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Macroscopic Ordinary Matter

For ordinary matter, there are so many different types



3

Macroscopic Dark Matter

Dark matter could be one type of matter made of dark 
particles

Macroscopic dark matter is a composite state and may 
contain many dark matter particles

Its mass could be much heavier than the Planck mass scale

Its detections could be dramatically from ordinary WIMP 
searches
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Macroscopic Dark Matter
Some recent interests: 

“Big Bang Darkleosynthesis”, Krnjaic and Sigurdson, 1406.1171

“Dark Nuclei”, Detmold, McCullough and Pochinsky, 1406.2276

“Big Bang Synthesis of Nuclear Dark Matter”, Hardy et. al, 
1411.3739

“Yukawa Bound States of a Large Number of Fermions”, Wise 
and Zhang, 1407.4121

“Early Universe synthesis of asymmetric dark matter nuggets”, 
Gresham, Lou and Zurek, 1707.02316

“Detecting Dark Blobs”, Grabowska, Melia and Rajendran, 
1807.03788

“Macro Dark Matter”, Jacob, Starkman and Lynn, 1410.2236

……
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Outline
Macroscopic dark matter models

Quark nuggets with  ρ1/4 ∼ ΛQCD

Dark quark nuggets with  ρ1/4 ∼ ΛdQCD

Others: QCD Axion star, PBH, dark monopole …

Electroweak symmetric dark matter ball with  ρ1/4 ∼ vEW

Detections

Lensing Gravitational waves

Direct Detection Other methods
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Quark Nuggets
Can we explain dark matter in the SM?

Hogan, ’1983; Farhi and Jaffe, ’1984; Alcock and Farhi, ’1985; Madsen, 
Heiselberg, Riisager, ’1986; Kajantie and Kurki-Suonio, ’1986; Olinto, 
’1987, ’1981; Alcock and Olinto, ’1989; …….
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Quark Matter
For Iron, the mass/baryon is MFe

AFe

⇡ 930MeV
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For the quark matter (in QCD deconfined phase), using the 
degenerate Fermi gas approximation2382 EDWARD FARHI AND R. L. JAFFE 30
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FIG. 1. Contours of fixed E/A in the B' -m plane for a, =0, 0.3, 0.6, and 0.9. The vertical line at the left of each figure is the

minimum B' for which nonstrange quark matter is unbound (see text). In (a) and (b) the nearly horizontal lines are contours of
fixed hadronic electric charge per baryon as marked. In (c) and (d) the dotted regions are regions of negative hadronic electric charge.
The grey shading around the 939 contour represents the same contour calculated using different renormalization schemes (see text).

These in turn provide an infrared cutoff for the QCD per-
turbation expansion inside quark matter, allowing one to
develop a renormalization-group-improved perturbation
eXpansion for quark matter. We use these methods to cal-
culate the 0(a, ) corrections to the properties of bulk
strange matter.
In all such schemes it is necessary to choose a renor-

malization point p, at which I=m(p) and o.,=a, (p) are
defined. In principle, observables are independent of p.
In practice, when o;, is not small and only first-order
corrections are included, the choice of p matters. %'e be-
lieve p should be identified with a mass scale typical of
the problem at hand (p) in order to eliminate large loga-
rithms (inplp) in higher orders. The same arguments are
used to motivate renormalizing at Q in deep-inelastic
processes. Earlier workers have chosen to renormalize the
quark mass "on shell, " i.e., p=m. Since the quark mass
enters into Q at zeroth order in a„achange in its renor-
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FIG. 2. (a) The bulk strangeness per baryon as a function of
the strange-quark mass for a, =O, 0.3, 0.6, and 0.9, all at
E/A =899 MeV. (b) The bulk baryon-number density as a
function of the strange-quark mass for o,, =0, 0.3, 0.6, and 0.9,
all at E/A =899 MeV.

Farhi and Jaffe, ’1984
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Formation from First-Order Phase 
Transition
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T > Tc
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T ~ Tc



12

Hadron Bubbles Grow
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Quark Nuggets Isolated
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Some Properties
Most of baryon numbers are stored in 
the quark matter

At      , the size of quark matter is 
⇠ dH/100
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The number of baryons inside one 
quark matter bubble is ⇠ 1038
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Tc
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As T drops, the vacuum pressure 
shrinks the QM bubble, but the baryon 
number stays (assuming it does not 
evaporate)

Eventually, the Fermi pressure 
balances the vacuum pressure

Hogan, ’1983
Kajantie and Kurki-Suonio, ’1986
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3 Flavor Quark Nugget Dark Matter
The chemical potential or the number density is related 
to 

nB ⇠ B3/4 ⇠ (150MeV)3
<latexit sha1_base64="xEtSHTYFgkQnnv0qWINR7xCnZRU="></latexit><latexit sha1_base64="xEtSHTYFgkQnnv0qWINR7xCnZRU="></latexit><latexit sha1_base64="xEtSHTYFgkQnnv0qWINR7xCnZRU="></latexit><latexit sha1_base64="xEtSHTYFgkQnnv0qWINR7xCnZRU="></latexit>

The mass of the 3FQM is 

The radius of the 3FQM is 

The density of the QM is similar to a Neutron Star, except 
with a much smaller radius

“micro Neutron Star”

M3FQM ⇠ 1014 g
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Figure 2: The phase diagram in physical units. Dotted line illustrates the crossover, solid line the
first order phase transition. The small square shows the endpoint. The depicted errors originate
from the reweighting procedure. Note, that an overall additional error of 1.3% comes from the
error of the scale determination at T=0. Combining the two sources of uncertainties one obtains
TE = 162 ± 2MeV and µE = 360 ± 40MeV.

The small change of the mass parameter on the line of constant physics (caused by the
change of the lattice spacing) slightly decreases the curvature.

The endpoint is at TE = 162± 2 MeV, µE = 360± 40 MeV. As expected, µE decreased
as we decreased the light quark masses down to their physical values (at approximately
three-times larger mu,d the critical point was at µE=720 MeV; see [8]).

The above result is a significant improvement on our previous analysis [8] by two
means. We increased the physical volume by a factor of three and decreased the light
quark masses by a factor of three. We carried out the whole analysis using four subsets of
our volumes (Ls = 6, 8, 10, Ls = 6, 8, Ls = 8, 10, 12 and Ls = 10, 12) and found that the
results changed only within their uncertainties. This fact indicates that the volumes of the
present study are large enough and that the finite volume analysis is reliable. We do not
expect finite size effects on µE. Clearly, more work is needed to get the final values. Most
importantly one has to extrapolate to the continuum limit.
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SM QCD Phase Diagram
if strange quark is massless, we 
have 1’st order transition

More general, once the number 
of massless quarks is above or 
equal to 3, the phase transition 
is first order

Re(µ) Re(β0) for V = 44 Re(β0) for V = 4 · 63

0. 4.988(1) 5.040(2)
0.05 4.987(1) 5.038(2)
0.1 4.983(1) 5.033(2)
0.15 4.977(1) 5.023(2)
0.2 4.968(1) 5.009(2)
0.25 4.955(2) 4.993(3)
0.3 4.938(2) 4.975(3)
0.35 4.924(3) 4.965(4)
0.4 4.920(4) 4.959(4)

Table 1: Lee-Yang zeros obtained at different µ values.

Figure 3: The phase diagram in the T -µ plane for nf = 4 QCD. The physical scale is set by mρ. In physical units mq ≈
25 MeV. The last point (µ ≈190 MeV) corresponds to our largest reweighted µ.

Table 1. gives the real parts of the Lee-Yang zeros. Only zeros with the smallest imaginary parts are listed. The real
parts of these zeros are usually used as a definition of the transition β at finite V. (Note, that the V→ ∞ limit of the
imaginary parts tells the order of the transition, cf. [18, 20].) Based on V=44 and 4 · 63 we estimated the V→ ∞ limit
by 1/V scaling. The critical β in this limit is used to transform the results to physical units.

It is of particular interest to determine the phase diagram of QCD on the T -µ plane. Though the lattices we used
are absurdly small and the spacing is quite large, it is illustrative to transform β, mq and µ into physical units. Several
parameters can be chosen to fix the scale, they give quite different values at our β couplings. In the present analysis we
fixed the scale by mρ=770 MeV. For small β values, studied by the present paper, mρ can be obtained by interpolating
between the strong coupling regime [21] and the early measurements [22]. Figure 3 shows the phase diagram in physical
units. The errorbars indicate the statistical uncertainties reached on our sample of only O(103 − 104) configurations.
Note, that Lt=4 lattices with the above definition of the scale restrict T to be larger than approximately 100 MeV (for
clarity we used this value at the origin).

4 Conclusions, outlook

We proposed a method –an overlap improving multi-parameter reweighting technique– to numerically study non-zero µ
and determine the phase diagram in the T -µ plane. We applied this technique for nf=4 QCD with dynamical staggered
quarks. We showed that for Im(µ)%=0 the predictions of our method are in complete agreement with the direct simulations,
whereas the Glasgow method suffers from the well-known overlap problem. Based on rather small statistics we were able
to determine the critical gauge couplings as a function of the real chemical potential, which result was transformed into
physical units.

In this exploratory study we concentrated on the transition line separating the two phases. Clearly, the same technique
can be applied to T -µ values somewhat below or above the line, for which the configurations should be collected at an
appropriately chosen β –below or above the transition one– and at Re(µ)=0.

