63]. The Poincare
algebra imposes the following transformations under the
translation x

µ
! x

µ + a
µ,

P
µ
! P

µ
,

J
µ⌫

! J
µ⌫ + a

[µ
P

⌫]
. (4)

Since T
µ⌫(k) ! T

µ⌫(k)eik·a under translations, the ex-
pressions in Eq. (3) indeed obey Eq. (4).

Form Factor Parametrization. Consider the scatter-
ing of two massive spinless particles. By parametrizing
P

µ and J
µ⌫ in terms of the initial data, one can de-

rive additional constraints on them using the Poincare
algebra. The particles are labeled by a Roman sub-
script i = 1, 2 and mi, p

µ
i , and b

µ
i correspond to the

particle’s mass, initial momentum and impact vector,
which, as depicted in Fig. 1, obey pi · bj = 0. In ad-
dition, it is useful to define the relative impact vec-
tor �b

µ
⌘ b

µ
2 � b

µ
1 , its magnitude b ⌘

p
��b2, and

b̄
µ

⌘ (p1 · (p1 + p2) b
µ
1 + p2 · (p1 + p2) b

µ
2 )/(p1 + p2)2.

The Lorentz-invariant variables are then mi, b, and the
relative boost � ⌘ p1 · p2/(m1m2).

We find that the most general forms of P
µ and J

µ⌫

consistent with Lorentz covariance, the Poincare con-
straints (4), and particle interchange symmetry are

P
µ = F1p

µ
1 + F2p

µ
2 + F3�b

µ
,

J
µ⌫ = b̄

[µ
⇣
F1p

⌫]
1 + F2p

⌫]
2 + F3�b

⌫]
⌘

(5)

+ �b
[µ
⇣
G1p

⌫]
1 � G2p

⌫]
2

⌘
+ H12 p

[µ
2 p

⌫]
1 ,

where Fi, Gi, H12 are form factors that are functions of
the Lorentz invariants m1, m2, �, b. Particle interchange
symmetry implies that the form factors satisfy

F1
m1$m2= F2, G1

m1$m2= G2,

F3
m1$m2= �F3, H12

m1$m2= �H12, (6)

[Di Vecchia, Heissenberg, Russo]
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Appendix A: Radiated Linear and Angular
Momenta in Electromagnetism

In this appendix, we derive the analog of Eq. (3) in
electromagnetism (EM). The EM stress-energy tensor as-
sociated with the gauge field Aµ can be written as

T
µ⌫ = �F

µ
⇢F

⌫⇢ +
⌘
µ⌫

4
F

⇢�
F⇢�, (A1)

where Fµ⌫ = @[µA⌫] is the field strength. Once a gauge is
chosen, A

µ can be expressed in terms of the source cur-
rent using the classical Green’s function. In momentum
space, the gauge field is given by

Aµ(x) =

Z
fdk

�
Pµ⌫ J

⌫(k) e
�ik·x + c.c.

�
, (A2)

where J
⌫(k) is the conserved current satisfying

kµJ
µ(k) = 0, and Pµ⌫ is the gauge-dependent transverse

projector. In Lorentz gauge, one replaces Pµ⌫J
⌫(k) with

Jµ(k) in Eq. (A2). Like the stress-energy pseudotensor in
gravity, the EM source current exhibits a residual gauge
freedom: J

µ(k) ! J
µ(k) + ↵k

µ.
Combining Eqs. (1), (A1) and (A2), the EM expres-

sions for P
µ and J

µ⌫ are

P
µ =

Z
fdk k

µ (�J
⇤⇢(k)J⇢(k)) , (A3)

J
µ⌫ =

Z
fdk

�
� J

⇤⇢(k)Lµ⌫
J⇢(k) � iJ

⇤[µ(k)J ⌫](k)
�
.

Like in gravity, the explicit time dependence and gauge
choice drop out and we are left with expressions that
only depend on J

µ(k). This radiated angular momentum
formula is valid for radiation with arbitrary frequency.
As a consistency check, the formulæ Eq. (A3) are also
invariant under the residual gauge transformation and
obey the Poincare algebra (4).

