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| . Waves on the basilar membrane
and in the fluid



Geometry of the cochlea

Three fluid-filled chambers:
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Waves in the cochlea
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Waves in the cochlea
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Waves in the cochlea
/ fluid density
Wave equation: AP = —w*p Kk p?

\ fluid compressibility

Boundary condition ~ 1/ oy -q
at the membrane: /V B E(p P ) 0

<
\ membrane

impedance

membrane
velocity



Waves in the cochlea

/ fluid density
(1,2)

Wave equation: A" = -w’p K p

\ fluid compressibility

Boundary condition ~ 1 /. .
Y V=E(p(2)_p(l))

at the membrane: / z=0
\ membrane
membrane .
. impedance
velocity
Two solutions:
|. Symmetric: pV=p®? => no membrane displacement,
‘fast’ sound wave
2. Antisymmetric:  p’ =-p*

p" = pcosh[k(z—h)]e™ +c.c.

ktanh[kh]=-2ip,w / Z => ‘slow’ wave



The ‘slow’ wave: particle motion
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Digression: monster waves
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Digression: monster waves
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History: Bekesy and Lighthill

THE JOURNAL OF THE ACOUSTICAL SOCIETY OF AMERICA

VOLUME 19, NUMBER 3 MAY, 1947

The Variation of Phase Along the Basilar Membrane with Sinusoidal Vibrations*

GEORG V. BEKEsy
Budapest, Hungary

Stroboscope
openings

Rotating shutter
with slits

F1G. 3. Rotating shutter and diaphragm of the phase
stroboscope. Slits in the rotating shutter pass over the sine-
shaped opening. Phase angle can be adjusted by moving
the phase shifter with the sine-shaped opening. For 3x/2
read 2r; for 1.5 read 3«7/2.

J. Fluid Mech. (1981), vol. 106, pp. 149-213
Printed in Great Britain

Energy flow in the cochlea

By JAMES LIGHTHILL
University College London

With moderate acoustic stimuli, measurements of basilar-membrane vi|
cially, those using a Mossbauer source attached to the membrane) dem
(1) a high degree of asymmetry, in that the response to a pure tone fz
sharply above the characteristic frequency, although much more gradu
(i) asubstantial phase-lagin that response, and one which increases r
up to the characteristic frequency;
(iii) a response to a ‘click’ in the form of a delayed ‘ringing’ osci
characteristic frequency, which persists for around 20 cycles.
This paper uses energy-flow considerations to identify which features
matical model of cochlear mechanics are necessary if it is to reproduce
mental findings.
The response (iii) demands a travelling-wave model which incorpo
lightly damped resonance. Admittedly, waveguide systems including 1
described in classical applied physics. However, a classical wavegui

‘PDﬂDI‘fR a $raxvalline sxrasra $htvea nansrardinag 1+ Indn a gtanﬂino' xXvauve AP.VO



2. Passive and active resonance;
Hopf bifurcation



Mechanical oscillator

response of a membrane

segment (displacement X) Resonance at

2 —
md, X +50,X + KX = Ap 0 =

to forcing (pressure p):
/LN

mass damping stiffness area

Thus, for example, it is known that the largest church-bells may be set in motion
by a man, or even a boy, who pulls the ropes attached to them at proper and regular
intervals, even when their weight of metal is so great that the strongest man could
scarcely move them sensibly, if he did not apply his strength in determinate
periodical intervals. When such a bell is once set in motion, it continues, like a
struck pendulum, to oscillate for some time, until it gradually returns to rest, even
if it is left quite by itself, and no force is employed to arrest its motion. The
motion diminishes gradually, as we know, because the friction on the axis and the
resistance of the air at every swing destroy a portion of the existing moving force.

Helmholtz (1954) On the Sensations of Tone



Damping, quality factor and temporal response

1000
Q=400
Sharpness of resonance
measured by quality factor Q: 1001
Q =\ Km /& '§ 10—
&
:
s
1 _
(0=05
(critical damping)
01— .
| l | | l l l l
-20  -1'5  -1.0 =05 0 +05  +0  +I5  +20
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50+ | (=400
Oscillator responds slower to _
. : 100 40 L
forcing for higher value of Q
= 830 0=25
£ 10 20
101 0=4
P
Gold and Pumphrey (1948)
1 0 | L. ] I _ | ] |
10 20 30 40

Proc. Roy. Soc. Lond. B

time (msec. for applied frequency of 5 kc./sec.)