Note, that the factor in curly braces in (2) is of order exp[−V δ], with δ, of course, dependent on the parameters
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Nf = 4, Nc = 3
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Outline
Macroscopic dark matter models

Quark nuggets with  ρ1/4 ∼ ΛQCD

Dark quark nuggets with  ρ1/4 ∼ ΛdQCD

Others: QCD Axion star, PBH, dark monopole …

Electroweak symmetric dark matter ball with  ρ1/4 ∼ vEW

Detections

Lensing Gravitational waves

Direct Detection Other methods
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Phase diagram of dark QCD

Whereas the PW argument infers the existence of a first order phase transition indirectly

from RG flow trajectories in the chiral e↵ective theory, one can also study the phase transition

directly by evaluating the thermal e↵ective potential for the chiral condensate and calculating the

thermal transition rate between coexistent phases. To justify a perturbative calculation of the

e↵ective potential, this approach is only reliable when the couplings are small, but nevertheless

we can infer the behavior at a strong coupling by studying the trending behavior as the coupling

is increased toward the non-perturbative regime. The results of this analysis are detailed in

Appendix A; in particular, we confirm that the chiral e↵ective theory admits a first order phase

transition in the regime consistent with the PW argument.
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Figure 1: The nature of the chiral phase transition in dark QCD is controlled by the number

of colors, Nd, and the number of massless, vector-like flavors of fermions, Nf . Points labeled

by 1st, 2nd, and “cross” are known from lattice studies [45–49] to exhibit a first order phase

transition, a second order phase transition, and a continuous crossover, respectively. Analytical

arguments [43, 44] imply that points falling into the unshaded (white) region will exhibit a first

order phase transition. The theory is not confining in the orange shaded regions: above the

dotted line the beta function remains positive, and between the dotted and dot-dashed lines,

the theory becomes conformal at low energies. The precise location of the conformal window’s

boundaries is a matter of active debate [50].
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Both analytical and the 
numerical Lattice-QCD 
methods have been used 

For a wide range of 
models, one has a 1’st 
order phase transition and 
potential formation of dark 
quark nuggets

QCD-like gauge theory 
with massless flavors

YB, Long, Lu, 1810.04360
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Phase diagram of dark QCD

dark quark-gluon plasma left in isolated regions that form dark quark nuggets. Most of

the dark baryon number is stored in dQN with the remainder carried by free dark baryons.

5. After the phase transition, the cosmological plasma continues to cool and the remaining

regions of dark quark-gluon plasma shrink as the thermal pressure decreases. When the

temperature decreases below the chemical potential in these regions, they become dark

quark nuggets, supported by degeneracy Fermi pressure.
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hadronic 
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Figure 3: A schematic phase diagram of the dark QCD sector is shown here along with the tra-

jectory through phase space during the formation of dark quark nuggets. The entire system is

initially in the unconfined phase at high temperature and small chemical potential (correspond-

ing to the nonzero dark baryon asymmetry). The system cools due to cosmological expansion,

which triggers a first order phase transition. Some regions of space enter the confined phase

where the dark baryon asymmetry is eventually carried by free dark baryons and antibaryons,

but most of the dark baryon asymmetry is collected into pockets of space that cool to form dark

quark nuggets. If the chemical potential is large, there may be exotic phases, similar to the color

superconductivity and the color-flavor-locking phase of QCD [1], but we neglect this possibility.

4.2 Dark baryon number accumulates in the quark nuggets

Particles in the plasma scatter from the passing bubble wall, and this causes dark baryon number

to accumulate in the unbroken phase. In front of the wall, baryon number is carried by the dark
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Stability of dark quark matter

The quantity ⇢dQM/nBd,dQM is used to assess whether the state of dark quark matter is more or

less stable than the state of dark hadronic matter. Suppose that the lightest stable dark baryons

are all degenerate and let their mass be denoted by mBd
. In the dark hadronic state and for a

volume of V , a state with nBd
V units of dark baryon number can have an energy that is as low

as mBd
nBd

V (if all the dark baryons are at rest with negligible interactions and no additional

particles are present). Thus the state of dark quark matter is absolutely stable provided that

⇢V < mBd
nBd

V . Using the expression for ⇢/nBd
from Eq. (3.9), the stability of dark quark

matter requires

B1/4

mBd

< 0.175

✓
Nf/Nd

1

◆1/4 ✓Nd

3

◆�1/2

. (3.10)

Recall that we need Nf/Nd & 1 for a first order phase transition. Both the di↵erential vacuum

energy, B, and the dark baryon mass, mBd
, are controlled by the confinement scale of the dark

QCD, ⇤d. In SM QCD we have B1/4 ' 150 MeV and mBd
' 938 MeV to give B1/4/mBd

'
0.160 [59]. For a generic dark QCD model, a non-perturbative tool like lattice QCD is needed

to estimate this ratio precisely. For a fixed value of Nd, there is a critical value of the number of

flavors, Nf = N c

f
, above which the infrared theory of dark QCD becomes conformal instead of

chiral symmetry breaking. When the number of flavor is close to the critical value, we anticipate

that this ratio is further suppressed and scales like B1/4/mBd
/ (N c

f
�Nf )/Nf [30]. So, the dark

quark matter state becomes more stable for a larger value of Nf .

In Eq. (3.10), we have only compared the quark matter state with a free baryon state. In

the SM QCD, the most stable state per baryon is the iron nucleus, which has the energy per

baryon slightly smaller (⇡ 1%) than a free proton and neutron. So, if the value of B1/4/mBd

is so close to the upper bound in Eq. (3.10), one may need to check the additional heavy-dark-

nuclei evaporation processes, which will depend on more detailed properties of the model like

the dark-meson-induced binding energy. For the massless dark meson case or the chiral limit,

the inter-nucleon binding energy is anticipated to be larger by only a factor of around 2 than

the SM QCD case [60], so for a wide range of model parameters not saturating the bound in

Eq. (3.10), one does not need to worry about evaporation to heavy dark nuclei.

Other than checking the stability of dark quark nuggets during the current universe with a

low temperature, one may also worry about its evaporation at a temperature not that far below

the phase transition temperature. For the SM 3-flavor quark matter, the neutrinos have a long

free-streaming length. With enough energy, it can kick out a neutron from the quark matter

and induce the surface evaporation process for the quark matter (NB+1) ! NB+1 [61] (see also

Ref. [62] for the important reabsorption e↵ects). For the dark quark nuggets, the dark mesons in

13

For dark quark matter to be the lower-energy state: 
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Free Dark Baryons
The standard freeze-out story tells us that some fraction of 
free dark baryon and anti-baryon also exist

visible sectors initially. For instance if both sectors are populated directly from decay of the

inflaton field � after cosmological inflation has evacuated the observable universe [74–76], then

Td/T� is proportional to a ratio of branching fractions BF(� ! dark) /BF(� ! SM). The ratio

Td/T� can be made arbitrarily small in a model in which the inflaton decays predominantly to the

visible sector, and the constraints from �Ne↵ can be avoided. In Fig. 6, we show the predicted

dark radiation as a function of the temperature ratio Td/T�. Even a small splitting, Td/T� ⇠ 1/3,

is enough to evade existing constraints, but still provide a target for next-generation surveys.

However, if the two sectors do not thermalize, then the dark and visible baryon asymmetries

may either arise directly from the inflaton decay (if it is CP- and baryon-number violating), or

baryogenesis may occur separately in the two sectors.

5.2 Free dark baryons and antibaryons

After the confining phase transition occurs, the dark baryon number is carried by the dark

baryons (Bd), the dark antibaryons (B̄d), and the dark quark nuggets (dQN). In this section

we estimate the relic abundances of the dark baryons and antibaryons. We assume that dark

baryon number is conserved, which forbids the dark baryons/antibaryons from decaying, and

instead they contribute to the dark matter.

The dark baryons and antibaryons are kept in thermal equilibrium with the dark mesons,

such as the dark pions ⇡d, through annihilation reactions such as Bd + B̄d $ ⇡d + ⇡d and multi-

meson final states. Let h�vi denote the thermally-averaged cross section for this annihilation

reaction. At temperatures below the mass of the dark baryon/antibaryon, T ⌧ mBd
, the

thermally averaged cross section is well approximated by

h�vi ⇡ (50mb · c)
✓
1 GeV

mBd

◆2

, (5.11)

where we have used the low-� p̄p annihilation rates [77]. This is roughly h�vi ' 130/m2

Bd
.

If the dark baryon asymmetry is negligibly small then the relic abundances of dark baryons

and antibaryons, ⌦Bd
and ⌦B̄d

, are controlled by thermal freeze out, which occurs when the

plasma temperature in the dark sector is approximately Td(tfo) ' mBd
/20. The standard freeze

out calculation [70] gives the relic abundances to be

⌦Bd
h2 = ⌦B̄d

h2 '
�
0.052

�
 

h�vi
130m�2

Bd

!�1 ⇣ mBd

200 TeV

⌘2✓mBd
/Td(tfo)

20

◆✓
Td(tfo)

T�(tfo)

◆⇣ g⇤
100

⌘�1/2

.

