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Abstract

We consider small perturbations to a static three-dimensional de Sitter geometry. For

early enough perturbations that satisfy the null energy condition, the result is a shock-

wave geometry that leads to a time advance in the trajectory of geodesics crossing

it. This brings the opposite poles of de Sitter space into causal contact with each

other, much like a traversable wormhole in Anti-de Sitter space. In this background,

we compute out-of-time-order correlators (OTOCs) to asses the chaotic nature of the

de Sitter horizon and find that it is maximally chaotic: one of the OTOCs we study

decays exponentially with a Lyapunov exponent that saturates the chaos bound. We

discuss the consequences of our results for de Sitter complementarity and inflation.
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Inflation and Gravity Waves



Ongoing experiments can potentially detect primordial B-mode  
with a tensor-to-scalar ratio r as small as ~10-2.

Further experiments, such as CMB-S4 and LiteBIRD, .. may improve 
further the sensitivity to r as small as ~ 10-3.

Planck Collaboration: Constraints on inflation 55

Fig. 54. Marginalized joint 68 % and 95 % CL regions for ns and r0.002 from Planck alone and in combination with its cross-
correlation with BICEP2/Keck Array and/or BAO data compared with the theoretical predictions of selected inflationary models.

further improving on the upper limits obtained from the different
data combinations presented in Sect. 5.

By directly constraining the tensor mode, the BKP likeli-
hood removes degeneracies between the tensor-to-scalar ratio
and other parameters. Adding tensors and running, we obtain

r0.002 < 0.10 (95 % CL, Planck TT+lowP+BKP) , (168)

which constitutes almost a 50 % improvement over the Planck
TT+lowP constraint quoted in Eq. (28). These limits on tensor
modes are more robust than the limits using the shape of the
CTT
` spectrum alone owing to the fact that scalar perturbations

cannot generate B modes irrespective of the shape of the scalar
spectrum.

13.1. Implications of BKP on selected inflationary models

Using the BKP likelihood further strengthens the constraints
on the inflationary parameters and models discussed in Sect. 6,
as seen in Fig. 54. If we set ✏3 = 0, the first slow-roll pa-
rameter is constrained to ✏1 < 0.0055 at 95 % CL by Planck
TT+lowP+BKP. With the same data combination, concave po-
tentials are preferred over convex potentials with log B = 3.8,
which improves on log B = 2 obtained from the Planck data
alone.

Combining with the BKP likelihood strengthens the con-
straints on the selected inflationary models studied in Sect. 6.
Using the same methodology as in Sect. 6 and adding the BKP
likelihood gives a Bayes factor preferring R2 over chaotic in-
flation with monomial quadratic potential and natural inflation
by odds of 403:1 and 270:1, respectively, under the assumption
of a dust equation of state during the entropy generation stage.
The combination with the BKP likelihood further penalizes the
double-well model compared to R2 inflation. However, adding

Table 17. Results of inflationary model comparison using the
cross-correlation between BICEP2/Keck Array and Planck. This
table is the analogue to Table 6, which did not use the BKP like-
lihood.

Inflationary Model ln B0X

wint = 0 wint , 0

R + R2/6M2 . . . +0.3
n = 2 �6.0 �5.6
Natural �5.6 �5.0
Hilltop (p = 2) �0.7 �0.4
Hilltop (p = 4) �0.6 �0.9
Double well �4.3 �4.2
Brane inflation (p = 2) +0.2 0.0
Brane inflation (p = 4) +0.1 �0.1
Exponential inflation �0.1 0.0
SB SUSY �1.8 �1.5
Supersymmetric ↵-model �1.1 +0.1
Superconformal (m = 1) �1.9 �1.4

BKP reduces the Bayes factor of the hilltop models compared
to R2, because these models can predict a value of the tensor-to-
scalar ratio that better fits the statistically insignificant peak at
r ⇡ 0.05. See Table 17 for the Bayes factors of other inflationary
models with the same two cases of post-inflationary evolution
studied in Sect. 6.

13.2. Implications of BKP on scalar power spectrum

The presence of tensors would, at least to some degree, require
an enhanced suppression of the scalar power spectrum on large
scales to account for the low-` deficit in the CTT

` spectrum. We
therefore repeat the analysis of an exponential cut-off studied
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B-mode and UV Sensitivity

A detection at the targeted level implies that the inflaton potential is 
nearly flat over a super-Planckian field range:


�� &
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⌘1/2
MPl Lyth ’96

“Large field inflation” are highly

sensitive to UV physics



Axions & Large Field Inflation
Natural Inflation [Freese, Frieman, Olinto]

Pseudo-Nambu-Goldstone bosons are natural inflaton candidates.



Axions & Large Field Inflation

They satisfy a shift symmetry that is only 
broken by non-perturbative effects:

decay constant

Natural Inflation [Freese, Frieman, Olinto]

Pseudo-Nambu-Goldstone bosons are natural inflaton candidates.



Axions & Large Field Inflation

They satisfy a shift symmetry that is only 
broken by non-perturbative effects:

decay constant

Natural Inflation [Freese, Frieman, Olinto]
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Axions in String Theory

String theory has many higher-dimensional form-fields:

2-form gauge potential:

e.g.

3-form flux

gauge symmetry:

Integrating the 2-form over a 2-cycle gives an axion:

The gauge symmetry becomes a shift symmetry.

Axions with super-Planckian decay constants don’t seem to exist in 
controlled limits of string theory. [Banks, Dine, Fox, Gorbatov, ’03]



The Weak Gravity Conjecture

Arkani-Hamed, Motl, Nicolis, Vafa ‘06



The Weak Gravity Conjecture

• The conjecture:

“Gravity is the Weakest Force” 

• This is a scale-dependent statement, but as we’ll see, the WGC 
comes with a UV cutoff Λ (magnetic WGC).

• For every long range gauge field there exists a particle of charge 
q and mass m, s.t.  

• This implies an extremal BH can decay.
• Applying the WGC to magnetically charged states imply:

Arkani-Hamed, Motl, Nicolis, Vafa ‘06

q

m
MP � “1”

qmag ∼ 1/g, mmag ∼ Λ/g2 ⇒ Λ ≲ g(Λ)MP



The Weak Gravity Conjecture

• The conjecture:

“Gravity is the Weakest Force” 

• This is a scale-dependent statement, but as we’ll see, the WGC 
comes with a UV cutoff Λ (magnetic WGC).

• For every long range gauge field there exists a particle of charge 
q and mass m, s.t.  

• This implies an extremal BH can decay.
• Applying the WGC to magnetically charged states imply:
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qmag ∼ 1/g, mmag ∼ Λ/g2 ⇒ Λ ≲ g(Λ)MP



WGC for p-forms

• One can generalize the WGC for 1-forms to the WGC for p-forms 
which couple to (p-1)-branes:

• However, the 0-form gauge field (axion) case is more subtle as 
the “branes” that couple to it are instantons.

Arkani-Hamed, Motl, Nicolis, Vafa ‘06

Qp−1

Tp−1
≥ (

Qp−1

Tp−1 )
Ext



WGC and Axions
• Consider a U(1) gauge theory in 5d, and compactify on S to 4d. Shift 

symmetry originates from gauge symmetry:

• Topologically non-trivial Euclidean configurations (instantons) with 
charged fields wrapping the 5d circle generate a potential

• The 5d WGC for charged particles                        translates into:

• Duality [Brown, Cottrell, GS, Soler] or dimensional reduction [Heidenreich, 
Reece, Rudelius] maps the WGC for 1-forms to that for axions. Attempt 
for a direct argument [Andriolo, Huang, Noumi, Ooguri, GS, in progress].
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Loopholes

• Naively, the WGC rules out “natural inflation”.