Active oscillator?

hard to get from a passive

Psychacoustic
experiment:

Theshold for
detection of short
tone pulses

oscillator under water!
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Active oscillator?
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Hopf bifurcation

nonlinear response

mechanical oscillator:  md’ X + &) X + KX +h

nonlinear

(XaatX) = Ap

Wiggins (1990) Introduction to Applied Nonlinear Dynamical Systems and Chaos



Hopf bifurcation

nonlinear response

mechanical oscillator: math +5 X+KX+h . (X,0X)=Ap
can be written as 0, A2 0 1 X, g . (X, V)+ 0
Vv -K/m -&/m V Ap | m

with velocity V: V=0 X

Wiggins (1990) Introduction to Applied Nonlinear Dynamical Systems and Chaos



Hopf bifurcation

nonlinear response

mechanical oscillator: math +5 X+KX+h . (X,0X)=Ap
can be written as 0, A2 0 1 X, g . (X, V)+ 0
Vv -K/m -&/m V Ap | m

with velocity V: V=0 X

Theorem: can be transformedto d.W =(C +iw. )W — (v + iO’)‘W‘Z W+ P

Normal form of the Hopf bifurcation!

Wiggins (1990) Introduction to Applied Nonlinear Dynamical Systems and Chaos



Hopf bifurcation

oW = +iw )W —-(v+ iO)‘W‘z %4 normal form of the Hopf bifurcation
stable fixed point m Re[W] stable limit cycle
" Im[W]
\ v I Re[{]
Re[{]<0 Re[{]=0 Re[{]>0

Choe, Magnasco, Hudspeth (1998) Proc. Natl.Acad. Sci. USA; Camalet, Duke, Julicher Prost
(2000) Proc. Natl. Acad. Sci. USA; Eguiluz, Ospeck, Choe Hudspeth, Magnasco (2000) Phys.

Rev. Lett.; Duke and Julicher (2003) Phys. Rev. Lett.; Kern, Stoop (2003) Phys. Rev. Lett.;
Magnasco (2003) Phys. Rev. Lett.



3. Critical layer absorption and
WKB approximation



. ocal resonances in the cochlea
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WKB approximation and energy flow

ansatz for pressure at the membrane: p = p(x)exp —ifdx'k(x')
L0 _

VVKB approximation:
assume length scale at which impedance changes is long compared to wavelength
=> wave vector follows from local impedance:

k*(x)==2iwp, [ Z(x)h]
=> wavelength: A ~ \/E speed: ¢ ~ \/Z

amplitude: p ~4/Z



WKB approximation and energy flow

ansatz for pressure at the membrane: p = p(x)exp —ifdx'k(x')
L0 _

VVKB approximation:
assume length scale at which impedance changes is long compared to wavelength
=> wave vector follows from local impedance:

k*(x)==2iwp, [ Z(x)h]
=> wavelength: A ~ \/E speed: ¢ ~ \/Z

amplitude: p~3Z

=> energy flow is conserved:

energy flow ~pVc with V=p/Z

=> energy flow ~ p’c ~~Z~NZ /1 Z ~1



Critical-layer absorption
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Basilar-membrane vibration T
slows upon approachin o resonant
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Active wave

Combine traveling wave with nonlinear response of the
membrane near the resonance

(a) (b)

sublinear .
A — A active,
A o
279 onv SPL S >3 sublinear
2z @ mid SPL S > S
= : — G :
2 o[ MahsPL v< © o passive,
o O v O .
wnw =7 , > = ~ |1 linear
linear 1
: > >
Frequency f fo Sound-pressure level
(log scale) (log scale)

Duke and Julicher (2003) Phys. Rev. Lett.
Kern, Stoop (2003) Phys. Rev. Lett.
Magnasco (2003) Phys. Rev. Lett.



Amplification in the cochlea

I | | | | | | |
10000.0 E . = A
1000.0 E E
- - S 3 | xI,000
0] - - _
L 1000 -
£ =
£ g -
—>— 10dB SPL
2 100 F —o— 20 ;--V-
> - [ T 30 =
= |  —a— 40 5
a [ - o 50
o 10F —— 60 =
o) £ e e 70 o 3
B —{— 80 L 7]
...... T 90 _
01 F —v— 100 v =
i 1 | [ | [ | |
4 5 6 7 8 9 10 20

Frequency (kHz)

How can such a large gain
results from local amplification?

Robles and Ruggero (2001) Physiol. Rev.