(5.12)

The factor of Td(tfo)/T�(fo)  1 arises because the dark and visible sectors may be thermally

decoupled at the time of dark baryon freeze out. However, as we have already discussed in
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Figure 7: The relic abundances of free dark baryons and antibaryons are shown here in compar-

ison with the relic abundance of dark quark nuggets. Note that the curve for free dark baryons

(5.13) scales as ffree = 1� fnug, whereas the curve for dark quark nuggets scales as fnug; we have

taken fnug = 0.99 for illustration, but this value may vary greatly across models. For the free

dark baryon thermal relic abundance, we have used Td(tfo) = T�(tfo).

Since the free dark baryons and antibaryons are very abundant, it may be possible to detect

their presence with direct detection experiments on Earth. Their gravitational influence is

expected to be exceedingly weak, and therefore an additional, direct coupling between the dark

sector and the SM is required. The nature of this interaction depends on (as yet unspecified)

UV physics. As an example we will use the vector-vector interactions,  
d,L
�µ d,L dR�µdR/⇤2

UV
,

which could be generated by integrating out a heavy scalar coupling to both a dark quark

and an ordinary quark and using the Fierz transformation. Then the matrix element for spin-

independent (SI) scattering of a dark baryon o↵ a proton or neutron is written as Mp,n =

J0

 d
J0

p,n
/(4⇤2

UV
) where J0

 d
= hBd| d

�0 d|Bdi ⇡ Nd and J0

p,n
= hp, n|d�0d|p, ni ⇡ 1, 2. For a

Fermionic dark baryon, the SI scattering cross section for a neutron is

�SI

Bd�n
=

N2

d
µ2

Bd�n

4⇡⇤4

UV

'
�
2.5⇥ 10�44 cm2

�✓ ⇤UV

10 TeV

◆�4 ✓Nd

3

◆2

, (5.17)

where µBd�n = mBd
mn/(mBd

+mn) ⇡ mn is the reduced mass formBd
� mn. Recent null results

from the one tonne-year exposure of XENON1T [28], implies an upper bound on the dark baryon

scattering cross section at the level of �SI

Bd�n
. (4.1 ⇥ 10�47 cm2)(mBd

/30 GeV)[⌦dQN/(⌦Bd
+

28
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Dark Radiation 
If the dark sector is never thermalized with us

the observational constraints (5.5), mostly due to the large number of gluon degrees of freedom,

i.e. the 2(N2

d
� 1) term with Nd � 3. However for case (2c), in which the dark sector is

already confined when it decouples from the visible sector, we predict an acceptable level of

dark radiation for the model with Nd = Nf = 2 and for the models with Nd � 3 and Nf = 2

or 3. Since we also need Nf � 3 to ensure a first order phase transition (see the discussion in

Sec. 3), the only viable models are

Nd � 3, Nf = 3, Tew < Tdec < Tc, �Ne↵ ' 0.21 , (5.10)

in order to generate quark nuggets while avoiding constraints from dark radiation. Alternatively,

it may be possible to open up the parameter space by lifting the dark meson mass and allowing

it to decay to Standard Model particles before the CMB epoch.
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Figure 6: Here we show the predicted dark radiation, parametrized by �Ne↵ , for case (3) in

which the dark sector is never thermalized with the SM and the temperature ratio, Td/T�, is

determined by initial conditions. Several values of Nd and Nf are shown, and we consider two

cases depending on whether or not the dark sector is confined at the CMB epoch. Provided

that Td . T�/3 the dark radiation is small enough to evade existing limits, and if Td & T�/10

then the next-generation CMB-S4 program may uncover evidence for dark radiation.

3. The dark and visible sectors never thermalize. If the dark sector never reaches

thermal equilibrium with the Standard Model, and if the freeze-in population is negligible (see

also Ref. [73]), then the ratio Td/T� is controlled by the physics that populated the dark and

25

The dark sector is required to be chilly
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Mass and Size of dQN

Solving Eq. (4.9) for YBd
lets us write Eqs. (4.7) and (4.8) as

RdQN '
�
0.081 cm

�✓⌦dQNh2

0.12

◆1/3  B

(0.1 GeV)4

��1/3 ✓ T�,c

0.1 GeV

◆�1 ✓ �̃

0.1

◆3/2

, (4.10)

MdQN '
�
2.1⇥ 1011 g

�✓⌦dQNh2

0.12

◆✓
T�,c

0.1 GeV

◆�3 ✓ �̃

0.1

◆9/2

. (4.11)

In Fig. 4 we show the dark quark nugget’s mass and radius for the interesting range of phase

transition temperatures from T�,c = 1 keV to 1 PeV.

5 Signatures and testable predictions

In this section we discuss various observational signatures of the theory that we have presented

above. Some of these observables directly test for the presence of dark quark nuggets in our

universe while other indirectly probe the dark QCD model.

5.1 Dark radiation

In addition to a dark matter candidate, the dark QCD model also admits a dark radiation can-

didate. The presence of dark radiation in the universe is felt through its gravitational influence,

particularly during the formation of the cosmic microwave background (CMB). In this section

we discuss how CMB observations lead to constraints on the dark QCD model and its dark

radiation.

In general we can write the energy density of particles in the dark sector as

⇢d = ⇢d,rad + ⇢d,mat , (5.1)

where ⇢d,rad is the energy density of (relativistic) dark radiation and ⇢d,mat is the energy density

of (nonrelativistic) dark matter. The various particle species in the dark sector – quark and

gluons in the unconfined phase and mesons and baryons in the confined phase – are distributed

between radiation and matter.

In the following discussion we consider the model withmi = 0 in Eq. (2.1), which corresponds

to massless dark quarks in the unconfined phase and massless dark mesons (Goldstone bosons)

in the confined phase.6 If all species of particles in the dark sector are in thermal equilibrium

6
If these masses were nonzero, it may be possible to evade the constraints on dark radiation by allowing the

dark mesons to decay to visible-sector particles. However, relaxing the assumption mi = 0 opens an additional

layer of model building that we do not seek to address at this time.
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Figure 4: The typical mass (left panel) and radius (right panel) of a dark quark nugget are shown

here as functions the critical temperature of the confining phase transition. We assume T�(tc) =

Td(tc) ⌘ Tc, but if the dark sector is colder then the mass and radius are reduced according to

Eqs. (4.10) and (4.11). The dimensionless parameter �̃ ⌘ �/(B2/3T 1/3

c ) measures the surface

tension of the confined-phase bubbles at the time of formation, which a↵ects the initial dQN

density through Eq. (4.2). The dark quark nuggets are assumed to occupy the majority of dark

matter energy density. If the scale of the confining phase transition is larger than ⇠ 10 TeV

then free dark baryons over close the universe; see the discussion in Sec. 5.2. Also shown is the

Subaru-HSC microlensing constraint after taking the wave e↵ects into account [68, 69].

dark quark nuggets today to be

⌦dQNh
2 =

MdQN ndQN(tc)

3M2

pl
(H0/h)2

✓
g⇤S(t0)T�(t0)3

g⇤S(tc)T 3
�,c

◆
(4.9)

'
�
0.090

�
 
N3/4

d

N1/4

f

!✓
B

(0.1 GeV)4

◆1/4✓fnug
1

◆✓
YBd

10�9

◆
.

For reference, the relic abundance of dark matter is measured to be ⌦DMh2 ' 0.12 [66]. Thus

the nuggets can make up all of the dark matter (⌦dQNh2 ' 0.12) if the di↵erential vacuum

pressure is at the nuclear energy scale, B ' (0.1 GeV)4, and if the dark baryon asymmetry is

around YBd
' 10�9. This result illustrates the same “coincidence” that comes up in models of

asymmetric dark matter [5, 67] where the dark matter’s mass and asymmetry are comparable

to the baryon’s mass and asymmetry.

20

Dark baryon asymmetry is assumed from early universe

Lower dark confinement scales have heavier and larger 
dark quark nuggets YB, Long, Lu, 1810.04360
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Outline
Macroscopic dark matter models

Quark nuggets with  ρ1/4 ∼ ΛQCD

Dark quark nuggets with  ρ1/4 ∼ ΛdQCD

Others: QCD Axion star, PBH, dark monopole …

Electroweak symmetric dark matter ball with  ρ1/4 ∼ vEW

Detections

Lensing Gravitational waves

Direct Detection Other methods
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Non-topological Soliton
Was studied extensively by T. D. Lee and collaborators in 
70’s and Coleman in 80’s. Let’s use Coleman’s paper to set 
a stage. 

Nuclear Physics B262 (1985) 263-283 
© North-Holland Publishing Company  

Q - B A L L S *  

Sidney C O L E M A N  

Lyman Laboratory of Physics, Harvard University, Cambridge, Massachusetts 02138, USA 

Received 4 July 1985 

A large family of field theories in 3+  1 dimensions contains a new class of extended objects. 
The existence of these objects depends  on (among other conditions) the existence of  a conserved 
charge, Q, associated with an ungauged unbroken continuous internal symmetry. These objects 
are spherically symmetric, and for large Q their energies and volumes grow linearly with Q; thus 
they act like homogeneous  balls of  ordinary matter, with Q playing the role of  particle number.  
This paper  proves the fundamental  existence theorem for these Q-balls, computes their elementary 
properties, and finds their low-lying excitations. 

1. I n t r o d u c t i o n  a n d  c o n c l u s i o n s  

This paper is an introduction to a new class of extended objects (sometimes called 
lumps or solitons) arising in a large family of field theories in four space-time 
dimensions with unbroken continuous global symmetries. 