• However the WGC requires f·m < 1 for ONE instanton, but not ALL

• with 

• The second instanton fulfills the WGC, but is negligible, an 
“spectator”.  Inflation is governed by the first term.

• Another loophole is non-periodic axions (aka axion monodromy) as 
they are not mapped to long-range gauge fields.

[Brown, Cottrell, GS, Soler];[Rudelius]
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Convex Hull Condition

BH 
region

BH 
region

Q2/m Q2/m

Q1/m Q1/m

charged particles

[Cheung, Remmen, ’14]



Tower/Sub-Lattice WGC
• Compactifying a theory on a circle gives rise to an additional U(1)KK. Apply 

the WGC to black holes with general charges.

• Infinite tower of (super)extremal KK states. Charge-to-mass ratio depends on 
the radius:

• Convex hull not guaranteed to contain the BH region. This motivates a 
stronger version of the WGC known as Tower/Sub-Lattice WGC 
[Andriolo,Junghans, Noumi, GS];[Heidenreich, Reece, Rudelius];[Montero, GS, Soler] 

WGC and Dimensional Reduction

Heidenreich, MR, Rudelius ’15, ’16

Compactify on a circle to get a new gauge theory with an additional 
U(1)KK and consider black holes with general charges.

Infinite tower of superextremal KK modes. Mass-to-charge ratio radius-
dependent.

WGC with 
margin of 

error

Pass CHC: stable 
black hole 
direction!Fail CHC:

Convex hull not guaranteed to contain the BH region! 
CHC can fail, at least for some compactification radii.

CHC 👍 CHC 👎

stable BH



Multi-Axion Inflation

“1”

“1”

p
N

p
N

p
N

“1”

“1”

N-flation
[Dimopoulos, Kachru, 

McGreevy, Wacker, '05]

Alignment/Clockwork
[Kim, Nilles, Peloso, ’04];[Choi, Kim, Yun, 
'14];[Choi, Im, '15];[Kaplan, Rattazzi, ’15]

Naively they violate the WGC, but one can come up with loopholes…



Loopholes

Figure 5: KNP alignment consistent with the LWGC. Here, the blue dots indicate charge

sites with marginally superextremal instantons, the red dot indicates the origin Q = 0, and

the large green dots of charge (1, 0), (N, 1) indicate charge sites with very superextremal

instantons, whose potential contributions dominate the inflationary potential and produce a

large e↵ective decay constant.
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Thus, even after including a lattice of LWGC-fulfilling instantons, the e↵ective field range is

still super-Planckian for N � 1.

We conclude that the KNP alignment mechanism is consistent with the LWGC. How-

ever, it is clear that if the instanton factors ZQ are drawn from a random distribution with
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Figure from
 [Brown, Cottrell, GS, Soler, ’15]

Figure from
 [Heidenreich, Long, McAllister, Rudelius, Stout, ‘19]

Figure 5: KNP alignment consistent with the LWGC. Here, the blue dots indicate charge

sites with marginally superextremal instantons, the red dot indicates the origin Q = 0, and

the large green dots of charge (1, 0), (N, 1) indicate charge sites with very superextremal

instantons, whose potential contributions dominate the inflationary potential and produce a

large e↵ective decay constant.
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sites with marginally superextremal instantons, the red dot indicates the origin Q = 0, and

the large green dots of charge (1, 0), (N, 1) indicate charge sites with very superextremal

instantons, whose potential contributions dominate the inflationary potential and produce a

large e↵ective decay constant.
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Figure 5: KNP alignment consistent with the LWGC. Here, the blue dots indicate charge

sites with marginally superextremal instantons, the red dot indicates the origin Q = 0, and

the large green dots of charge (1, 0), (N, 1) indicate charge sites with very superextremal

instantons, whose potential contributions dominate the inflationary potential and produce a

large e↵ective decay constant.
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Evidence for the WGC



Evidence for the WGC

WGC

Cosmic
CensorshipHolography

Unitarity/
Casuality

BH
Thermo

[Nakayama, Nomura, ’15];
[Harlow, ’15];
[Montero, GS, Soler, ’16] ; …

[Horowitz, Santos, Way, ’16];
[Crisford, Horowitz, Santos, ’17]; …

[Cottrell, GS, Soler, ’16]; 
[Cheung, Liu, Remmen, ’18];
[Hamada, Noumi, GS, ’18]; 
[Loges, Noumi, GS, ’19]; …

[Cheung, Remmen, ’14];
[Andriolo, Junghans, Noumi, GS,’18];
[Hamada, Noumi, GS, ’18]; …



WGC and Black Holes



Extremality of Black Holes
• The mild form of the WGC requires only some state for an 

extremal BH to decay to.
• Can an extremal BH satisfy the WGC?

conditions, at least one of the outgoing particles must have a smaller M/Q ratio than
the original particle.

The argument extends to black holes, which are believed to be the low-energy
description of elementary particles whose masses are much above the Planck scale.
Since it is unnatural to have an infinite number of exactly stable particles, the mass-

charge relation for extremal black holes M = Q cannot be exact: the M/Q ratio for
extremal black holes should decrease with decreasing Q, so that for every extremal

black hole there is another black hole with a smaller M/Q ratio (see figure 1). Because
states with M/Q < 1 must exist, the most natural expectation is that the black holes,
states with very high values of M, Q, also satisfy M/Q < 1, although the difference

from 1 is tiny.

Figure 1: The classical mass-charge relation for extremal black holes is represented by the

dashed line; it must be valid in the limit M ≫ MPl. Curve A shows a possible exact mass-

charge relation. Curve B is unacceptable because it would imply an infinite number of states

that cannot decay.

Since the net force between black holes with M = Q vanishes, the previous argu-
ment also predicts that the net force will become repulsive. This is indeed expected
because if the force were attractive, heavier bound states with a lower M/Q ratio would

be possible, again creating an infinite number of states that cannot decay. While the
relation between the decrease of the mass and the repulsion is trivial in the case of

– 2 –

• Higher derivative corrections can 
make extremal BHs lighter than 
the classical bound Q=M 

• Demonstrated to be the case for 
4D heterotic extremal BHs.   
[Kats, Motl, Padi, ’06]

• We showed that this behavior (A) 
follows from unitarity (at least for 
some classes of theories).         
[Hamada, Noumi, GS]



WGC from Unitarity and Causality
• We assume a weakly coupled UV completion at scale ΛQFT. Our proof for 

the strict WGC bound applies to at least two classes of theories:

• Theories with light (compared with ΛQFT), neutral i) parity-even 
scalars (e.g., dilaton, moduli), or ii) spin ≥ 2 particles

• UV completion where the photon & the graviton are accompanied by 
different sets of Regge states (as in open string theory).

2

mass

⇤QFT

�, h

mass

�, h

“stringy” particles

light particles

⇤QFT

0 0

FIG. 1: A schematic picture of particle spectrum: We assume
that photon and graviton control the BH dynamics at the in-
frared. The ordinary QFT description breaks down at ⇤QFT,
which corresponds to the string scaleMs in string theory. The
spectrum may contain light particles below ⇤QFT (left), but
it is also possible that there are no such light particles (right).

where M and Q are the mass and charge of the black hole,
respectively. This formula is applicable as long as the
higher derivative corrections are small. More explicitly,
it is applicable if the black hole is su�ciently heavy,

M

2 ⇠ Q

2
M

2
Pl � ↵iM

2
Pl , (4)

because extremal BHs in the Einstein-Maxwell theory
satisfy R ⇠ M

4
Pl/M

2 and F

2 ⇠ M

6
Pl/M

2.
An important observation made in [2] is that extremal

BHs (in the mass range M

2 � ↵iM
2
Pl) have the charge-

to-mass ratio bigger than unity z � 1, if the Wilson co-

e�cients ↵i satisfy the condition,

2↵1 � ↵3 � 0 . (5)

On the other hand, if 2↵1 �↵3 < 0, the expectation is no
more valid that extremal BHs satisfy the WGC bound.
In the rest of this section we show that the bound (5)
with a strict inequality indeed follows from unitarity in
the aforementioned two classes of setups.

