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1. Waves on the basilar membrane 
and in the fluid
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Three fluid-filled chambers: 
scala vestibuli 
scala media 
scala tympani  



Waves in the cochlea
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Waves in the cochlea
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Consider oscillating pressures in chambers 1 and 2: p(1,2) = !p(1,2)eiωt + c.c.

single angular frequency ω



Δ!p(1,2) = −ω 2ρ0κ !p
(1,2)

V =
1
Z
p(2) − p(1)( )

z=0

Wave equation:

Boundary condition 
at the membrane:

membrane 
velocity

membrane 
impedance

Waves in the cochlea
fluid density

fluid compressibility



Δ!p(1,2) = −ω 2ρ0κ !p
(1,2)

V =
1
Z
p(2) − p(1)( )

z=0

Wave equation:

Boundary condition 
at the membrane:

membrane 
velocity

membrane 
impedance

Waves in the cochlea
fluid density

fluid compressibility

Two solutions: 

1. Symmetric:  

2. Antisymmetric: 

!p(1) = !p(2)

!p(1) = − !p(2)

k tanh[kh]= −2iρ0ω / Z

!p(1) = p̂cosh[k(z − h)]e−ikx + c.c.

=>  ‘slow’ wave

=> no  membrane displacement, 
     ‘fast’ sound wave
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The ‘slow’ wave: particle motion

Waves on a water surfaceDeep 
chambers:

Shallow 
chambers:



Digression: monster waves



Digression: monster waves



History: Bekesy and Lighthill



2. Passive and active resonance; 
Hopf bifurcation



Mechanical oscillator

Helmholtz (1954) On the Sensations of Tone

mass stiffnessdamping

Resonance at

area

response of a membrane
segment (displacement X)
to forcing (pressure p): ω0 = K /mm∂t

2X +ξ∂tX +KX = Ap



Damping, quality factor and temporal response

Gold and Pumphrey (1948)
Proc. Roy. Soc. Lond. B 

€ 

Q = Km /ξ

Sharpness of resonance 
measured by quality factor Q:

Oscillator responds slower to 
forcing for higher value of Q



Active oscillator?

R. J. Pumphrey and T. Gold (1947) Nature

Psychacoustic 
experiment:

Theshold for 
detection of short 
tone pulses

hard to get from a passive 
oscillator under water!



Active oscillator?

R. J. Pumphrey and T. Gold (1947) Nature
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Hopf bifurcation

mechanical oscillator:

Wiggins (1990) Introduction to Applied Nonlinear Dynamical Systems and Chaos

m∂t
2X +ξ∂tX +KX + hnonlinear (X,∂tX) = Ap

nonlinear response



Hopf bifurcation

mechanical oscillator:

Wiggins (1990) Introduction to Applied Nonlinear Dynamical Systems and Chaos

V = ∂tX

can be written as

with velocity V:
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Hopf bifurcation

mechanical oscillator:

Wiggins (1990) Introduction to Applied Nonlinear Dynamical Systems and Chaos

Theorem: can be  transformed to ∂tW = (ζr + iω*)W − (ν + iσ )W 2W +P

Normal form of the Hopf bifurcation!

V = ∂tX

can be written as

with velocity V:
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Hopf bifurcation

normal form of the Hopf bifurcation

Re[W]

Im[W]

Re[ζ]

Re[ζ]<0

Re[ζ]<0

Re[ζ]=0 Re[ζ]>0

∂tW = (ζ + iω*)W − (ν + iσ )W 2W +P

stable fixed point stable limit cycle

Choe, Magnasco, Hudspeth (1998) Proc. Natl. Acad. Sci. USA; Camalet, Duke, Jülicher Prost 
(2000) Proc. Natl.  Acad. Sci. USA; Eguiluz, Ospeck, Choe  Hudspeth, Magnasco (2000) Phys. 
Rev. Lett.; Duke and Jülicher (2003) Phys. Rev. Lett.; Kern, Stoop (2003) Phys. Rev. Lett.; 
Magnasco (2003) Phys. Rev. Lett.



3. Critical layer absorption and 
WKB approximation



Local resonances in the cochlea
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How do the local 
resonances shape the 
traveling wave?