The simplest theory displaying the phenomenon is the SO(2)-invariant theory of 
two real scalar fields with nonderivative interactions. The theory is defined by the 
Lagrange density** 

~ = ½(0,,6,)2+ ~(o~62) 2 -  U(~b), (1.1) 

where 4, =x/O~--~+ ~bZ2. The SO(2) symmetry is 

~bl -~ ,;b~ c o s  a - 4'2 s i n  a ,  

(~2 "-) ~)1 s i n  a + ~)2 COS 0/ .  

The associated conserved current is 

and the conserved charge is 

(1.2) 

(1.3) 

f 
Q = J d3xj0 . (1.4) 

* Research supported in part by the National Science Foundation under Grant  No. PHY82-15249. 
** Notation: Greek indices run from 0 to 3. Latin indices run from 1 to 3. Boldface indicates three-vectors 

(and sometimes internal-space two vectors). The signature of  the space-time metric is ( + -  - - ) .  ~ is 
a&/3t. U' is dU/dfb. 

263 
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Non-topological Soliton
For a complex scalar field with an unbroken global 
symmetry, there exist nondissipative solutions of the 
classical field equations that are absolute minima of the 
energy for a fixed (sufficiently large) Q. 

This will be a non-renormalizable potential for a single 
field
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Q-ball state sits 
in a local vacuum 
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Non-topological Soliton
The charge Q of         , is U(1)ϕ Q = ω ∫ d3x |ϕ(r) |2 ≈ ω ϕ2 V

In the large Q limit, the profile is like a step-function.

The energy of the state has 
E =

1
2

Q2

ϕ2V
+ U V

Minimizing the energy with respect to the volume 

V =
Q

2ϕ2U
E = Q

2U
ϕ2

So, for the same Q, the lowest energy state is at some  ϕ0

2U0/ϕ2
0 =  min[2U/ϕ2]
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Non-topological Soliton
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The soliton state is also stable at quantum level.
Its energy is proportional to Q times some intrinsic 
properties of the potential. 

This is just a feature of a single-field potential. The Q-
dependence of energy will be different for two-field cases.
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Higgs-portal Dark Matter
The simplest extension of the SM is the Higgs-portal dark 
matter: 

ℒ = ∂μΦ†∂μΦ + ∂μH†∂μH − λh (H†H −
v2

2 )
2

− λϕh Φ†ΦH†H

with all dark matter mass from the Higgs VEV: MΦ =
λϕh

2
v

If one keeps the 
coupling and 
mass independent Arcadi, Djouadi, 

Raidal, 1903.03616

Severely constrained 
by direct detection 
experiments

But, dark matter may not be in the EW-breaking vacuum
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Higgs-portal Dark Matter
ℒ = ∂μΦ†∂μΦ + ∂μH†∂μH − λh (H†H −

v2

2 )
2

− λϕh Φ†ΦH†H

The classical equations of motion

ϕ′ ′ (r) +
2
r

ϕ′ (r) + [ω2 −
1
2

λϕh h(r)2] ϕ(r) = 0 ,

h′ ′ (r) +
2
r

h′ (r) + [ m2
h

2
− λh h(r)2 −

1
2

λϕh ϕ(r)2] h(r) = 0 ,

Φ(xμ) = eiωtϕ(r)/ 2 H(xμ) = h(r)/ 2

Four boundary conditions: ϕ′ (0) = h′ (0) = 0 ϕ(∞) = 0 h(∞) = v

Need to double-shooting on        and        for a fixed value 
of 

ϕ(0) h(0)
ω
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Example Solutions ( )λϕ = 0

for a large Q: Electroweak Symmetric Dark Matter Ball
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Dark Matter Ball Mass vs. Q 

In the large Q limit, one has a simple relation  
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Add     Self-Interaction   Φ
2 Soliton States in a Higgs-Portal Dark Matter Scenario

In the Higgs-portal dark matter scenario with a complex scalar particle �,1 the most general
renormalizable Lagrangian preserving a U(1)� symmetry is

L = @µ�
†@µ�+ @µH

†@µH � �h

✓
H†H �

v2

2

◆2

� ��h�
†�H†H �m2

�,0�
†�� ��(�

†�)2 . (1)

The U(1)� symmetry ensures that the elementary � quanta are stable, and therefore a DM
candidate. This is one of the simplest extension of the SM to include dark matter. For reasons
that will become clear in the following, we will focus on the region of parameter space with
��h > 0 and m2

�,0 � 0, so that the physical � mass squared is never negative, even in the absence
of a vacuum expectation value (vev) for H. We will also take �� > 0.2 In this case, the global
minimum of the tree-level potential breaks the EW symmetry spontaneously: hHi

T = (0, v/
p
2)

with v = 246 GeV, and h�i = 0. The quartic coupling �h is related to the Higgs boson mass
mh ⇡ 125 GeV [1] by �h = (mh/v)2/2 ⇡ 0.13. After EWSB, the free � particle mass is

m2
�
=

��h

2
v2 +m2

�,0 . (2)

When the bare dark matter mass m�,0 = 0, the � particle obtains all of its mass from EWSB
and m� =

p
��h v/

p
2.

We are interested here in non-vacuum field configurations that are nevertheless stable due
to the conservation of the charge associated with the global U(1)� symmetry. In the theory
given by Eq. (1), the existence and properties of such solutions were worked out in [2] (assuming
m�,0 = 0 and �� = 0), thus providing an example of a “non-topological soliton” (for a review,
see [3]). We will briefly review how these solutions arise and their salient features. We start
with the case m�,0 = 0 and �� = 0, to establish that such DM solitons exist even in this minimal
case, which depends on a single free parameter, ��h. This will also highlight the crucial role
played by this coupling. In a second stage we will include the e↵ects of the remaining two free
parameters, m2

�,0 and ��, which can a↵ect the qualitative properties of the soliton solutions. We
will describe the relevant features in Section 2.2.

The DM solitons are characterized by a non-vanishing charge

Q = i

Z
d3x

�
�†@t�� �@t�

†� = !

Z
d3x�2 , (3)

which is obtained from the time-dependence �(x) = e�i!t�(~x)/
p
2, with �(~x) real. We will

focus on spherically symmetric solitons with �(~x) = �(r) and HT =
�
0, h(r)/

p
2
�
, obeying the

1
Although we will not do so here, one could consider the fermionic case. Due to the Pauli exclusion principle,

it is qualitatively di↵erent from the bosonic example that is the focus of this work.
2
Furthermore, we restrict ourselves to the perturbative regime ��h ⌧ 4⇡ and �� ⌧ 16⇡
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3

Via Coleman, we can use 1D particle description to 
understand it
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simple. Based on these plots we can estimate the energy density associated with the DM soliton
configuration to be of order

⇢ =
M�

(4⇡/3)R3
⇠ (100 GeV)4 . (21)

To the extent that the scaling laws given in Eq. (20) connect the low Q and high Q cases, we
expect the same estimate to hold for very large Q DMBs.

2.2 E↵ects of the Dark Matter Bare Mass and Self-Quartic Interac-
tion

We now comment on the e↵ects of the remaining two parameters of the model, m2
�,0 and ��.

Within the context of the e↵ective potential description defined in Eq. (9), one can see that

1. The bare mass m2
�,0 can be easily included by defining an e↵ective !2 = !2

�m2
�,0 in the

e↵ective potential and associated EOM. One must only remember that when computing
observables such as the mass of the DM soliton via Eq. (17), it is the orthogonal com-
bination !2 + m2

�,0 that appears. Similarly, the charge Q is proportional to !, and the
combination ! enters only through �. With the solutions for the m2

�,0 = 0 case at hand
this can be easily taken into account.

2. The quartic self-interaction �� has a more significant e↵ect: it changes the large � behavior
of the e↵ective potential from the quadratic one used in the previous section, turning it
down to reach an asymptotic behavior �1

4���4 (for �� > 0) (see the left panel of Fig. 4).
This creates a maximum in the potential at some �max. The soliton solutions must therefore
satisfy �0 < �max, since for �0 > �max the solutions would run down the hill in the wrong
direction and not be bounded. This is the scenario considered for Q-balls in [5], and we
know that stable solitonic configurations exist in this case.

The first point could mean that even for ultraheavy elementary � particles that receive
only a small contribution to their mass from EWSB, it could be possible to have solitonic
configurations related to the weak scale, i.e. sustaining an EW symmetric “vacuum” in a finite
region of space, inside the normal EW breaking vacuum. Let us briefly comment on such a
possibility, assuming that �� = 0, so that the only new feature is the replacement ! ! ! in the
solutions to the EOM described in the previous sections. For concreteness, let us focus on the
simple analytical limit described above Eq. (??). When m�,0 is well above the EW scale, one can
neglect the vacuum contribution to the energy, so that the information about the Higgs sector,
mh and �h, disappears from the problem. By dimensional analysis the energy functional must
take the form M� = Qm�,0f0(!2/m2

�,0). The proportionality with Q follows from the fact that
we are in a purely quadratic description. Writing the analogous statement for the derivative
dM�/d! = Qm�,0f1(!2/m2

�,0) and setting it to zero determines the ratio x = !2/m2
�,0. But f1(x)

is a pure function, containing no parameters (��h does not contribute because h and � have non-
overlapping support). On the solution given by Eq. (13) (for r < R), one finds x ⇡ 3.20. This

9

then gives

M� ⇡ 2.67Qm�,0 , (for m4
h
/�h ⌧ Qm4

�,0 and ��h = 0) , (22)

where the specific numerical factor arises from the use of Eq. (13). Hence, these classical solutions
are unstable against the quantum decay into Q free � particles.