UNITARITY CONSTRAINTS

We then summarize the unitarity constraints on the
Wilson coe�cients ↵i. For this purpose, let us clar-
ify our setup by classifying possible sources of higher
dimensional operators. Fig. 1 shows a schematic pic-
ture of the particle contents we have in mind. First, we
assume that the BH dynamics is controlled by photon
and graviton at the infrared, and they are weakly cou-
pled. We also assume weakly coupled UV completion of
gravity throughout the paper. There will be some high
energy scale ⇤QFT where the ordinary QFT description
breaks down. Generically, it is below the Planck scale
⇤QFT ⌧ MPl. For example, in string theory it is the
string scale ⇤QFT ⇠ Ms, beyond which we have to fol-
low the dynamics of infinitely many local fields and thus

s

s0�s0

s

s0�s0

O(z4) O(z2) O(z0)

FIG. 2: Typical one-loop corrections to the F 4 terms: In
the left figure the massive charged particle (solid line) in-
duces four-point interactions of photon (wavy line) through
the gauge coupling, hence it is proportional to q4 / z4. In
the other two, the diagrams involve graviton (double wavy
line). If z � 1, gravity is negligible, so that we may apply the
positivity bound derived in non-gravitational theories. The
same argument holds in more general, where the charge-to-
mass ratio z is replaced by the ratio of the photon coupling
of the massive particle and the gravitational force.

the ordinary QFT description breaks down. Note that
Ms ⌧ MPl in the perturbative string.

Below the scale ⇤QFT, there may exist massive parti-
cles, which we call light particles because their masses
are smaller than ⇤QFT. Their contributions to higher
dimensional operators are qualitatively di↵erent among
light neutral bosons and the others as we explain below.

(a) Light neutral bosons (ex. dilaton, axion, moduli)

First, light neutral bosons may generate the e↵ec-
tive interactions ↵i at the tree-level. Let us con-
sider the dilaton � and the axion a for example:

L� = �1

2
(@µ�)2 � m

2
�

2
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2 +
�

f�
Fµ⌫F

µ⌫
, (6)

La = �1
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2
a

2
a

2 +
a

fa
Fµ⌫

e
F

µ⌫
, (7)

where m and f are the mass and decay constant,
respectively. Integrating out the dilaton and axion,
we obtain the tree-level e↵ective couplings,

↵1 =
2M

4
Pl

m

2
�f

2
�

, ↵2 =
2M

4
Pl

m

2
af

2
a

. (8)

More generally, the size of the e↵ective couplings
can be estimated as

|↵i| & O
⇣

M

2
Pl
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which is indeed the case for the above examples if
we assume f . MPl. Also in the above examples,
the signs of Wilson coe�cients are always positive:
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which is a consequence of unitarity. More gener-
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Higher Derivative Corrections
• In the IR, the BH dynamics is described by an EFT of photon 
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• In D=4, the general effective action up to 4-derivative 
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Higher Derivative Corrections
• In the IR, the BH dynamics is described by an EFT of photon 

& graviton.
• In D=4, the general effective action up to 4-derivative 

operators (assume parity invariance for simplicity):

by field redefinition. Here, Wμνρσ is the Weyl tensor:
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We provide an existence proof of the Weak Gravity Conjecture in the perturbative UV completion
of quantum gravity. (We are proving the mild form)

INTRODUCTION

The weak gravity conjecture (WGC) [1] is very inter-
esting if true. In this letter we provide a strong evidence
of its mild version from the causality and unitarity point
of view....

Our

EVIDENCE OF WGC IN D = 4

The mild form of WGC requires existence of a charged

state with the charged-to-mass ratio z bigger than unity.
In D = 4 the bound is given by

z =

p
2MPl|q|

m

� 1 . (1)

Here MPl is the reduced Planck mass scale. In this paper,
based on unitarity, we argue that even if there exists no
particle satisfying the WGC bound (1), heavy extremal
BHs play the role of the required charged state in the
following two classes of theories:

1. Supersymmetric (SUSY) theories with tree-level
UV completion of gravity.1 Here “tree-level UV
completion” means that every four point amplitude
can be understood as the product of three point
amplitudes [3] (Is this statement too strong? Are
there better references?).

2. Theories with a parity-even light neutral boson
such as dilaton and moduli. The meaning of the
light will be clarified soon.

These two classes cover a wide class of theories, including
generic stringy setups, providing a strong evidence of the
mild form of WGC.

Strategy

One might wonder that our claim is trivial because
the extremal charged BHs in the Einstein-Maxwell the-

1 [TN: For D � 5, we need more than half SUSY (or more) to kill
the Gauss-Bonnet term. This section is about D = 4, so maybe
it’s OK not to mention it here, just as in the present writing.]

ory saturates the bound z = 1. However, it is not true
because the BH solutions is modified by higher derivative
corrections and so is the charge-to-mass ratio of extremal
BHs accordingly [2].

Suppose that the theory is described by photon and
graviton in the infrared. In D = 4 their general e↵ective
action up to four-derivative operators is then given by

S =

Z
d

4
x

p�g


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e
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2
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Fµ⌫F⇢�W

µ⌫⇢�

�
, (2)

where Wµ⌫⇢� is the Weyl tensor. Also we assumed parity
invariance for simplicity [YH: Probably this assumption
can be removed.]. In general, we can add the parity vio-
lating term like Fµ⌫F

µ⌫
F⇢�F̃

⇢�, but this does not change
our conclusion. Note that other four-derivative operators
such as R

2
µ⌫ may be absorbed into the three operators

displayed in the above by field redefinition. The higher
derivative operators modify black hole solutions, so that
the charge-to-mass ratio of extremal black holes are cor-
rected as [2]2

z =

p
2MPl|Q|

M

= 1 +
2

5

(4⇡)2

Q

2
(2↵1 � ↵3) , (3)

where M and Q are the mass and charge of the black hole,
respectively. This formula is applicable as long as the
higher derivative corrections are small. More explicitly,
it is applicable if the black hole is su�ciently heavy,

M

2 ⇠ Q

2
M

2
Pl � ↵iM

2
Pl , (4)

because extremal BHs in the Einstein-Maxwell theory
satisfy R ⇠ M

4
Pl/M

2 and F

2 ⇠ M

6
Pl/M

2.
An important observation made in [2] is that extremal

BHs (in the mass range M

2 � ↵iM
2
Pl) have the charge-

to-mass ratio bigger than unity z � 1, if the Wilson co-

e�cients ↵i satisfy the condition,

2↵1 � ↵3 � 0 . (5)

2 [TN: A dictionary between our ↵i and their ci is c5M2
Pl = ↵2 �

↵3, c6M2
Pl = ↵3/2, and c7M4

Pl = ↵1/4 � ↵2/4. A dictionary
between ours and Chung-Remmen [5] is a01 = ↵1, a02 = ↵2, and
b3 = �↵3 in the unit 2M2

Pl = 1]



Extremality Condition
• The higher derivative operators modify the BH solutions, so the 

charge-to-mass ratio of an extremal BH is corrected:

applicable when the BH is sufficiently heavy:

because extremal BHs in Einstein-Maxwell theory satisfy:

• Proving the WGC (mild form) amounts to showing:

so large extremal BHs can decay into smaller extremal BHs.
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Our

EVIDENCE OF WGC IN D = 4

The mild form of WGC requires existence of a charged

state with the charged-to-mass ratio z bigger than unity.
In D = 4 the bound is given by

z =

p
2MPl|q|

m

� 1 , (1)

where MPl is the reduced Planck mass scale. In this
Letter, based on unitarity, we argue that even if there
exists no particle satisfying the WGC bound (1), heavy
extremal BHs play the role of the required charged state
in the following two classes of theories:

1. Supersymmetric (SUSY) theories with tree-level
UV completion. Here “tree-level UV completion”

means that every four-point amplitude associated
to higher derivative operators is generated by heavy
particle exchange (see [3] for a related program).