Appendix B: Frame Choices and Form Factor
Expressions

In this appendix, we summarize the initial conditions
of the matter in the CM and rest frames. The two frames
are related by a boost along the x axis and a translation

along the y axis. In both frames, �b
µ = (0, 0, b, 0) as

depicted in Fig. 1.
In the CM frame, the initial conditions are

p
µ
1 = (E1, |p0|, 0, 0), p

µ
2 = (E2,�|p0|, 0, 0), (B1)

b
µ
1 = �

E2

E1 + E2
�b

µ
, b

µ
2 =

E1

E1 + E2
�b

µ
,

such that b̄
µ = 0. Here, Ei =

p
p2

0 + m
2
i denotes the ini-

tial energy of the scalars. The initial angular momentum
lies along the z direction with magnitude JCM = |p0|b.

In the rest frame, particle 1 is initially at rest and sits
at the origin,

p
µ
1 = (m1, 0, 0, 0), p

µ
2 = (�m2,�p1m2, 0, 0), (B2)

b
µ
1 = (0, 0, 0, 0), b

µ
2 = �b

µ
,

such that

b̄
µ =

m2(m2 + m1�)

M2h2
�b

µ
. (B3)

Recall that h ⌘
�
(p1 + p2)2/M2

� 1
2 =

p
1 + 2⌫(� � 1).

The magnitude of the initial angular momentum is
Jrest = p1m2b.

Given the initial conditions, the components of J
µ⌫

can be expressed in terms of form factors. The nontrivial
components in the CM frame are

J
12
CM = JCM(G1 + G2) ,

J
02
CM = b (G1E1 � G2E2) , (B4)

J
01
CM = m1m2p1H12 ,

and in the rest frame

J
12
rest = Jrest

✓
G2 +

m2(m2 + m1�)

M2h2
F2

◆
,

J
02
rest = b (G1m1 � G2m2�) (B5)

�
m2(m2 + m1�)b

M2h2
(F1m1 + F2m2�) ,

J
01
rest = m1m2p1H12 .

In particular, we can obtain all form factors by calcu-
lating P

µ, J
12
rest and J

01
rest and using the permutation re-

lations (6). Evidently, J
02
rest and the CM frame results

become consistency checks.

Appendix C: Perturbative Expansion in G

The PM expansion organizes terms in powers of G/b.
The coe�cients are accurate to all orders in the velocity.
We can expand the linear and angular momentum as

P
µ
X =

✓
G

b

◆3

P
µ
X,3 + . . . , (C1)

J
µ⌫
X =

✓
G

b

◆2

J
µ⌫
X,2 +

✓
G

b

◆3

J
µ⌫
X,3 + . . . , (C2)

[Sakeh, Vines, Steinhoff, Buonanno][Bern, Gatica, Herrmann, Luna, Zeng]

4 Angular momentum from momentum space
From the mode expansion we derive the formula in momentum space [Sign is o� again.]

J
ij =
ˆ

d�k

Ó
≠iA

úfl(k)
1
k

i
ˆkj ≠ k

j
ˆki

2
Afl(k) + i(Aú

i (k)Aj(k) ≠ A
ú
j(k)Ai(k))

Ô
, (85)

where we already include the complex conjugation pieces. The integrand of the spin terms reads

i(Aú
i (k)Aj(k) ≠ A

ú
j(k)Ai(k)) (86)

=(4fii)2 2fi”(Ê)
Ê

(≠2)
ÿ

a,b

� QaQb

(pa · k̂)(pb · k̂)

Ë
p

i
ap

j
b ≠ p

j
ap

i
b

È
(87)

The notation q
a,b � is the same as in position space. The orbital term is

≠ iA
úfl(k)

1
k

i
ˆkj ≠ k

j
ˆki

2
Afl(k) (88)

=(4fii)2 2fi”(Ê)
Ê

(+2)
ÿ

a,b

� QaQb(pa · pb)
(pa · k̂)(pb · k̂)2

Ë
k̂

i
p

j
b ≠ k̂

j
p

i
b

È
(89)

The integrand looks quite di�erent from position space, but I find the final results are the same.
[Modulo a factor of 4.]

Formulae with the correct sign from here.