On the opposite limit, su�ciently small m�,0 will not disturb the stability of the m�,0 = 0
case. A perturbative calculation gives

M� ⇡
2
p
2⇡

3�1/4
h

Q3/4mh

"
1 +

3
p
�hQm2

�,0

2⇡2m2
h

+ · · ·

#
, (for ��h = 0) . (23)

Note that the condition for the asymptotic behavior shown in Eq. (22) is determined by 1/✏2 ⌧ 1,
where ✏ is the expansion parameter that can be read from Eq. (23). Thus, the asymptotic
behavior is reached rather fast once ✏ & 1. From Eqs. (22) and (23), one would conclude that
the � bare mass sets an upper bound on Q for stable DMBs. We will see, however, that a
�� 6= 0 changes this conclusion. Nevertheless, here we will restrict ourselves to masses not much
above the weak scale, as in this case these degrees of freedom can play a role in the EW phase
transition, and the consequent formation of the DM solitons themselves (Section 3).

Let us now describe some of the consequences of the quartic coupling ��, assuming for
simplicity that we are interested in DM solitons with a large charge Q, such that they fall in the
class of EWS-DMBs. In this case, the maximum of the e↵ective potential described in point 2
above lies in the region ��h �2 > m2

h
, where according to Eq. (9),

Ue↵ =
1

2
!2�2

�
1

4
���

4
�

m4
h

16�h

. (24)

This determines �max = !/
p
�� and Umax

e↵ = !4/(4��)�m4
h
/(16�h). Since Ue↵(� = 0) = 0, one

must have Umax
e↵ > 0, which defines a critical frequency

!c =

✓
��

4�h

◆1/4

mh , (25)

such that soliton solutions must obey ! > !c. The conditon (11) must also be imposed, so
that the origin be a maximum as opposed to a minimum, as discussed in the previous section.
Thus, in the presence of ��, ! is bounded by non-zero values both from below and above. In
the left panel of Fig. 4, we show the e↵ective potential as a function of � for several choices
of ! and fixed ��h = 3 and �� = 1. Only for ! 2 (147.5, 301) GeV, one can have a rolling
particle description from a point �0 at a slope with Ue↵(�0) > 0 and reaching � = 0 at r = 1,
hence DM solitons exist only in this range. [We also indicate on the ! = 160 GeV curve a
categorization of two distinct classes of DM solitons in terms of the initial conditions in the
particle mechanics analogue. The “quadratic DM solitons”, discussed in the previous section,
are denoted by DMB(2) in the figure. Those for which the quartic � self-interaction plays an
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As a               , the radius increases asω → ωc R ≈
0.66

ω − ωc
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Two Types of BEC

When the  self-interaction is important ( ), the 
energy density is flat in the inner region

Φ λϕ ∼ 1

When the  self-interaction is not important ( ), the 
core density could be arbitrarily high (BEC)

Φ λϕ ≪ 1

Both of them have  and unbroken electroweak 
symmetry in the inner region

ρ1/4 ∼ vEW
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Formation from 1’st Phase Transition
It is known that the Higgs-portal dark matter can also 
trigger strong first-order phase transition 
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38

Abundance of Dark Matter Balls
Use initial DM number asymmetry     to match DM abundance  YΦ

The total number of dark matter within one Hubble patch is

The number of nucleation sites within one Hubble volume 
has

1026GeV ∼ 100g

105GeV−1 ∼ Å
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Abundance of Free Dark Particles
During the chemical equilibrium, the ratio of dark matter 
energy density in the low-temperature phase over the high-
temperature phase has

So, the dark matter fraction in the free particle state is 
dramatically suppressed and negligible

The freeze-out temperature is controlled by the process                             

The freeze-out temperature is low and below ~ 1 GeV                             
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Outline
Macroscopic dark matter models

Quark nuggets with  ρ1/4 ∼ ΛQCD

Dark quark nuggets with  ρ1/4 ∼ ΛdQCD

Others: QCD Axion star, PBH, dark monopole …

Electroweak symmetric dark matter ball with  ρ1/4 ∼ vEW

Detections

Lensing Gravitational waves

Direct Detection Other methods
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Lensing
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New ideas are needed to probe the gravitational 
interaction of macroscopic dark matter
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Outline
Macroscopic dark matter models

Quark nuggets with  ρ1/4 ∼ ΛQCD

Dark quark nuggets with  ρ1/4 ∼ ΛdQCD

Others: QCD Axion star, PBH, dark monopole …

Electroweak symmetric dark matter ball with  ρ1/4 ∼ vEW

Detections

Lensing Gravitational waves

Direct Detection Other methods
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Stochastic GW
A first-order cosmological phase transition can generate a 
stochastic background of gravitational waves (GW)

⌦B̄d
)], where the ⌦-factor arises because dark baryons are only a subdominant component of

the dark matter. Thus the non-observation of free dark baryons by XENON1T imposes

⇤UV &
�
42 TeV

�✓Nd
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◆5/16 ✓Nf

3

◆1/16 ✓ B

(0.1 GeV)4

◆�1/16 ✓ffree/fnug
0.01

◆1/4

. (5.18)

This limit also means that if the cuto↵ scale is not too far from 40 TeV, the future results from

direct detection experiments could have a chance to discovery the dark baryon.

5.3 Stochastic gravitational wave background

It is well known that cosmological phase transitions can generate a stochastic background of

gravitational waves (GW) if the transition is first order [79]. First order phase transitions in

dark sectors have also been studied specifically; see e.g. Refs. [80–87]. In general, three processes

contribute to the stochastic GW background during a first-order phase transition: the collision

of the scalar field bubbles, sound waves in the plasma, and the magnetohydrodynamic (MHD)

turbulence. The total GW spectrum is then well approximated by the linear sum of these three

contributions:

⌦gwh
2 ⇡ ⌦�h

2 + ⌦swh
2 + ⌦turbh

2 . (5.19)

The spectra of these three sources are determined by several key parameters from the bubble

nucleation process. The parameter ��1 measures the duration of the phase transition, and it is

customary to write the dimensionless ratio �/H where H is the Hubble parameter at the time

when GWs are generated; see also Eq. (A.12). We assume that the universe is radiation domi-

nated during the phase transition with the dominant energy component having a temperature

T⇤ ⇡ T�,c. The dimensionless parameter ↵ measures the released vacuum energy as compared to

the radiation energy of the plasma after the phase transition is completed; see also Eq. (A.20).

The parameter ↵ also controls the e�ciency with which energy is transferred into the bulk mo-

tion of the fluid; this e�ciency is parametrized by f , and an explicit expression appears below.

The parameter vw measures the speed of the bubble wall in the rest frame of the plasma.

For bubbles that reach a terminal velocity (rather than “running away”), the contribution

to gravitational waves from the bubble collisions themselves has been shown by recent numeric

study to be negligible [88]. The GW signal from MHD turbulence also turns out to be negligible

for the parameter range we are considering. Therefore we only present the formula for the sound

wave contribution, which fits to [88]

⌦swh
2 =

�
8.5⇥ 10�6

� ⇣ g⇤
100

⌘�1/3

�2 U
4

f

✓
�

H

◆�1

vw

✓
f

fsw

◆3 ✓ 7

4 + 3(f/fsw)2

◆7/2

. (5.20)

29

bubble collision sound wave turbulence

For the leading sound-wave contribution
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For bubbles that reach a terminal velocity (rather than “running away”), the contribution

to gravitational waves from the bubble collisions themselves has been shown by recent numeric

study to be negligible [92]. The GW signal from MHD turbulence also turns out to be negligible

for the parameter range we are considering. Therefore we only present the formula for the sound

wave contribution, which fits to [92]

⌦swh
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Here � ⇡ 4/3 is the adiabatic index, and U f ⇡
p

(3/4)f ↵ is the root-mean-squared fluid

velocity. The peak frequency, fsw, is given by

fsw =
�
8.9µHz

� 1

vw

✓
�

H

◆⇣ zp
10

⌘✓
T�,c

100 GeV

◆⇣ g⇤
100

⌘1/6

, (5.21)

where zp ' 10 is a simulation-derived factor and g⇤ is the e↵ective number of relativistic species.

Using Eqs. (5.3) and (5.7) we can write g⇤ = g⇤,� + g⇤,d(Td/T�)4. The e�ciency coe�cient f is

in general a function of vw and ↵, and a numerical fit of f(vw,↵) is done in Ref. [68] for four

di↵erent scenarios of wall velocity. In our calculation we use

f =
↵2/5

0.017 + (0.997 + ↵)2/5
, (5.22)

which corresponds to a subsonic wall velocity.