WKB approximation and energy flow

!p = p̂(x)exp −i dx 'k(x ')
0

x

∫
#

$
%

&

'
(ansatz for pressure at the membrane:

WKB approximation:
assume length scale at which impedance changes is long compared to wavelength
=> wave vector follows from local impedance: 

k2 (x) = −2iωρ0 / [Z(x)h]

=> wavelength: λ ~ Z speed: c ~ Z

amplitude: p̂ ~ Z4



WKB approximation and energy flow

!p = p̂(x)exp −i dx 'k(x ')
0

x

∫
#

$
%

&

'
(ansatz for pressure at the membrane:

WKB approximation:
assume length scale at which impedance changes is long compared to wavelength
=> wave vector follows from local impedance: 

k2 (x) = −2iωρ0 / [Z(x)h]

=> wavelength: λ ~ Z speed: c ~ Z

amplitude: p̂ ~ Z4

=> energy flow is conserved:

energy flow ~         with    

   =>   energy flow ~ p2c ~ Z Z / Z ~1

pVc V = p / Z



Critical-layer absorption

Stiffness K

Mass m

Resonant
frequency f0

x0

Wave length λ

Velocity
amplitude

Longitudinal position x
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Basilar-membrane vibration 
slows upon approaching 
resonant position and peaks near 
it

Energy dissipation mostly in this 
‘critical layer’

traveling wave
(displacement/velocity)



Active wave
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Combine traveling wave with nonlinear response of the 
membrane near the resonance

Duke and Jülicher (2003) Phys. Rev. Lett.
Kern, Stoop (2003) Phys. Rev. Lett.
Magnasco (2003) Phys. Rev. Lett.



Robles and Ruggero (2001) Physiol. Rev.

x1,000

How can such a large gain 
results from local amplification?

Amplification in the cochlea



Accumulation of amplification

Reichenbach and Hudspeth (2010) Phys. Rev. Lett.

red: active
black: passive Amplification accumulates 

along the wave!



Experimental test of gain accumulation

Fisher, Nin, Reichenbach, Uthaiah and Hudspeth (2012) Neuron

active

local inactivation

inactive (anoxia)

Photo-Inactivation of the active process in specific cochlear regions in a 
chinchilla through 4-acidosalicylate



4. Micromechanics of the organ of 
Corti at low frequencies



Robles and Ruggero (2001) Physiol. Rev.

Cochlear mechanics at high and at low frequencies

Much less gain and broader resonance at low frequencies!



Tuning curves of auditory nerve fibers

Base Apex10 kHz

~ 10,000 auditory-
    nerve fibers

20

40

60

80

100

Th
re

sh
ol

d 
(d

B 
SP

L)

100 1000 10000
Frequency (Hz)

Temchin, Rich, Ruggero,
J. Neurophysiol. (2008)



Tuning curves of auditory nerve fibers

Base Apex10 kHz

~ 10,000 auditory-
    nerve fibers

Temchin, Rich, Ruggero,
J. Neurophysiol. (2008)
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Critical-layer absorption violated!



Micromechanics of the Organ of Corti

Reichenbach & Hudspeth, Rep. Prog. Phys. (2014)
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Cochlear mechanics

T. Reichenbach & A. J. Hudspeth, PNAS (2010), Phys. Rev. Lett. (2010)
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Cochlear mechanics

T. Reichenbach & A. J. Hudspeth, PNAS (2010), Phys. Rev. Lett. (2010)
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Experimental results from the cochlear apex

Warren, Ramamoorthy, Ciganovic, Zhang, Wilson, Reichenbach, Nuttall, Fridberger, 
PNAS (2016)

Laser interferometry during 
electrical stimulation:

Much larger motion at the Hensen cells as predicted 
by unidirectional amplification!



Experimental results from the cochlear apex

Optical 
coherence 
tomography:

Warren, Ramamoorthy, Ciganovic, Zhang, Wilson, Reichenbach, Nuttall, Fridberger, 
PNAS (2016)



Nonlinear deformation of the organ of Corti at the apex
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- Experimental data from Prof. A Fridberger, University of 
Linköping

- Development of a geometric model for the deformation 
of the organ

- Central assumption: cross-section remains constant



Determining model parameters
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Correct model predictions of deformation behavior

Displacements keep similar amplitude and polarity 
‘under’ the arc of Hensen cells

Ciganovic, Warren,  Fridberger and Reichenbach (2017) submitted



Nonlinearity in the hair-bundle’s amplitude

Outer hair-cell contraction 
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=> organ of Corti acts as an electromechanical transistor!

=> opens route for efferent nerve fibers to influence sound transmission by  
       regulating the length of the outer hair cells!

Ciganovic, Warren,  Fridberger and Reichenbach (2017) submitted



Fluid flow in the subtectorial space

Evidence for net fluid flow between tectorial membrane and reticular lamina

Ciganovic, Wolde-Kidan and Reichenbach (2017) Sci. Rep.

* **

IHC

OHC



Specialization in hair-bundle shape

Ciganovic, Wolde-Kidan and Reichenbach (2017) Sci. Rep.
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5. Otoacoustic emissions



Echoes from the ear

Kemp (1978) J. Acoust. Soc. Am.