2. Theories with a parity-even light neutral scalar,
such as dilaton and moduli, or a spin 2 light neutral
particle. Here “light” means the mass smaller than
the scale ⇤QFT where the quantum gravity e↵ects
come in and the QFT description breaks down.

These two classes cover a wide class of theories, includ-
ing generic stringy setups, providing a strong evidence of
the mild form of WGC. Extension to general spacetime
dimension D � 5 is also given in Supplement Material.

STRATEGY

One might wonder that our claim is trivial because
the extremal charged BHs in the Einstein-Maxwell the-
ory saturates the bound z = 1. However, it is not true
because the BH solutions is modified by higher derivative
corrections and so is the charge-to-mass ratio of extremal
BHs accordingly [2].

Suppose that the theory is described by photon and
graviton in the infrared. In D = 4 their general e↵ective
action up to four-derivative operators is then given by

S =
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where Wµ⌫⇢� is the Weyl tensor. Also we assumed par-
ity invariance for simplicity. In general, we can add the
parity violating terms like Fµ⌫F

µ⌫
F⇢�F̃

⇢�, but they do
not change our conclusion.[TN: Check this statement by
listing up all the parity violating terms.] Note that other
four-derivative operators such as R

2
µ⌫ may be absorbed

into the three operators displayed in the above by field re-
definition. The higher derivative operators modify black
hole solutions, so that the charge-to-mass ratio of ex-
tremal black holes are corrected as [2]

z =

p
2MPl|Q|

M

= 1 +
2

5

(4⇡)2

Q

2
(2↵1 � ↵3) , (3)[Kats, Motl, Padi, ’06]
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FIG. 1: A schematic picture of particle spectrum: We assume
that photon and graviton control the BH dynamics at the in-
frared. The ordinary QFT description breaks down at ⇤QFT,
which corresponds to the string scaleMs in string theory. The
spectrum may contain light particles below ⇤QFT (left), but
it is also possible that there are no such light particles (right).

where M and Q are the mass and charge of the black hole,
respectively. This formula is applicable as long as the
higher derivative corrections are small. More explicitly,
it is applicable if the black hole is su�ciently heavy,
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An important observation made in [2] is that extremal

BHs (in the mass range M

2 � ↵iM
2
Pl) have the charge-

to-mass ratio bigger than unity z � 1, if the Wilson co-

e�cients ↵i satisfy the condition,

2↵1 � ↵3 � 0 . (5)

On the other hand, if 2↵1 �↵3 < 0, the expectation is no
more valid that extremal BHs satisfy the WGC bound.
In the rest of this section we show that the bound (5)
with a strict inequality indeed follows from unitarity in
the aforementioned two classes of setups.

UNITARITY CONSTRAINTS

We then summarize the unitarity constraints on the
Wilson coe�cients ↵i. For this purpose, let us clar-
ify our setup by classifying possible sources of higher
dimensional operators. Fig. 1 shows a schematic pic-
ture of the particle contents we have in mind. First, we
assume that the BH dynamics is controlled by photon
and graviton at the infrared, and they are weakly cou-
pled. We also assume weakly coupled UV completion of
gravity throughout the paper. There will be some high
energy scale ⇤QFT where the ordinary QFT description
breaks down. Generically, it is below the Planck scale
⇤QFT ⌧ MPl. For example, in string theory it is the
string scale ⇤QFT ⇠ Ms, beyond which we have to fol-
low the dynamics of infinitely many local fields and thus

s
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O(z4) O(z2) O(z0)

FIG. 2: Typical one-loop corrections to the F 4 terms: In
the left figure the massive charged particle (solid line) in-
duces four-point interactions of photon (wavy line) through
the gauge coupling, hence it is proportional to q4 / z4. In
the other two, the diagrams involve graviton (double wavy
line). If z � 1, gravity is negligible, so that we may apply the
positivity bound derived in non-gravitational theories. The
same argument holds in more general, where the charge-to-
mass ratio z is replaced by the ratio of the photon coupling
of the massive particle and the gravitational force.

the ordinary QFT description breaks down. Note that
Ms ⌧ MPl in the perturbative string.

Below the scale ⇤QFT, there may exist massive parti-
cles, which we call light particles because their masses
are smaller than ⇤QFT. Their contributions to higher
dimensional operators are qualitatively di↵erent among
light neutral bosons and the others as we explain below.

(a) Light neutral bosons (ex. dilaton, axion, moduli)

First, light neutral bosons may generate the e↵ec-
tive interactions ↵i at the tree-level. Let us con-
sider the dilaton � and the axion a for example:
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where m and f are the mass and decay constant,
respectively. Integrating out the dilaton and axion,
we obtain the tree-level e↵ective couplings,
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More generally, the size of the e↵ective couplings
can be estimated as
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⌘
, (9)

which is indeed the case for the above examples if
we assume f . MPl. Also in the above examples,
the signs of Wilson coe�cients are always positive:

↵1 > 0 , ↵2 > 0 , (10)

which is a consequence of unitarity. More gener-
ally, unitarity implies that ↵1 > 0 when photon is
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it is also possible that there are no such light particles (right).
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higher derivative corrections are small. More explicitly,
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On the other hand, if 2↵1 �↵3 < 0, the expectation is no
more valid that extremal BHs satisfy the WGC bound.
In the rest of this section we show that the bound (5)
with a strict inequality indeed follows from unitarity in
the aforementioned two classes of setups.
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We then summarize the unitarity constraints on the
Wilson coe�cients ↵i. For this purpose, let us clar-
ify our setup by classifying possible sources of higher
dimensional operators. Fig. 1 shows a schematic pic-
ture of the particle contents we have in mind. First, we
assume that the BH dynamics is controlled by photon
and graviton at the infrared, and they are weakly cou-
pled. We also assume weakly coupled UV completion of
gravity throughout the paper. There will be some high
energy scale ⇤QFT where the ordinary QFT description
breaks down. Generically, it is below the Planck scale
⇤QFT ⌧ MPl. For example, in string theory it is the
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duces four-point interactions of photon (wavy line) through
the gauge coupling, hence it is proportional to q4 / z4. In
the other two, the diagrams involve graviton (double wavy
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positivity bound derived in non-gravitational theories. The
same argument holds in more general, where the charge-to-
mass ratio z is replaced by the ratio of the photon coupling
of the massive particle and the gravitational force.

the ordinary QFT description breaks down. Note that
Ms ⌧ MPl in the perturbative string.

Below the scale ⇤QFT, there may exist massive parti-
cles, which we call light particles because their masses
are smaller than ⇤QFT. Their contributions to higher
dimensional operators are qualitatively di↵erent among
light neutral bosons and the others as we explain below.