Using the formulas above we have calculated the predicted spectrum of gravitational wave

radiation, and we present our results in Fig. 8. For comparison we also show the projected

sensitivities of various GW interferometer observatories and several pulsar timing array exper-

iments. In calculating ⌦gwh2 we fix vw = cs = 1/
p
3, we assume T�,c ⌘ T�(tc) = Td(tc) ⌘ Tc,

we vary Tc from 10 keV to 100 TeV (corresponding to the di↵erent colors), and we choose two

combinations of ↵ and �: (↵, �/H) = (0.1, 104) (solid) and (1, 103) (dashed). We also choose

Nd = Nf = 3, which determines g⇤ = g⇤,� + g⇤,d through Eq. (5.2) to be g⇤ = 3.8, 13.0, 154.25,

and 154.25 for Tc = 10 keV, 100 MeV, 100 GeV, and 100 TeV. A robust calculation of ↵
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For bubbles that reach a terminal velocity (rather than “running away”), the contribution

to gravitational waves from the bubble collisions themselves has been shown by recent numeric

study to be negligible [92]. The GW signal from MHD turbulence also turns out to be negligible

for the parameter range we are considering. Therefore we only present the formula for the sound

wave contribution, which fits to [92]
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Stochastic GW
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Figure 8: We show the GW spectrum that is predicted to arise from a first-order confining phase

transition in dQCD along with the projected sensitivities of various future GW interferometer

and pulsar timing array experiments [93–101]. We vary the phase transition temperature from

T�,c = 10 keV to 100 TeV, and we show (↵, �/H) = (0.1, 104) (solid) and (1, 103) (dashed).

The interferometer sensitivities are calculated using ⌦gw = (2⇡2f 3/3H2

0
)Sn where S1/2

n is the

noise amplitude spectral density; often the power-law integrated sensitivity is shown instead,

which can be one or two orders of magnitude stronger.

5.4 Cosmic rays from colliding and merging dark quark nuggets

Let us now turn our attention to astro-particle probes of dark quark nuggets in the universe

today. If a pair of dark quark nuggets were to collide today, some fraction of the initial energy

would be liberated as dark radiation (mostly dark mesons), and a new dQN would be formed

from the merger. If the dark sector has a direct coupling to the Standard Model, the dark

mesons may decay into ultra-high energy SM particles, and the observation of these cosmic rays

thereby provides a new channel for the indirect detection of dark quark nuggets.

Collisions of dark quark nuggets near the Sun

Let us begin by estimating the rate of dQN collisions nearby to the Sun. Here we assume

that dark quark nuggets make up all of the dark matter, ⇢dQN ⇡ ⇢DM ' 0.3 GeV/cm3, and

that all nuggets have the same mass and radius: MdQN given by Eq. (4.11) and RdQN given by

Eq. (4.10). The rate of dQN collisions per unit volume is estimated as �collide ⇡ n2

dQN
vdQN AdQN
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from the merger. If the dark sector has a direct coupling to the Standard Model, the dark

mesons may decay into ultra-high energy SM particles, and the observation of these cosmic rays

thereby provides a new channel for the indirect detection of dark quark nuggets.

Collisions of dark quark nuggets near the Sun

Let us begin by estimating the rate of dQN collisions nearby to the Sun. Here we assume

that dark quark nuggets make up all of the dark matter, ⇢dQN ⇡ ⇢DM ' 0.3 GeV/cm3, and
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Outline
Macroscopic dark matter models

Quark nuggets with  ρ1/4 ∼ ΛQCD

Dark quark nuggets with  ρ1/4 ∼ ΛdQCD

Others: QCD Axion star, PBH, dark monopole …

Electroweak symmetric dark matter ball with  ρ1/4 ∼ vEW

Detections

Lensing Gravitational waves

Direct Detection Other methods
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Direct Detection
The masses of dark matter balls are heavy, above the 
Planck mass. So, its flux is small. One needs a large 
volume detector to search for it.

1 ∼
ρDM

mDM
v Adet texp ∼

1021GeV
mDM

Adet

5 × 105 cm2

texp

10 yr

Because the cross section is large, it may have multiple 
scattering with the material in a detector

Γ = nA σDM−ball v̄rel

Esum ∼ Γ × tselect × ⟨ER⟩ × κ ∼ Nscattering × 10 keV × κ
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Direct Detection of EWS-DMB
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The energy density of electroweak symmetric dark matter 
ball has , and very dense ρ ∼ (100 GeV)4

When SM particle (nucleon) scattering off the DMB, it will 
feel a different mass from the zero Higgs VEV inside DMB

ℒ ⊃ − mN NN − yhNN(h − v) NN yhNN ≈ 0.0011
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Scattering off a Square Well
This becomes a QM homework problem. 

For a small R, one could just use the Born-approximation 
For a large R, bound states exist

−cot ( E2 − m2
N + y2

hNNv2 R) =
m2

N − E2

E2 − m2
N + y2

hNNv2

Rth =
π

2 yhNN v
= 5.8GeV−1

The threshold radius for an s-wave bound state is

σ =
4π
k2 ∑

l

(2l + 1)sin2 δl

One can perform a partial-wave expansion and sum them 
together to obtain the total scattering cross section
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Scattering Cross Sections

The cross sections change from a hard sphere          to  4πR2 2πR2

They are insensitive to the target nucleon or nucleus 
masses
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Direct Detection

Experiments with an energy threshold lower than ~1 MeV 
have chance to detect elastic scattering of DMB
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Radiative Capture of Nucleus by 
Dark Matter

Just like hydrogen formation from electron and proton

of dark matter with a charge Q = i
R
dx

3(�†
@t� � �@t�†). Solving the classical equations of

motion for both � and H and in the large Q limit, the dark matter soliton state has a mass of

M� = Q!c = Q

h
m

2
�,0 + (��/4�h)

1/2
m

2
h

i1/2
. (2)

Here, �h ⇡ 0.13 is the Higgs quartic coupling in the SM and mh ⇡ 125 GeV is the Higgs boson
mass. In the parameter region with

p
��/��h < 1.4, one has !c < m�, so the soliton state

has a lighter mass per charge than a free dark matter particle state. For a non-negligible ��

and a spherically symmetric EWS-DMB, the self-interaction of � field induces a step-like or
hard-sphere profile for the � field up to a radius R� and a wall thickness of 1/vEW. In the large
Q limit, there are simple scaling laws between the DMBs charge, size and mass: M� ⇠ Q ⇠ R

3
�
.

The energy density of a DMB is

⇢� =
M�

(4⇡/3)R3
�

⇠ v
4
EW ⇠ (100 GeV)4 , (3)

which is much denser than ordinary matter. The early universe production of the EWS-DMB
from the first-order phase transition has also been discussed in Ref. [11]. The EWS-DMBs can
have a macroscopic mass above 1 gram and a radius above 105 GeV�1, dramatically above the
electroweak scale.

Due to the interplay of � and Higgs profiles, the field value of � in the inner region of
EWS-DMB is large enough to flip the sign of the e↵ective Higgs mass squared, ��h�†���hv

2
EW,

and prefers a zero Higgs VEV or unbroken electroweak symmetry. Hence, this soliton state is
an interesting macroscopic dark matter, because it sustains an EW symmetric “vacuum” in a
finite region of space, immersed in the normal EW breaking vacuum.

When DMB with a large radius scatters with a nucleon or a nucleus, a large scattering cross
section is generically anticipated. For elastic scattering, there are e↵ects due to shallow bound
states at several partial waves. After summing over these partial waves, the cross section follows
a “hard ball” behavior, between 2 and 4 times the geometric cross section [11]. Multi-hit signals
are the characteristic features of the DMB elastic scattering events. Since only O(10 keV) are
anticipated from each scattering, a low energy threshold below around 1 MeV is required to
identify the dark matter scattering events. In this paper, we will instead concentrate on the
important radiative capture process, which can convert the binding energy of a nucleus and a
DMB into photons with energies of O(1 MeV� 100 MeV), depending on nucleus mass number.

3 Radiative capture cross section

A nucleus can be captured by a DMB while emitting a photon in a process similar to neutron
radiative capture by a nucleus, such as n + 197

79Au !
198
79Au + �. Explicitly, the DMB-induced

radiative capture process is

A
ZN+ � ! �N + � , (4)
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Figure 1: Left panel: the energy levels for nucleus-DMB bound states for di↵erent partial wave
numbers `. Right panel: the 12 radial wave functions as a function for r for the p-wave bound
states with ` = 1.

with n` =
p
2µ (V0 � |En`|) and kn` =

p
2µ |En`|. The coe�cients d1,2 and the energy eigen-

values En` are determined by the boundary conditions R
in
n`(R�) = R

out
n` (R�), R

0 in
n` (R�) =

R
0 out
n` (R�) and the normalization condition

R1
0 dr r

2
R

2
n`(r) = 1. While the energy eigenvalue

equation cannot be solved analytically without any approximations, the coe�cients d1 and d2

are found to be

d1 =
1

Nn` j`(n` R�)
, d2 =

1

Nn` [j`(i kn`R�) + i y`(i kn` R�)]
, (8)

where

N
2
n` =

1

2
R

3
�

"
K`�1/2(kn`R�)K`+3/2(kn`R�)

K
2
`+1/2(kn`R�)

�
J`�1/2(n`R�) J`+3/2(n`R�)

J
2
`+1/2(n`R�)

#
, (9)

in terms of Bessel functions J⌫ and K⌫ .
For each partial wave `, there is a threshold radius R

`
th below which there are no bound

states. The threshold is given by

R
`
th =

⇡

2
p
2µV0

J`�1/2,1 , (10)

with J⌫,1 as the first zero of the Bessel function J⌫ . For example, one has R
0
th = 0.41 GeV�1

and R
1
th = 0.80 GeV�1 for A = 16. For a large radius R� , many bound states exist. For A = 16

and R� = 10 GeV�1, we show the energy levels in the left panel and the radial wave functions
for ` = 1 in the right panel of Fig. 1. There are totally 194 bound states, including 12 s-wave
and 12 p-wave bound states. For more excited bound states with a smaller value of |En`|, there
are more nodes in the wave function.