Distortion-Product Otoacoustic Emissions (DPOAEs)

Robles, Ruggero and Rich (1991) Nature

Stimulation of the inner ear
at two frequencies f1 and f2

=> Nonlinear response 
yields combination tones 
(distortion)

in particular at
2f1 - f2  and  2f2 - f1



Generation and propagation of OAEs in the cochlea

nonlinear wave equation: cubic nonlinearity∂x
2 !V − 2iωρ0

Zh
!V = −α !V ∗ !V ∗ !V

V (G,x0 ) ∂x
2 V (G,x0 ) −

2iωρ0
Zh

V (G,x0 ) = δ(x − x0 )Compute Green’s function            that satisfies



Generation and propagation of OAEs in the cochlea

nonlinear wave equation: cubic nonlinearity∂x
2 !V − 2iωρ0

Zh
!V = −α !V ∗ !V ∗ !V

V (G,x0 ) ∂x
2 V (G,x0 ) −

2iωρ0
Zh

V (G,x0 ) = δ(x − x0 )Compute Green’s function            that satisfies

Ansatz                                       yields                       with V (G,x0 ) = dkg(k)e−ik (x−x0 )
−∞

∞

∫ g(k) = 1
2πL(k)

L(k) = [k2 + 2iωρ0 / (Zh)] ;               is the dispersion relation        L(k) = 0



Generation and propagation of OAEs in the cochlea

nonlinear wave equation: cubic nonlinearity∂x
2 !V − 2iωρ0

Zh
!V = −α !V ∗ !V ∗ !V

V (G,x0 ) ∂x
2 V (G,x0 ) −

2iωρ0
Zh

V (G,x0 ) = δ(x − x0 )Compute Green’s function            that satisfies

Ansatz                                       yields                       with V (G,x0 ) = dkg(k)e−ik (x−x0 )
−∞

∞

∫ g(k) = 1
2πL(k)

L(k) = [k2 + 2iωρ0 / (Zh)] ;               is the dispersion relation        L(k) = 0

Re[k]

Im[k]

-k0

k0

Integral can be solved by shifting the 
poles away from the real axis 
(damping!) and complex integration

=> ‘Feynman propagator’



Generation and propagation of OAEs in the cochlea

Solution to the nonlinear wave equation:

Green’s function cubic nonlinearity

!V (x) = −α dx0∫ !V (G,x0 ) (x)( !V ∗ !V ∗ !V )(x0 )



Generation and propagation of OAEs in the cochlea

Solution to the nonlinear wave equation:

Green’s function cubic nonlinearity

!V (x) = −α dx0∫ !V (G,x0 ) (x)( !V ∗ !V ∗ !V )(x0 )

Problem: implicit equation  for the velocity!

Born approximation: 

with V0 solution to linear (passive) wave equation

Full solution: 

!V1(x) = −α dx0∫ !V (G,x0 ) (x)( !V0 ∗ !V0 ∗ !V0 )(x0 )

V = V0 + V1



Waves on Reissner’s membrane

basilar membrane

hair
cells

Reissner’s membrane



Waves on Reissner’s membrane

basilar membrane

hair
cells

Theory:

two wave modes on the two parallel
membranes

play a role in otoacoustic emission 

T. Reichenbach, A. Stefanovic, F. Nin & A. J. Hudspeth, Cell Reports (2012)

Reissner’s membrane



Waves on Reissner’s membrane

basilar membrane

hair
cells

Theory:

two wave modes on the two parallel
membranes

play a role in otoacoustic emission 

T. Reichenbach, A. Stefanovic, F. Nin & A. J. Hudspeth, Cell Reports (2012)

Reissner’s membrane

Experiment: Laser-interfero-
metric measurement



f=1 kHz:

f=2 kHz:

f=4 kHz:

f=8 kHz:



Dispersion relation
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constitute a mechanism for otoacoustic emissions:
     T. Reichenbach, A. Stefanovic, F. Nin & A. J. Hudspeth, Cell Reports (2012)

another mechanism:  waves on the cochlear bone:
     T. Tchumatchenko & T. Reichenbach, Nat. Commun. (2014)



Conclusions

• Critical-layer absorption and nonlinear response can explain 
high-frequency cochlear mechanics

• Traveling waves can accumulate gain 

• Unidirectional amplification may occur at low frequencies

• Shape of hair bundles of outer hair cells may be specialized for 
reducing resistance to cross-flow

• Generation and propagation of otoacoustic emissions can be 
described by ‘classicized’ methods developed in quantum field 
theory

• Reissner’s membrane may play a role in back-propoagation of 
otoacoustic emissions