Accumulation of amplification

red: active

black: passive Amplification accumulates
along the wave!
271070
S, |
a 10 & 1077
L
> 1 E 10-¢
¢ 0 g 107
o =
g 10—2 2 10—10
& 3
o — 1071
1093 ! | I . _8 b
0 00501015 0202 O 0 0.05 0.1 0.15 0.2 0.25

Relative position /L Relative position /L

Reichenbach and Hudspeth (2010) Phys. Rev. Lett.



Experimental test of gain accumulation

Photo-Inactivation of the active process in specific cochlear regions in a
chinchilla through 4-acidosalicylate

—
-
o

—
o
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Sensitivity (mm-s-1-Pa"")
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1 I 1 I 1 1 1 1
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100+

10 4

U/

0 200 400 600

10 5

1

0 200 400 600
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—

Fisher, Nin, Reichenbach, Uthaiah and Hudspeth (2012) Neuron

local inactivation

~ inactive (anoxia)



4. Micromechanics of the organ of
Corti at low frequencies



Cochlear mechanics at high and at low frequencies

| | l [ |
¢ CF=9 kHz

1000

d/ CF=0.5 kHz

=
o
Q

—

Sensitivity (mm/s/Pa)
| IIIIII| [ Illf: | lIIIIII|

0.01 | | | | | | | | | |
0.5 1 1.5 2 05 1 1.5 2

Frequency normalized to CF
Much less gain and broader resonance at low frequencies!

Robles and Ruggero (2001) Physiol. Rev.



Tuning curves of auditory nerve fibers

Base ;4 kHz Apex

~ 10,000 auditory-
nerve fibers
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Tuning curves of auditory nerve fibers

Base ;0 kHz Apex

.)
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nerve fibers

fo < 1.9 kHz 1.9 kHz < fO < 4.7 kHz fo > 4.7 kHz
A B C
| ' | ' | ' | T ' I ' I T I ' T ' I '
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) —— 505
L ] i ]
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| _ _ | —— 6000 -
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© N 74 T 1 - 12000 \
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Octaves re CF Octaves re CF Octaves re CF

.. - , Temchin, Rich, Ruggero,
Critical-layer absorption violated! J. Neurophysiol. (2008)



Micromechanics of the Organ of Corti

Cross-section of the organ of Corti Micromechanical model

(a) (b)
retlcular lamina hair-bundle

tectorial complex
D membrane

tectorial

membrane {6}

basilar membrane

\ reticular

lamina

basilar membrane

Reichenbach & Hudspeth, Rep. Prog. Phys. (2014)



Amplification
mechanisms

passive



Amplification
mechanisms

Active hair-bundle
motility

BM

passive



Amplification
mechanisms

Active hair-bundle
motility

passive active hair-bundle
motility



Amplification
mechanisms

Active hair-bundle
motility

Electromotility

passive active hair-bundle
motility



Amplification
mechanisms

Active hair-bundle
motility

Electromotility

passive active hair-bundle unidirectional
motility amplification



Model for unidirectional amplification

Hair—bundle
complex




Model for unidirectional amplification

Hair—bundle
complex

XEE = —aXgB



Model for unidirectional amplification

Hair—bundle
complex




Model for unidirectional amplification

Hair—bundle
complex

A:<ZHB+(1‘|‘04)ZD+ZC —Zp — 4¢ )

C—(l +a)Zp — ZC) ZBM + 4p + Zc

V

— (0 at &*:_1_ZC/ZD




Model for unidirectional amplification

Hair-bundle Internal force
complex

‘ 8

op

ouple
X

dnoo

External force

Zug + (1 + o) Zp + Zc —Zp — Zc¢

A= ( (—(1+a)Zp — Zc ) ZBM+ZD+ZC>

\/

= (0 at Oé*:—l—Zc/ZD



Model for unidirectional amplification

Hair-bundle Internal force
complex

£ 0

op

ouple
X

dnoo

External force

1 Fi ~ depends nonlinearly
27T’Lf Fext on X!

y Zup + (1 +a)Zp + Zc —Z4p — Z¢
C—(l +a)Zp — ZC) ZBM + 4p + Zc

\/

— (0 at Oé*:—l—Zc/ZD




Cochlear mechanics

20 kHz 20 Hz

«P> 4
v

>

Critical-layer
absorption

Displacement

<

T. Reichenbach & A. J. Hudspeth, PNAS (2010), Phys. Rev. Lett. (2010)



Cochlear mechanics

20 kHz 1 kHz 20 Hz

|
|
|
|
T A I
q) I ° °
: | Critical-layer
° | absorption
ol 4 :
: Hair-bundle motion,
- : nonlinear
54 -
£ ! Unidirectional
() o o
s amplification
ay Basilar-membrane

motion, linear
P

position r ~35mm

O0mm

T. Reichenbach & A. J. Hudspeth, PNAS (2010), Phys. Rev. Lett. (2010)



Experimental results from the cochlear apex

Laser interferometry during 50 | Basilar membrane
electrical stimulation: & Salicylate
-
~ | e D R e AT S S o
o 0
: : n
Reissner's A
~membrane -50 ¢t