(a) Light neutral bosons (ex. dilaton, axion, moduli)

First, light neutral bosons may generate the e↵ec-
tive interactions ↵i at the tree-level. Let us con-
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where m and f are the mass and decay constant,
respectively. Integrating out the dilaton and axion,
we obtain the tree-level e↵ective couplings,

↵1 =
2M

4
Pl

m

2
�f

2
�

, ↵2 =
2M

4
Pl

m

2
af

2
a

. (8)

More generally, the size of the e↵ective couplings
can be estimated as

|↵i| & O
⇣

M

2
Pl

m

2

⌘
, (9)

which is indeed the case for the above examples if
we assume f . MPl. Also in the above examples,
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cles, which we call light particles because their masses
are smaller than ⇤QFT. Their contributions to higher
dimensional operators are qualitatively di↵erent among
light neutral bosons and the others as we explain below.
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Sketch of the Proof: Step 1
• We first show that for the aforementioned theories, causality implies 

because 𝛼3 leads to causality violation and an infinite tower of 
massive higher spin states is required to UV complete the EFT at 
tree-level [Camanho, Edelstein, Maldacena, Zhiboedov]. 

|α1 | ≫ |α3 |

[Hamada, Noumi, GS]

We emphasize that we work here with the on-shell three-point functions, independently

of the precise way we write the Lagrangian. This discussion depends only on on-shell three-

point functions and not on other contact terms. Any contact four point interaction does

not give rise (at tree level) to the long range force at a non-zero value of the impact

parameter.

3.3. Problems with Higher Derivative Corrections to the Three-Point Functions

We discussed above how the three-point functions give rise to the leading order ex-

pression for the phase shift δ(⃗b, s) = sF (⃗b). If this result were exponentiated, as eiδ , then

we could get a time advance problem similar to what we found for the shock waves. Here

we would like to explain how to get a time advance problem without using the particular

non-linear structure of shock waves. The goal is to present the problem in a way that

depends only on very general principles.

Fig. 5: We imagine a particle going through a set of successive scattering events.

The intrinsic quantum uncertainty in v is ∆qv. We have drawn a situation where
there is a final time advance after going through all the shocks that is larger than the

quantum uncertainty. In this figure we have neglected the delay of the u-localized
particles.

First note that in order for time delay to be a problem we would like to find that the

time delay ∆v = ∂p2,vδ is larger than the quantum mechanical uncertainty that is implicit

20

fig: Camanho et al ’14

phase shift of photon propagation:

δ ∼ s (ln(LIR/b) ± |α3 |
b2

+ …)
time delay in GR

helicity dependent phase shit

: impact parameterb : IR cutoffLIR

x

t



Sketch of the Proof: Step 1
• Time advancement if

• Phase shift generated by spin J is                 . A finite # of higher spin 
particles does not help → infinite tower of higher spin states.

• Causality violation unless the scale MP/𝛼31/2  is above ΛQFT.

• Integrating out light neutral scalars does not give significant 
contributions to 𝛼3 and so

• If there are different Regge towers as in theories with open strings: 

• If there are light fields or different Regge towers, 𝛼3 is subdominant 
compared with the causality preserving terms 𝛼1 and 𝛼2.

[Hamada, Noumi, GS]
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Sketch of the Proof: Step 2
• The forward limit t→0 of γγ scattering for the aforementioned theories:

• The higher derivative operator parametrized by 𝛼1 leads to:

[Hamada, Noumi, GS]

Froissart bound

α1(FμνFμμ)2 ⇒ ℳ ∼ α1s2

a state

extremal 
BH

Q = M
Q − q ≤ M − m

q ≥ m

Unitarity ⇒ 𝛼1 > 0 

can be an extremal BH!
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(1)] + analytic

Spinning polynomials  
[Arkani-Hamed, Huang, Huang, ’17]



WGC: Mild vs Strong
• Moreover, higher derivative corrections in WGC-satisfying theories 

increase the BH entropy as zext >1 ⇔ ΔS>0 [Hamada, Noumi, GS].

• Similar results hold for dilatonic, dyonic BHs [Loges, Noumi, GS].

• 1-loop effects of these higher derivative terms (dominated for 
asymptotically large BHs) increase zext [Arkani-Hamed, Huang, Liu, 
unpublished];[Charles] while for N=2 BPS BHs, zext remains 1.

• While the WGC can be satisfied by a very massive state, this mild 
form of the WGC seems rather toothless. 

• For example, the 0-form version of the WGC can be satisfied by a 
large instanton action with negligible contribution to the potential 
(spectator instanton) [Rudelius];[Brown, Cottrell, GS, Soler].

• Could the underlying structure of string theory allows us to infer from 
the existence of a super-extremal BH the stronger forms mentioned?



WGC and Modular Invariance
• In [Aalsma, Cole, GS], we argued that for extremal BHs with a near 

horizon AdS3 geometry, we can use modular invariance and 
anomalies to infer that there is a tower of superextremal states 
interpolating between perturbative string states and BHs.
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Spectral Flow
• The partition function of the worldsheet CFT in the NS-NS sector:

where

• Q is the charge associated with the left-moving current J:

• The worldsheet partition function enjoys modular invariance:

• Under a U(1) transformation:

useful prediction for the low-energy observer, like the existence of a light state with Z > 1?
Now that we have learned that �Z > 0 for large extremal black holes in a wide variety of
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spectrum. In this note, we take a first step in this direction and provide evidence that in
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state with Z > 1 is related to having a positive charge-to-mass ratio shift for extremal black
holes, that is �Z > 0.

3 Modular Invariance and Perturbative String States

We have seen that satisfaction of the mild WGC by corrections to the large black hole
extremality bound does not provide an entirely satisfying picture. We do not learn anything
about the fate of small extremal black holes, and as a quantum gravity constraint on low-
energy physics this version of the WGC appears somewhat toothless.

In this note, we suggest that in string theory modular invariance plays an important
role in resolving these issues. Modular transformation properties of conformal field theory
(CFT) partition functions in the presence of conserved currents with quantized charges give
rise to an automorphism of the current algebra, a special case of spectral flow [20]. This was
applied by [6] to the CFT2 dual of AdS3 (and used to define the WGC in three dimensions),
and by [7] to the worldsheet CFT. Given a particular state with known charge and mass
in the perturbative spectrum, spectral flow allows one to infer the existence of an infinite
family of states with known perturbative masses and charges.1

We now review how spectral flow follows from modular invariance. We point out that
spectral flow preserves the extremality of a state with respect to a particular asymptotic
charge-to-mass ratio, and can be extrapolated to arbitrarily large mass. It is natural to
expect that this perturbative structure has some bearing on black hole physics. We draw
a connection between the asymptotic charge-to-mass ratio identified by spectral flow and
the asymptotic charge-to-mass ratio of an extremal black hole. Intriguingly, in various
setups these two ratios agree, suggesting a relationship between superextremal states in
both regimes.

Consider the worldsheet CFT of a string theory, whose partition function in the NSNS
sector takes the form2

Z(⌧ ;µ) ⌘ Tr

⇣
q�yQq�̃

⌘
(3.1)

1Although in this section we consider perturbative string theory, similar structure also arises in certain
F-theory setups. In [21–23] the authors examined the gYM ! 0, MP fixed limit of 6d F-theory compactifi-
cations and found the emergence of tensionless heterotic strings. A subset of the excitations of these strings
is described by an elliptic genus. In their setup, the quasiperiodicity of Jacobi forms describing the elliptic
genus implies a structure similar to that arising from the spectral flow we study in this section. In [24]
it was found that for 4d F-theory compactifications with certain background fluxes turned on, the elliptic
genus is not necessarily modular.