In the limit that kn`R� � 1, the bound state wave function outside the ball is exponentially
small. In this limit, the bound state solution is well-approximated by the infinite well solution,

5

Except that one needs to go beyond the dipole 
approximation
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Radiative Capture Cross Section

3.3 General scattering amplitude

We begin by writing the general formula for the scattering amplitude. We then derive the
analytic formulas to calculate the cross sections in two interesting limits: the dipole and low
energy limits.

The electromagnetic coupling of the nucleus to the vector potential is given by the interaction
Hamiltonian

Hint =
1

2µ
Z e [pN · A(xN) + A(xN) · pN] , (16)

where xN and pN are the nucleus position and momentum operators respectively. In the M� �

mA limit, these nucleus operators reduce to X+x and p, where uppercase letters denote center-
of-mass motion and lowercase letters denote relative motion. The scattering matrix element is
then given by

Mn`m =
1

2µ
Z e ✏⇤ ·

Z
d
3
x e

�iq·x [r ⇤
n`m(x) k(x)�  

⇤
n`m(x)r k(x)] , (17)

where ✏ = ✏(q) is the photon polarization satisfying q · ✏(q) = 0 and  k/ n`m are the scat-
tering/bound state wave functions relative to the center of mass respectively. Note that the
scattering and bound state wave functions have di↵erent normalizations and di↵erent mass di-
mensions. The scattering wave function is not normalizable as the incident wave is a plane
wave. The photon momentum and energy have |q| = !n` ⇡ Ek+ |En`|. For a small dark matter
velocity, the kinetic energy is in general smaller than the binding energy and the photon energy
is approximately the binding energy.

The radiative capture cross section in the non-relativistic normalization is then given by

��,n` =
1

v

Z
d⌦

|En`|

8 ⇡2

X

m

|Mn`m|
2
. (18)

In general, one can keep all partial wave functions in the scattering state, expanding e
�iq·x

in partial waves as well and performing the integration to calculate ��,n`. This procedure is
conceptually clear, but practically tedious. Instead, we mainly focus on few parameter regions
with good approximation schemes, derive analytic formulas and present the cross sections based
on them.

The most relevant parameters for radiative capture of the EWS-DMB is the radius R� , the
scattering kinetic energy or momentum k ⌘ |k| and the radiated photon energy q ⌘ |q|. The
three limits are

• Dipole limit: qR� ⌧ 1. In this limit, the wavelength of the emitted photon is much larger
than the radius of the DMB, so that the wave function of the emitted photon becomes
trivial or e�iq·x

! 1.

• Low energy limit: kR� ⌧ 1. In this limit, only the s-wave mode of the scattering state
has a significant contribution.

7

3.3 General scattering amplitude

We begin by writing the general formula for the scattering amplitude. We then derive the
analytic formulas to calculate the cross sections in two interesting limits: the dipole and low
energy limits.

The electromagnetic coupling of the nucleus to the vector potential is given by the interaction
Hamiltonian

Hint =
1

2µ
Z e [pN · A(xN) + A(xN) · pN] , (16)

where xN and pN are the nucleus position and momentum operators respectively. In the M� �

mA limit, these nucleus operators reduce to X+x and p, where uppercase letters denote center-
of-mass motion and lowercase letters denote relative motion. The scattering matrix element is
then given by

Mn`m =
1

2µ
Z e ✏⇤ ·

Z
d
3
x e

�iq·x [r ⇤
n`m(x) k(x)�  

⇤
n`m(x)r k(x)] , (17)

where ✏ = ✏(q) is the photon polarization satisfying q · ✏(q) = 0 and  k/ n`m are the scat-
tering/bound state wave functions relative to the center of mass respectively. Note that the
scattering and bound state wave functions have di↵erent normalizations and di↵erent mass di-
mensions. The scattering wave function is not normalizable as the incident wave is a plane
wave. The photon momentum and energy have |q| = !n` ⇡ Ek+ |En`|. For a small dark matter
velocity, the kinetic energy is in general smaller than the binding energy and the photon energy
is approximately the binding energy.

The radiative capture cross section in the non-relativistic normalization is then given by

��,n` =
1

v

Z
d⌦

|En`|

8 ⇡2

X

m

|Mn`m|
2
. (18)

In general, one can keep all partial wave functions in the scattering state, expanding e
�iq·x

in partial waves as well and performing the integration to calculate ��,n`. This procedure is
conceptually clear, but practically tedious. Instead, we mainly focus on few parameter regions
with good approximation schemes, derive analytic formulas and present the cross sections based
on them.

The most relevant parameters for radiative capture of the EWS-DMB is the radius R� , the
scattering kinetic energy or momentum k ⌘ |k| and the radiated photon energy q ⌘ |q|. The
three limits are

• Dipole limit: qR� ⌧ 1. In this limit, the wavelength of the emitted photon is much larger
than the radius of the DMB, so that the wave function of the emitted photon becomes
trivial or e�iq·x

! 1.

• Low energy limit: kR� ⌧ 1. In this limit, only the s-wave mode of the scattering state
has a significant contribution.

7

Dipole limit: 

3.3 General scattering amplitude

We begin by writing the general formula for the scattering amplitude. We then derive the
analytic formulas to calculate the cross sections in two interesting limits: the dipole and low
energy limits.

The electromagnetic coupling of the nucleus to the vector potential is given by the interaction
Hamiltonian

Hint =
1

2µ
Z e [pN · A(xN) + A(xN) · pN] , (16)

where xN and pN are the nucleus position and momentum operators respectively. In the M� �

mA limit, these nucleus operators reduce to X+x and p, where uppercase letters denote center-
of-mass motion and lowercase letters denote relative motion. The scattering matrix element is
then given by
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where ✏ = ✏(q) is the photon polarization satisfying q · ✏(q) = 0 and  k/ n`m are the scat-
tering/bound state wave functions relative to the center of mass respectively. Note that the
scattering and bound state wave functions have di↵erent normalizations and di↵erent mass di-
mensions. The scattering wave function is not normalizable as the incident wave is a plane
wave. The photon momentum and energy have |q| = !n` ⇡ Ek+ |En`|. For a small dark matter
velocity, the kinetic energy is in general smaller than the binding energy and the photon energy
is approximately the binding energy.

The radiative capture cross section in the non-relativistic normalization is then given by
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In general, one can keep all partial wave functions in the scattering state, expanding e
�iq·x

in partial waves as well and performing the integration to calculate ��,n`. This procedure is
conceptually clear, but practically tedious. Instead, we mainly focus on few parameter regions
with good approximation schemes, derive analytic formulas and present the cross sections based
on them.

The most relevant parameters for radiative capture of the EWS-DMB is the radius R� , the
scattering kinetic energy or momentum k ⌘ |k| and the radiated photon energy q ⌘ |q|. The
three limits are

• Dipole limit: qR� ⌧ 1. In this limit, the wavelength of the emitted photon is much larger
than the radius of the DMB, so that the wave function of the emitted photon becomes
trivial or e�iq·x

! 1.

• Low energy limit: kR� ⌧ 1. In this limit, only the s-wave mode of the scattering state
has a significant contribution.
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Figure 2: Radiative capture cross section as a function of the DMB radius for the oxygen nucleus
with Z = 8 and A = 16 in the dipole approximation. The dominant p-wave bound states and
s-wave scattering states are included in this plot. Two di↵erent dark matter averaged velocities
of v̄ = 10�3 and v̄ = 10�2 are considered.

3.5 Low Energy Limit

In the low energy limit with kR� ⌧ 1, we find it convenient to use integration by parts and the
on-shell photon conditions q · ✏ = 0 to rewrite the amplitude as

Mn`m = �
1
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Z e ✏⇤ ·

Z
d
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x e

�iq·x
 

⇤
n`m(x)r k(x) . (21)

For the dipole factor e�iq·x, we decompose its complex conjugate in spherical harmonics as

e
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`0,m0

4 ⇡ i`
0
j`0(q r)Y

⇤
`0m0(q̂)Y`0m0(x̂) . (22)

The scattering state wave function for kr ⌧ 1 outside the DMB scales as
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ak` (kr)
`
Y

⇤
`m(k̂)Y`m(x̂) ⇡ ak0 Y

⇤
00(k̂)Y00(x̂) , (23)

where ak` are non-zero numerical coe�cients. In other words, for kR� ⌧ 1, the s-wave term
dominates at the boundary of the potential, which can further simplify our calculation. Putting
these pieces together, squaring, summing over polarizations and the final state m number and
integrating over the photon emission angle, we find the cross section is given by
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tering/bound state wave functions relative to the center of mass respectively. Note that the
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mensions. The scattering wave function is not normalizable as the incident wave is a plane
wave. The photon momentum and energy have |q| = !n` ⇡ Ek+ |En`|. For a small dark matter
velocity, the kinetic energy is in general smaller than the binding energy and the photon energy
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In general, one can keep all partial wave functions in the scattering state, expanding e
�iq·x

in partial waves as well and performing the integration to calculate ��,n`. This procedure is
conceptually clear, but practically tedious. Instead, we mainly focus on few parameter regions
with good approximation schemes, derive analytic formulas and present the cross sections based
on them.