J
ij =
ˆ

d�k

Ó
iA

úfl(k)
1
k

i
ˆkj ≠ k

j
ˆki

2
Afl(k) ≠ i(Aú

i (k)Aj(k) ≠ A
ú
j(k)Ai(k))

Ô
, (90)

which can be covariantize to

J
µ‹ =

ˆ
d�k {≠iA

úfl(k) (kµ
ˆ

‹
k ≠ k

‹
ˆ

µ
k ) Afl(k) ≠ i(Aúµ(k)A‹(k) ≠ A

ú‹(k)Aµ(k))} , (91)

5 RR Force Calculation
In Ref. [9] convention,

V =
A

e
2

4fi

B
q1q2

r
= –q1q2

r
(92)

such that the opposite sign is attractive. The EOM

m2ẍ2 = ≠Ò2V = –q1q2
r3 r + FALD,2 (93)

m1ẍ1 = ≠Ò1V = ≠
–q1q2

r3 r + FALD,1 (94)

where r © x2 ≠ x1.
The ALD force is

m
d

2
x

µ

d· 2 = 2
3–q

2 (...x µ
≠ ẋ

µ(...x ‹
ẍ‹)) (95)
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gular momentum of matter is equal to that carried away
by radiation. The radiated linear and angular momen-
tum in the final state are given by

P
µ =

Z
d3

x T
µ0

, J
µ⌫ =

Z
d3

x x
[µ

T
⌫]0

, (1)

where T
µ⌫ is the stress-energy tensor of the radiation,

a
[µ

b
⌫]

⌘ a
µ
b
⌫
� a

⌫
b
µ, and the integrals are over all space

at a fixed time. The global conserved charges are invari-
ant under improvement terms in T

µ⌫ [61].
Gravitational radiation is defined as the fluctuation

around flat space gµ⌫ = ⌘µ⌫ +
p

32⇡G hµ⌫ . In what
follows, we use the mostly-minus convention. Asymp-
totically, the radiation can be decomposed into on-shell
plane waves labeled by k

µ = (!,k), where ! is the en-
ergy, boldface k denotes spatial momentum, and k

2 = 0.
The radiation field written in terms of the stress-energy
pseudotensor T

⇢�(k) is

hµ⌫(x) =
p

8⇡G

Z
fdk

�
Pµ⌫⇢� T

⇢�(k) e
�ik·x + c.c.

�
, (2)

where Pµ⌫⇢� is the gauge-dependent transverse traceless

projection and fdk = dD�1k
(2⇡)D�12! is the Lorentz invariant

phase space measure. In de Donder gauge, one replaces
Pµ⌫⇢� with 1

2 (⌘µ⇢⌘⌫� + ⌘µ�⌘⌫⇢) �
1

D�2⌘µ⌫⌘⇢�. Crucially,
T

⇢�(k) contains both matter and radiation contributions
and is conserved on shell, i.e. k⇢T

⇢�(k) = 0. One can
always find such a T

⇢�(k) [62]. Note, Eq. (2) is invari-
ant under the residual gauge transformation T

µ⌫(k) !

T
µ⌫(k) + k

µ
✏
⌫(k) + k

⌫
✏
µ(k) where ✏(k) · k = 0.

Using Einstein’s equations, it is straightforward to re-
late T

µ⌫ to the radiation field. Combining Eqs. (1), (2),
and the expression for T

µ⌫ in terms of hµ⌫(x), we obtain
the main formulae of this paper,

P
µ = 8⇡G

Z
fdk k

µ

✓
T

⇤⇢�(k)T⇢�(k) �
T

⇤⇢
⇢ (k)T �

� (k)

D � 2

◆
,

J
µ⌫ = 8⇡G

Z
fdk

⇣
T

⇤⇢�(k)Lµ⌫
T⇢�(k) �

T
⇤⇢
⇢ (k)Lµ⌫

T
�
� (k)

D � 2

+ 2i T
⇤⇢[µ(k)T ⌫]

⇢(k)
⌘
, (3)

where L
µ⌫

⌘ ik
[µ

@
⌫]. Note the absence of any explicit

time dependence. Crucially, the formula for J
µ⌫ is writ-

ten in terms of the stress-energy pseudotensor, rather
than the transverse-traceless components of the radia-
tion field used in the standard formula [56], which means
our results are also applicable to the static mode. This
completes the set of expressions for the radiated Poincare
charges. Since the stress-energy pseudotensor can be de-
rived directly from on-shell amplitudes using the KMOC
framework [15, 16], our formulation for J

µ⌫ meshes well
with the QFT-based approach. Analogous formulæ for
P

µ and J
µ⌫ in classical electromagnetism are given in

Appendix A.
The expressions in Eq. (3) are highly constrained by

gauge invariance and the Poincare algebra. The relative

x
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FIG. 1. The initial configuration of the binary system. The
spatial momenta of the two particles are along the x direction,
and the impact vectors bµ1,2 are along the y direction.