2The states we can identify in the perturbative partition function are electrically charged under NSNS
sector fields. It would be interesting to study how structure in other sectors of string theory relates to black
holes and their higher-derivative corrections.
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q = e2πiτ , y = e2πiμ , Δ = L0 −
c

24

where ⌧ is the modular parameter of the torus, µ is the chemical potential, q = e2⇡i⌧ ,
y = e2⇡iµ, � = L0 � c

24 , Q is the left-moving charge corresponding to a holomorphic
worldsheet current J , and tildes represent the right-moving sector. For notational simplicity,
we consider a single purely holomorphic current. The straightforward generalization to
multiple holomorphic and antiholomorphic currents is presented in [7]. Universal modular
transformation properties of CFTs [25] imply that the partition function transforms as

Z(⌧ + 1;µ) = Z(⌧ ;µ), Z(�1/⌧ ;µ/⌧) = e⇡ik
µ2

⌧ Z(⌧ ;µ) (3.2)

Here k is the level of the current algebra, with OPE

JL(z)JL(0) ⇠ k

z2
+ . . . (3.3)

The level k is non-negative by unitarity, and positive for a non-trivial algebra.
Given a charge lattice �Q, the dual lattice �⇤

Q is defined by �

⇤
Q = {⇢ | ⇢Q 2 Z 8Q 2 �Q},

which implies that

Z(⌧ ;µ+ ⇢) = Z(⌧ ;µ) 8⇢ 2 �

⇤
Q . (3.4)

This is merely a U(1) transformation [6]. Performing a charge transformation (3.4) in
between two S-transformations (3.2), one has

Z(⌧ ;µ+ ⌧⇢) = exp

��⇡ik
⇥
2µ⇢+ ⇢2⌧

⇤�
Z(⌧ ;µ) (3.5)

Putting in the definition of the partition function (3.1) and pulling the exponential into the
trace on the left side, one finds that the spectrum is invariant under the transformation

L0 ! L0 +Q⇢+ k
⇢2

2

(3.6)

Q ! Q+ k⇢ (3.7)

for any ⇢. This transformation is familiar as a special case of spectral flow [20]. Thus, given
any state in the perturbative spectrum, we can apply spectral flow to the state, generating
a tower of new states with different masses and charges.

Consider a string state with perturbative mass m =

q
4
↵0� =

q
4
↵0

˜

� and charge q.

Then, in the large ⇢ limit, Z 02 ⌘ 2
k↵0

q02

m02 for the transformed state is

Z 02
= 1 +

k↵0

2

m2

�Z2 � 1

�

k2⇢2
+O(⇢�3

) (3.8)

Under spectral flow, states asymptote to Z 02
= 1. Moreover, a perturbative state never

crosses this asymptotic line (see Fig. 2). One may see this by noting that the combination
�� q2

2k is invariant under the transformation (3.6, 3.7). In other words, given a state with
Z > 1, spectral flow implies the existence of a tower of states monotonically approaching
Z = 1 from above. Considering the very massive regime, at which a very small but nonzero
gs will cause a state to collapse into a black hole, suggests that Z = 1 could perhaps be
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Spectral Flow
• Performing a U(1) transformation in between two S transformations:

• This implies a spectral flow:

• Consider a perturbative string state with charge q and mass m:

• Define the charge-to-mass ratio:

• In the large 𝜌 limit, the spectral flowed states have:

• Moreover, a perturbative string state never crosses the Z=1 line as 
Δ -q2/2k = invariant under spectral flow.
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gs will cause a state to collapse into a black hole, suggests that Z = 1 could perhaps be
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Spectral Flow & Black Hole
• Given a Z > 1 state, spectral inflow implies a tower of states 

monotonically approaching Z=1 from above:

• This however does not suffice to show that the string states stay Z >1 
when we turn on gc ~ N-1/4.

Figure 2: Under spectral flow, the sign of
q

2
k↵0

q
m � 1 is preserved. At large mass, string

states undergo gravitational collapse and form black holes at small gs.

identified with the asymptotic black hole extremality bound. Indeed, for toroidal orbifolds
of type II and heterotic strings, the charge-to-mass ratio of the string state approaching
the asymptotic line matches that of the black hole. Despite this, one might worry that we
do not have a good worldsheet description of black holes generically at non-zero coupling,
as in [7]. However, as we will see, the symmetries of the near-horizon geometry of an
extremal black hole allow us to make more precise the matching of the string and black
hole descriptions. Indeed, we will see in Sec. 4 that the entropy of a heterotic two-charge
black hole at the transition matches the entropy of a perturbative heterotic string, so that
at least the perturbative mass relation is sufficiently well-controlled. Thus quantitative
statements can be made about the corrected charge-to-mass ratio at the transition, and we
can connect mild and strong forms of the WGC.

This all suggests that the existence of a light state with Z > 1 is related to a pos-
itive charge-to-mass ratio shift �Z > 0 for large extremal black holes. Given a single
superextremal perturbative string state, spectral flow dictates that there are very massive
superextremal string states, which will collapse into black holes for gs ⌧ 1. If the correc-
tion to the perturbative string charge-to-mass ratio is not too large at the transition, one
would expect the corresponding black holes to also have Z > 1, so that higher-derivative
corrections must shift the extremality bound positively in order to avoid creating a naked
singularity. To bound the size of corrections, we need to understand some generalities of
the string-black hole transition.

4 Black Holes as Strings

A qualitative description of the string-black hole transition is given by the “correspondence
principle” of Horowitz and Polchinski [26], which formalized and generalized earlier spec-
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Turn on a small string coupling

gc ∼ N−1/4 ≪ 1

The excited string state turned
into a black hole.

The correspondence principle 
[Horowitz, Polchinski]:

Sstring = 𝒪(1) SBH



Entropy Matching
• The near horizon geometry of a 4d extremal BH is AdS2 but if the 

BH arises from a higher dim theory with an S1 → AdS3 (BTZ).

• The BH entropy is given by the Cardy’s formula: 

• The left- and right-moving levels are related to:

• The AdS radius is related to the Brown-Henneaux central charge:

• The extremality bound:

We see that in both extremal limits the area vanishes, so that classically the black holes have
vanishing Bekenstein-Hawking entropy. These are thus called small black holes. However,
in the extremal limit the horizon size is string scale, so ↵0 corrections should significantly
correct the geometry. In the context of heterotic string theory, it is now well understood
that ↵0 corrections “stretch” the horizon, cloaking the singularity and giving a finite Wald
entropy, see [31] for a review and [32, 33] for a subset of the original references.4

We now show that including ↵0 corrections gives the black hole a Wald entropy that
agrees with the statistical entropy of a perturbative heterotic string. We shall exploit this
relation to argue that Z receives sufficiently small corrections at the transition to preserve
superextremality of a perturbative string state.

4.2 Higher-derivative corrections, entropy and charge-to-mass ratio

Typically, extremal black holes have an AdS2 near-horizon geometry. However, in cases
when the black hole arises from compactification of a higher-dimensional theory, the AdS2

can combine with an S1 of the compact space to form an AdS3 geometry, or more precisely
a BTZ black hole. Examples of this are four-charge black holes in four dimensions and
three-charge black holes in five dimensions, which arise as compactifications of five- and
six-dimensional black strings, respectively [36]. The situation for two-charge black holes is
slightly more complicated, since at the classical level their near-horizon geometries are sin-
gular and actually correspond to massless BTZ black holes.5 However, after ↵0 corrections
are taken into account, one can have a massive BTZ near-horizon geometry [38].