The most relevant parameters for radiative capture of the EWS-DMB is the radius R� , the
scattering kinetic energy or momentum k ⌘ |k| and the radiated photon energy q ⌘ |q|. The
three limits are

• Dipole limit: qR� ⌧ 1. In this limit, the wavelength of the emitted photon is much larger
than the radius of the DMB, so that the wave function of the emitted photon becomes
trivial or e�iq·x
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• Low energy limit: kR� ⌧ 1. In this limit, only the s-wave mode of the scattering state
has a significant contribution.
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Figure 2: Radiative capture cross section as a function of the DMB radius for the oxygen nucleus
with Z = 8 and A = 16 in the dipole approximation. The dominant p-wave bound states and
s-wave scattering states are included in this plot. Two di↵erent dark matter averaged velocities
of v̄ = 10�3 and v̄ = 10�2 are considered.

3.5 Low Energy Limit

In the low energy limit with kR� ⌧ 1, we find it convenient to use integration by parts and the
on-shell photon conditions q · ✏ = 0 to rewrite the amplitude as
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where ak` are non-zero numerical coe�cients. In other words, for kR� ⌧ 1, the s-wave term
dominates at the boundary of the potential, which can further simplify our calculation. Putting
these pieces together, squaring, summing over polarizations and the final state m number and
integrating over the photon emission angle, we find the cross section is given by
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Figure 4: Radiative capture cross section as a function of the DMB radius for Z = 8, A = 16,
V0 = A⇥ 32 MeV, and v̄ = 10�3 in the low energy limit, in which only s-wave scattering state
is included. The right panel narrows the range to the largest radii considered.

E11 ⇡ 32.7 MeV for R� = 10 GeV�1 and E11 ⇡ 2.2 MeV for R� = 100 GeV�1. As can be seen
from Fig. 3, the radiative capture cross section is dominated by the most excited state of ` = 1
bound states, which is precisely the limit in which the dipole approximation applies. For a fixed
`, the cross section decreases exponentially for deeper bound states with larger binding energy.

In Fig. 4, we show the capture cross section as a function of R� up to a radius slightly
smaller than 2⇡/k ⇡ 2⇡/(Amp v̄) ⇡ 400 GeV�1. Again, one can see a clear oscillation behavior,
which is due to the resonance e↵ects in the scattering state. The cross section envelope has a
mild dependence on the radius, although it is very sensitive to the actual value of R� within
one period of the wave.

It is instructive to compare the radiative capture cross section to the elastic scattering cross
section. Using the phase shift method, the elastic scattering cross section is calculated in the
low energy limit by

�elastic ⇡
4 ⇡

2
[tan (R�)� R� ]

2
, (27)

which has a similar oscillating behavior with the same periodicity. The ratio of the radiative
capture cross section (in the region under computational control) to this value is shown in
Fig. 5, which still has an oscillating behavior. In the dashed and black lines, we guide the
general envelop behavior of this ratio. The general behavior of this ratio as a function of v and
R� has a simple scaling

��/�elastic / v
�1

R
�3/2

, (28)

with the range of radii satisfying the low energy approximation.
Note that as R� is varied, the scattering wave function in each partial wave mode can be

resonantly enhanced when

R� ⇡
J`�1/2,n


, (29)
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Figure 5: Ratio of the radiative capture to elastic scattering cross section of DMB in the low
energy limit. The benchmark Z = 8, A = 16, V0 = A ⇥ 32 MeV and v̄ = 10�3 is used. The
dashed and black line has the ratio / R

�3/2
� .

where J⌫,n are Bessel function zeros. The s-wave wave function gets enhanced by a factor of
/k, leading to an enhancement of the radiative capture cross section by (/k)2.

The dependence on the DMB radius of the total radiative capture cross section in the dipole
limit is shown in Fig. 2. Beyond R� ⇡ 12 GeV�1, we work in the low energy approximation.
The dependence on R� in this limit is shown in Fig. 4. Beyond R� ⇡ 100 GeV�1, the low energy
limit is no longer applicable.

3.6 Large Radius Limit

In the large radius limit, the approximations we have used cease to apply and the calculation of
the radiative capture cross section becomes computationally prohibitive. The elastic scattering
cross section, on the other hand, can be determined in this limit by summing our analytic
expression for the partial wave cross section to a su�ciently high partial wave number. As seen
in Ref. [11], it saturates the geometric cross section ⇡R

2
�
up to an O(1) factor. We proceed by

estimating the ratio of the radiative capture cross section to the known elastic cross section in
two di↵erent ways: by extrapolating the ratio shown in Fig. 5 to large radius and by determining
this ratio in neutron capture data. Neither procedure is entirely robust, but they are meant to
provide a guideline for the possibilities.

In the low energy limit, we have found that the ratio of the radiative capture to elastic
scattering cross sections scales as R�3/2

� . Extrapolating this behavior to large R� indicates that

the radiative capture cross section scales as R1/2
� . We estimate that for kR� � 1 the �� should

saturate to

�� ⇠ 60GeV�2
⇥

✓
10�3

v

◆ ✓
R�

105 GeV�1

◆1/2

. (30)
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Figure 6: Ratio of the radiative capture to elastic cross sections for neutron capture by three
di↵erent nuclei using the TENDL-2017 model [26, 27].

Alternatively, this ratio can be estimated from neutron radiative capture data (see Fig. 6).
The data are plotted as a function of the incident neutron momentum. Since the relevant
comparison for determining the large R limit is kR � 1, the limit is expected to be reached at
large kinetic energy when the momentum becomes comparable to the e↵ective inverse radius of
the nucleus. Only for relatively heavy elements does radiative capture reach the large kR limit
below the complicated MeV scale. The data are not su�ciently homogeneous across di↵erent
nuclei to determine a clear numerical pattern. Nevertheless, the ratios are seen to follow the
expected qualitative behavior, going to a smooth function in the large kR limit (the region to
the right of the resonance region). The ratios of radiative capture to elastic scattering cross
sections for isotopes of uranium, tungsten and silver are shown in Fig. 6 using the TENDL-2017
model [26, 27]. These nuclei are chosen as cases where there is a significant amount of data that
agree with the model.

4 Prospects for detection

Radiative capture of nuclei by MDM entering the detector deposits significantly more energy
than elastic scattering. The radiation from the initial capture is seen in Fig. 3 to be of order
MeV or larger. Furthermore, excited states are typically produced; their subsequent decay leads
to additional emission totaling around 100s of MeV.

A full study of these signals in individual detectors is beyond the scope of this work. Nev-
ertheless, we consider some basic properties of current and forthcoming detectors to determine
the viability of this signal. Direct detection experiments such as Xenon1T [28] and LZ [29]
should be sensitive to radiative capture as the deposited energy far exceeds their threshold.
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Figure 7: Sensitivity of Xenon 1T (blue) [28], LZ (orange) [29], ProtoDUNE (red) [35], ICARUS
(purple) [38], Borexino (green) [39], NO⌫A (brown) [34], JUNO (light blue) [40], Super-
Kamiokande (teal) [36], DUNE (dark blue) [43], and Hyper-Kamiokande (dark green) [32] to
radiative capture of nuclei by MDM. The experiments are listed in order of increasing mass
sensitivity. The dashed lines indicate the sensitivity if at least 5 radiative capture events are
required for each MDM passage through the detector. A running time of 10 years is assumed for
Borexino, Super-Kamiokande, DUNE, and Hyper-Kamiokande, 5 years is assumed for ICARUS
and NO⌫A and one year at the direct detection experiments and ProtoDUNE. The dotted lines
for DUNE and Hyper-Kamiokande indicate the region in which at least one radiative capture
event is expected over the whole running time. The black line indicates the estimated radiative
capture cross section for QCD and EW density MDM.

detector is the average area normal to the DM trajectory over the DM velocity distribution and
uniform position distribution. The e↵ective length Le↵ is the average length of the DM path
through the detector. For detectors with multiple modules, it is assumed that the modules are
su�ciently closely spaced that they operate functionally as a single large detector. Radiative
capture is dominated by the most massive common nuclei in the detector, so we consider only
interactions with these nuclei. The number density of the dominant nuclei are denoted by nA.

Given this analysis strategy, we proceed to determine the region of parameter space to which
each of these detectors is sensitive. We parameterize the models in terms of the MDM mass
and radiative capture cross section of the heaviest nucleus in the detector in question in order
to maintain model independence. Pending a detailed study, we assume that 5 energy deposits
during the MDM passage is reconstructed with 100% e�ciency and is e�ciently separable from
potential backgrounds such as radioactive decays, cosmic rays and neutrinos. The resulting
estimated sensitivity is presented in Fig. 7. We assume a one year running time for Xenon 1T,
LZ, and ProtoDUNE, a 5 year running time at ICARUS and NO⌫A and a 10 year running
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Macroscopic dark matter appears in several simple models

Non-trivial phase transitions in the early universe generate 
dark matter in a state different from zero-temperature vacua

For dark QCD, the dark quark nugget is in the dark QCD 
unconfining phase and has a wide range of masses

For Higgs-portal dark matter, the non-topological soliton 
dark matter is in the electroweak symmetric phase

An experiment with a large volume and a long-exposure 
time would be ideal to search for dark matter balls with 
multi-scattering events



Thanks!
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