-5 25 0 25 5

50} Hensen cells

g Salicylate

o O

2 Washout
O ol Control

-5 25 0 2.5 5

Much larger motion at the Hensen cells as predicted CUrrent (uA)
by unidirectional amplification!

Warren, Ramamoorthy, Ciganovic, Zhang, Wilson, Reichenbach, Nuttall, Fridberger,
PNAS (2016)



Experimental results from the cochlear apex

. : %Reissner's
RESE S Membrane

‘\ - embrane Reticular

Lamina

Basilar
Membrane

800 - Basilar membrane 600 - Reticular lamina
Center of cochlea —
=S « Lateral wall =R
M - -
Optical = 400 = 400
coherence 2 2
tomography: s S
grapny. S 200 S 200
Q Q
2 2
&) o)
0 ( 2 0 M M " 2
-100 0 100 200 -100 0 100 200 300
Distance from peak (um) Distance from peak (um)

Warren, Ramamoorthy, Ciganovic, Zhang, Wilson, Reichenbach, Nuttall, Fridberger,
PNAS (2016)



Nonlinear deformation of the organ of Corti at the apex

- Experimental data from Prof. A Fridberger, University of
Linkoping

- Development of a geometric model for the deformation
of the organ

- Central assumption: cross-section remains constant

A Scala media s L TR
e

Tectorial membrane  Reticular
lamina Outer. Hensen's

o o N tunnel cells

TN \halr cells .

hair cell
% Deiter's
pillar ce \ S cells Basilar

membrane

ol B \\ -\ Aol aoad oo,
Scala tympani




Determining model parameters

- Model contains only two
parameters

- Model parameters can be
fixed through comparison with
experimental results

- Hensen cells move upward
when the outer hair cells
contract!
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Correct model predictions of deformation behavior

vy

A

50  Depth Oum 50 + Depth 80um
-50 -50 =
£ 5|
50 t Depth 20pm 50 + Depth 120um Q +
c c o 2+t +
-50 -50 O i
©
O] 1 2, %
50 + Depth 40um 50 + Depth 160u gl
©
g {V’W g 0 W g Orf
- -50 ¢t - : ) .
Z

: . 0 20 40 60 80 120 160
T|me Time (s) Organ of Corti depth (um)

R B

Displacements keep similar amplitude and polarity
‘under’ the arc of Hensen cells

Current

Current

Ciganovic,Warren, Fridberger and Reichenbach (2017) submitted



Nonlinearity in the hair-bundle’s amplitude

Operating point Oscillation around
operating point
0.04

—————————— aVaVaVva

-0.04 |

€(t) = €O+ €©9sin(2mft)

-0.08¢

-0.12¢

Reticular lamina displacement Dg, (€) (um)

I
I
|
|
|
|
|
|
I
I
|
|
|
|
. | .
-0.02 -001 0 001 0.02 Time t

Outer hair-cell contraction €

=> organ of Corti acts as an electromechanical transistor!

=> opens route for efferent nerve fibers to influence sound transmission by
regulating the length of the outer hair cells!

Ciganovic,Warren, Fridberger and Reichenbach (2017) submitted



Fluid flow in the subtectorial space

gk
/Mu,(eotzoi" it "

'**

™

i"d 4o

Evidence for net fluid flow between tectorial membrane and reticular lamina

Ciganovic, Wolde-Kidan and Reichenbach (2017) Sci. Rep.



Specialization in hair-bundle shape

Lubrication theory and computational fluid dynamics for flow across

a lattice of hair bundles

Pressure Velocity

i|

(m-s")

I 5.03e-05

10 - — - - - - A\
g ¥=0.05 ‘_MinimuT/ )
CU \ -‘ y
-5 .

2 10° Y=0.10 : - '
© — . — ‘
: g
> v=0.25
107 ~—~—_ ' 0.00
\ \ \ \ ..91 7777
60 100 140 180
0 (°)

Resistance minimal for opening angle of ca. 100°!