When a near-horizon BTZ geometry exists, the black hole entropy is given by the Cardy
formula

SBH = 2⇡

✓r
cL
6

hL +

r
cR
6

hR

◆
. (4.14)

Here, cL, cR are the left and right-moving central charges and hL, hR are the left and right-
moving excitation levels. They are related to the mass and angular momentum of the BTZ
geometry via

`M3 = hL + hR , 8G3J3 = hR � hL , (4.15)

where ` is the AdS3 radius and G3 (which is small in our semiclassical approximation) is
the three-dimensional Newton constant. The extremality bound is given by

8G3|J3|
`M3

 1 . (4.16)

Note that `/G3 = 2c/3, where c is the usual Brown-Henneaux central charge [39]. In terms
of the left- and right-moving central charges, we have [40]

c =
3`

2G3
=

1

2

(cL + cR) . (4.17)

4This conclusion has been contested in [34], but because this result crucially relies on having a black
hole solution that contains a conical singularity [35] we believe such a claim is premature.

5One way of seeing this is by dualizing the fundamental string carrying momentum and winding charges
(the F1-P system) to the D1-D5 system [37].
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Higher Derivative Corrections
• The entropy for a small BH can receive infinitely many higher 

derivative corrections, but the AdS3 geometry allows us to fix them.

• The central charges are fixed by anomalies [Kraus, Larsen, ’05]:

• cL - cR : gravitational Chern-Simons term

• cR          : SU(2) Chern-Simons term

• This fixes the BH entropy:

• The entropy of heterotic string states at large excitation levels:

• Exact entropy matching thus identifies at the string/BH transition:

The effect of including higher-derivative corrections in the three-dimensional action is to
shift the AdS radius as ` ! ⌦`, where

⌦ =

1

3

gµ⌫
@L3

@Rµ⌫
. (4.18)

This quantity parametrizes the higher-derivative corrections in terms of the three-dimensional
Lagrangian L3 [41] (see also [42]). We see that higher-derivative corrections have two ef-
fects. First, they modify the effective AdS length and thus the value of the central charges.
By Cardy’s formula, this implies that the black hole entropy is also corrected. Second, by
modifying the AdS length, the extremality bound is also corrected.

For the heterotic two-charge black holes, Kraus and Larsen showed that (under the
assumption that a near-horizon BTZ geometry exists after including higher-derivative cor-
rections) the central charges are completely fixed by anomalies [41]. The central charges
are related to the coefficients appearing in front of Chern-Simons terms. The gravitational
Chern-Simons term yields the combination cL � cR. Supersymmetry in the right-moving
sector fixes cR in terms of the level of the SU(2) current algebra, which can be computed
from the SU(2) Chern-Simons term. Because the central charges are fixed by anomalies,
they are not modified by other higher-derivative corrections and are therefore exact in ↵0.
One thus finds cL = 24 and cR = 12, so that the entropy of heterotic two-charge black holes
is

SBH = 2⇡
⇣
2

p
hL +

p
2hR

⌘
. (4.19)

This expression exactly matches the statistical entropy of a weakly coupled heterotic string.
Recall that the mass of a weakly coupled heterotic string is given by

M2
s =

4

↵0NR +Q2
R =

4

↵0 (NL � 1) +Q2
L (4.20)

States at NR = 0 are BPS-saturated. The entropy of a perturbative string at large excitation
level is given by (see e.g. [43])

Sstat = 2⇡
⇣
2

p
NL +

p
2NR

⌘
, (4.21)

which matches (4.19) upon identifying hL,R = NL,R.6 Notably, this agreement holds for
strings with both left- and right-moving sectors excited and therefore even for non-BPS and
non-extremal black holes.

It is remarkable that the black hole entropy matches the entropy of a perturbative

heterotic string. For an arbitrary (nonsupersymmetric) string state, we might have expected
the degeneracy of states to be significantly modified from the perturbative degeneracy at the
string-black hole transition, but this is not the case. The appearance of the perturbative
string entropy is useful for understanding Z at the transition. Since the black hole and
perturbative string entropies match at leading order in gs, to this order the charge-to-mass
ratio of the black hole is also given by the charge-to-mass ratio of the perturbative string.

6 Implicitly, we are matching at the string-black hole transition, so this identification holds for gs ⇠
N�1/4 ⌧ 1.
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hL,R = NL,R also [Dabholkar, ‘97]



Mass Corrections
• Consider the mass of a non-BPS state with NL =0, NR >>1, exact 

entropy matching implies negligible mass corrections:

• If the entropy matching is approximate the mass of the string state 
can be corrected by an O(1) factor. Still, there has been some 
evidence that the mass is not corrected significantly [Dabholkar, ‘97;
[Dabholkar, Mandal, Ramadevi, ’97].

• The extremality bound is saturated by NL =0 or NR =0:

• Thus non-BPS super-extremal states stay super-extremal, while 
BPS states stay extremal at the string/BH transition:

Consider for example the non-BPS state at NL = 0 and NR � 1. At fixed charge, the
mass can be expanded in the closed string coupling g2s

Ms '
r

4

↵0NR + g2s�M(NR) . (4.22)

The mass correction will modify the density of states (at fixed energy) and thus the entropy.
Requiring that the entropy is not modified to leading order at the transition means �M ⌧
g�2
s

p
NR/↵0 ⇠ NR/

p
↵0, so that in the large NR limit the mass correction is negligible.

In other words, we can trust the perturbative mass relation at the transition for large
enough excitation level. This relies crucially on the fact that the entropies match exactly

to leading order in gs. Given only an approximate entropy matching (as in [26]), the string
mass can be corrected by an O(1) factor at the transition. In this case, one might hope to
make statements about extremality by generally constraining the sign/magnitude of �M

via arguments like self-energy7 or explicit loop calculations [45].
For general black holes, the extremality bound is given by

|J3|
M3

=

c

12

|NR �NL|
NR +NL

 c

12

, (4.23)

Note that the extremality bound can be modified by ↵0-corrections via the Brown-Henneaux
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positively and do not modify the supersymmetric black hole’s charge-to-mass ratio.

For the BPS-saturated state this should not come as a surprise. The BPS bound
prevents corrections to the charge-to-mass ratio, guaranteeing the agreement between per-
turbative strings and black holes. The non-BPS case is more interesting. As we have argued,

7For example, gravitational/dilatonic self-interactions should decrease the mass. Moreover, in some
cases, the string’s ADM mass taking into account backreaction on the massless fields can be calculated [44]

– 11 –

Consider for example the non-BPS state at NL = 0 and NR � 1. At fixed charge, the
mass can be expanded in the closed string coupling g2s

Ms '
r

4

↵0NR + g2s�M(NR) . (4.22)

The mass correction will modify the density of states (at fixed energy) and thus the entropy.
Requiring that the entropy is not modified to leading order at the transition means �M ⌧
g�2
s

p
NR/↵0 ⇠ NR/

p
↵0, so that in the large NR limit the mass correction is negligible.