factor between the first and last terms in the J
µ⌫ inte-

grand is fixed by invariance under residual gauge trans-
formations. These terms are sometimes referred to as
the orbital and spin contributions. However, only their
combination is gauge invariant, implying that individu-
ally, they have no physical meaning [63]. The Poincare
algebra imposes the following transformations under the
translation x

µ
! x

µ + a
µ,

P
µ
! P

µ
,

J
µ⌫

! J
µ⌫ + a

[µ
P

⌫]
. (4)

Since T
µ⌫(k) ! T

µ⌫(k)eik·a under translations, the ex-
pressions in Eq. (3) indeed obey Eq. (4).

Form Factor Parametrization. Consider the scatter-
ing of two massive spinless particles. By parametrizing
P

µ and J
µ⌫ in terms of the initial data, one can de-

rive additional constraints on them using the Poincare
algebra. The particles are labeled by a Roman sub-
script i = 1, 2 and mi, p

µ
i , and b

µ
i correspond to the

particle’s mass, initial momentum and impact vector,
which, as depicted in Fig. 1, obey pi · bj = 0. In ad-
dition, it is useful to define the relative impact vec-
tor �b

µ
⌘ b

µ
2 � b

µ
1 , its magnitude b ⌘

p
��b2, and

b̄
µ

⌘ (p1 · (p1 + p2) b
µ
1 + p2 · (p1 + p2) b

µ
2 )/(p1 + p2)2.

The Lorentz-invariant variables are then mi, b, and the
relative boost � ⌘ p1 · p2/(m1m2).

We find that the most general forms of P
µ and J

µ⌫

consistent with Lorentz covariance, the Poincare con-
straints (4), and particle interchange symmetry are

P
µ = F1p

µ
1 + F2p

µ
2 + F3�b

µ
,

J
µ⌫ = b̄

[µ
⇣
F1p

⌫]
1 + F2p

⌫]
2 + F3�b

⌫]
⌘

(5)

+ �b
[µ
⇣
G1p

⌫]
1 � G2p

⌫]
2

⌘
+ H12 p

[µ
2 p

⌫]
1 ,

where Fi, Gi, H12 are form factors that are functions of
the Lorentz invariants m1, m2, �, b. Particle interchange
symmetry implies that the form factors satisfy
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We find agreement
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Common concerns
• Can zero-energy radiation carries angular momentum? Yes 

• Is radiated angular momentum infrared finite  
(due to 1/r potential in 4D)? Yes 

• Are distribution functions (e.g. delta functions) well-defined? Yes 

• Is there BMS ambiguity on angular momentum? Maybe, I don’t know 

• But need to explain the match to ALD force in electromagnetism 

• Need to explain the match to Burke-Throne force in GR

All of above can be answered in scalar theory



Conservative Dynamics
• Impressive progress from both traditional and new methods 

• Higher order potential 
 
 

• Spin 
 

• Tidal effects

[Bern, Cheung, Parra-Martinez, Roiban, Ruf, CHS, Solon, Zeng] 
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[Bjerrum-Bohr, Cristofoli, Damgaard, Festuccia, Plante, Vanhove] [di Vecchia, Heissenberg, Russo, Veneziano] 
[Kosower, Maybee, O’Connell] [Damgaard, Haddard, Helset] [Jakobsen, Mogull, Plefka, Steinhoff] 
[Brandhuber, Chen, Travaglini, Wen] [Kol, O’Connell, Telem]….

[Vaidya] [Vines] [Guevara, Ochirov, Vines] [Chung, Huang, Kim, Lee] [Aoude, Haddard, Helset] 
[Bern, Luna, Roiban, CHS, Zeng][Bern, Kosmopoulos, Luna, Roiban, Teng] 
[Steinhoff, Levi] [Levi, Von Hippel, McLeod] [Liu, Porto, Yang] 
[Maybee, O’Connell, Vines] [Jakobsen, Mogull, Plefka, Steinhoff] [Chiodaroli, Johansson, Pichini]…
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See Snowmass white paper [Buonanno, Khalil, O’Connell, Roiban, Solon, Zeng, 2204.05194]  
and many other talks in this program