Ciganovic,Wolde-Kidan and Reichenbach (2017) Sci. Rep.



5. Otoacoustic emissions



Echoes from the ear

| ' I T [ : a
A scale ——I—i‘1 0™*Nm°
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e
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| | l | i —

0 10 20 30
milliseconds ps.t

Acoustic emission waveforms

Kemp (1978) J.Acoust. Soc. Am.



Distortion-Product Otoacoustic Emissions (DPOAEs)

L17 f1=708 kHz
Stimulation of the inner ear | f2=7.79 kHz
at two frequencies f| and f; |
1,000,

2f,~f4(CF)
=> Nonlinear response H |
yields combination tones
(distortion)

100} 2f4—f5 90 dB

| W V «MMM .

A

in particular at
2f, - f, and 2f; - f

Velocity (ym s 1)
o

Robles, Ruggero and Rich (1991) Nature



Generation and propagation of OAEs in the cochlea

~  2Iwp,

nonlinear wave equation: 97V — 7 V=-aV#V%V  cubic nonlinearity

2iwp,

V) = §(x - x
Zh (X = x)

Compute Green’s function V¢ that satisfies 9>V —




Generation and propagation of OAEs in the cochlea

nonlinear wave equation: 9’V - 21;}’100 V=-aV#V%V  cubic nonlinearity
(G ,x . (G ,x, 2i 7(G,x
Compute Green’s function V'“* that satisfies 9°V“* — z;)},lao V@) = §(x-x,)
- > . 1
(G,xq) _ —ik(x—Xx9) «,3 k — .
Ansatz V :f dkg(k)e yields g(k) AL (0 with

L(k) =[k* +2iwp, / (Zh)] ; L(k) = 0 is the dispersion relation



Generation and propagation of OAEs in the cochlea

nonlinear wave equation: 9’V - 21;}’100 V=-aV#V%V  cubic nonlinearity
(G x . 7(G ,x 2i 7(G ,x
Compute Green’s function V'“* that satisfies 9°V“* — z;)},lao V@) = §(x-x,)
~ > . 1
(G.,xy) — —ik(x—Xx9) «,3 k — .
Ansatz V :f dkg(k)e yields g(k) AL (0 with

L(k) =[k* +2iwp, / (Zh)] ; L(k) = 0 is the dispersion relation

Im[K]

Integral can be solved by shifting the
poles away from the real axis
(damping!) and complex integration

-k
=> ‘Feynman propagator’ k

0
°

~ Re[K]

0




Generation and propagation of OAEs in the cochlea

Solution to the nonlinear wave equation:

V(x)=-a [ dx,V @)V %V % V)(x,)

Green’s function cubic nonlinearity



Generation and propagation of OAEs in the cochlea

Solution to the nonlinear wave equation:

V(x)=-a [ dx,V @)V %V % V)(x,)

Green’s function cubic nonlinearity

Problem: implicit equation for the velocity!

Born approximation: V,(x) = —adeOV(G’xo)(x)(Vo £V #V )(x,)
with Vo solution to linear (passive) wave equation

Full solution: V= ‘70 n \71




Waves on Reissner’'s membrane
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T. Reichenbach, A. Stefanovic, F. Nin & A. J. Hudspeth, Cell Reports (2012)



Waves on Reissner’'s membrane
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Theory:

Experiment: Laser-interfero-
metric measurement

two wave modes on the two parallel
membranes

play a role in otoacoustic emission ‘\/\'.,“ >

T. Reichenbach, A. Stefanovic, F. Nin & A. J. Hudspeth, Cell Reports (2012)



f=| kHz:

f=2 kHz:

f=4 kHz:

f=8 kHz:




Dispersion relation
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constitute a mechanism for otoacoustic emissions:
T.Reichenbach, A. Stefanovic, F.Nin & A.J. Hudspeth, Cell Reports (2012)

another mechanism: waves on the cochlear bone:
T.Tchumatchenko &T.Reichenbach, Nat. Commun. (2014)



Conclusions
e Critical-layer absorption and nonlinear response can explain
high-frequency cochlear mechanics
* Traveling waves can accumulate gain
e Unidirectional amplification may occur at low frequencies

e Shape of hair bundles of outer hair cells may be specialized for
reducing resistance to cross-flow

* Generation and propagation of otoacoustic emissions can be
described by ‘classicized’ methods developed in quantum field
theory

e Reissner’s membrane may play a role in back-propoagation of
otoacoustic emissions