In other words, we can trust the perturbative mass relation at the transition for large
enough excitation level. This relies crucially on the fact that the entropies match exactly

to leading order in gs. Given only an approximate entropy matching (as in [26]), the string
mass can be corrected by an O(1) factor at the transition. In this case, one might hope to
make statements about extremality by generally constraining the sign/magnitude of �M

via arguments like self-energy7 or explicit loop calculations [45].
For general black holes, the extremality bound is given by

|J3|
M3

=

c

12

|NR �NL|
NR +NL

 c

12

, (4.23)

Note that the extremality bound can be modified by ↵0-corrections via the Brown-Henneaux
central charge c = 3`/(2G3). The extremality bound is saturated for NL = 0 or NR = 0.
In the first case, we have a black hole with NR � 1, related to the BTZ charges via

`M3 =
↵0

4

M2
s , 8G3J3 =

↵0

4

Q2
L � 1 . (4.24)

Thus, the charge-to-mass ratio of this black hole is given by

Znon�BPS =

Q2
L

M2
s
=

Q2
L

Q2
L � 4/↵0 > 1 . (4.25)

In the second case, we obtain an NL � 1 BPS-saturated black hole with

`M3 =
↵0

4

M2
s + 1 , 8G3|J3| = ↵0

4

Q2
R + 1 , (4.26)

that has a charge-to-mass ratio of

Z2
BPS =

Q2
R

M2
s
= 1 . (4.27)

Thus ↵0 corrections shift the charge-to-mass ratio of the non-BPS extremal black hole
positively and do not modify the supersymmetric black hole’s charge-to-mass ratio.

For the BPS-saturated state this should not come as a surprise. The BPS bound
prevents corrections to the charge-to-mass ratio, guaranteeing the agreement between per-
turbative strings and black holes. The non-BPS case is more interesting. As we have argued,

7For example, gravitational/dilatonic self-interactions should decrease the mass. Moreover, in some
cases, the string’s ADM mass taking into account backreaction on the massless fields can be calculated [44]

– 11 –

Consider for example the non-BPS state at NL = 0 and NR � 1. At fixed charge, the
mass can be expanded in the closed string coupling g2s

Ms '
r

4

↵0NR + g2s�M(NR) . (4.22)

The mass correction will modify the density of states (at fixed energy) and thus the entropy.
Requiring that the entropy is not modified to leading order at the transition means �M ⌧
g�2
s

p
NR/↵0 ⇠ NR/

p
↵0, so that in the large NR limit the mass correction is negligible.

In other words, we can trust the perturbative mass relation at the transition for large
enough excitation level. This relies crucially on the fact that the entropies match exactly

to leading order in gs. Given only an approximate entropy matching (as in [26]), the string
mass can be corrected by an O(1) factor at the transition. In this case, one might hope to
make statements about extremality by generally constraining the sign/magnitude of �M

via arguments like self-energy7 or explicit loop calculations [45].
For general black holes, the extremality bound is given by

|J3|
M3

=

c

12

|NR �NL|
NR +NL

 c

12

, (4.23)

Note that the extremality bound can be modified by ↵0-corrections via the Brown-Henneaux
central charge c = 3`/(2G3). The extremality bound is saturated for NL = 0 or NR = 0.
In the first case, we have a black hole with NR � 1, related to the BTZ charges via

`M3 =
↵0

4

M2
s , 8G3J3 =

↵0

4

Q2
L � 1 . (4.24)

Thus, the charge-to-mass ratio of this black hole is given by

Znon�BPS =

Q2
L

M2
s
=

Q2
L

Q2
L � 4/↵0 > 1 . (4.25)

In the second case, we obtain an NL � 1 BPS-saturated black hole with

`M3 =
↵0

4

M2
s + 1 , 8G3|J3| = ↵0

4

Q2
R + 1 , (4.26)

that has a charge-to-mass ratio of

Z2
BPS =

Q2
R

M2
s
= 1 . (4.27)

Thus ↵0 corrections shift the charge-to-mass ratio of the non-BPS extremal black hole
positively and do not modify the supersymmetric black hole’s charge-to-mass ratio.

For the BPS-saturated state this should not come as a surprise. The BPS bound
prevents corrections to the charge-to-mass ratio, guaranteeing the agreement between per-
turbative strings and black holes. The non-BPS case is more interesting. As we have argued,

7For example, gravitational/dilatonic self-interactions should decrease the mass. Moreover, in some
cases, the string’s ADM mass taking into account backreaction on the massless fields can be calculated [44]

– 11 –

Consider for example the non-BPS state at NL = 0 and NR � 1. At fixed charge, the
mass can be expanded in the closed string coupling g2s

Ms '
r

4

↵0NR + g2s�M(NR) . (4.22)

The mass correction will modify the density of states (at fixed energy) and thus the entropy.
Requiring that the entropy is not modified to leading order at the transition means �M ⌧
g�2
s

p
NR/↵0 ⇠ NR/

p
↵0, so that in the large NR limit the mass correction is negligible.

In other words, we can trust the perturbative mass relation at the transition for large
enough excitation level. This relies crucially on the fact that the entropies match exactly

to leading order in gs. Given only an approximate entropy matching (as in [26]), the string
mass can be corrected by an O(1) factor at the transition. In this case, one might hope to
make statements about extremality by generally constraining the sign/magnitude of �M

via arguments like self-energy7 or explicit loop calculations [45].
For general black holes, the extremality bound is given by

|J3|
M3

=

c

12

|NR �NL|
NR +NL

 c

12

, (4.23)

Note that the extremality bound can be modified by ↵0-corrections via the Brown-Henneaux
central charge c = 3`/(2G3). The extremality bound is saturated for NL = 0 or NR = 0.
In the first case, we have a black hole with NR � 1, related to the BTZ charges via

`M3 =
↵0

4

M2
s , 8G3J3 =

↵0

4

Q2
L � 1 . (4.24)

Thus, the charge-to-mass ratio of this black hole is given by

Znon�BPS =

Q2
L

M2
s
=

Q2
L

Q2
L � 4/↵0 > 1 . (4.25)

In the second case, we obtain an NL � 1 BPS-saturated black hole with

`M3 =
↵0

4

M2
s + 1 , 8G3|J3| = ↵0

4

Q2
R + 1 , (4.26)

that has a charge-to-mass ratio of

Z2
BPS =

Q2
R

M2
s
= 1 . (4.27)

Thus ↵0 corrections shift the charge-to-mass ratio of the non-BPS extremal black hole
positively and do not modify the supersymmetric black hole’s charge-to-mass ratio.

For the BPS-saturated state this should not come as a surprise. The BPS bound
prevents corrections to the charge-to-mass ratio, guaranteeing the agreement between per-
turbative strings and black holes. The non-BPS case is more interesting. As we have argued,

7For example, gravitational/dilatonic self-interactions should decrease the mass. Moreover, in some
cases, the string’s ADM mass taking into account backreaction on the massless fields can be calculated [44]

– 11 –

2



WGC from Modular Bootstrap
[Montero, GS, work in progress] 



Index/Coarseness of Sublattice

Index = 8, Coarseness=4
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Two measures of the 
size of Γ:

Index of the 
lattice

Coarseness

Missing WGC lattice sites form a group: � ⌘ ⇤/⇤⇤
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Bounds from the Modular Bootstrap

• Consider the partition function of the NS sector:

• It is not modular invariant but 

• It is positive 

• It is S-invariant → Spectral flow/sublattice WGC still works

• We are putting a bound on the lightest WGC state among the 
spacetime bosons; considering the full partition function and the 
associated spin structures can only strengthen the bound we find.

Z(⌧) = TrNS

⇣
qL0�c/24q̄L̃0�c̃/24

⌘
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Γ-valued Partition Vector
• The holomorphic & anti-holomorphic U(1) currents define two inner 

products:

• Current algebra implies

• We can expand the sum

• This can be rearranged in terms of a Γ-valued partition vector
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Γ-valued Partition Vector

• Current algebra implies

• We can expand the sum

• Using spectral flow, this can be rearranged in terms of Γ-valued 
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Vector-Valued Modular Form

• The inner product (⋅,⋅) on the lattice becomes a bilinear form on 
gammas:

• The worldsheet data can be encoded into a vector-valued (non-
holomorphic) modular form, with transformation law

where 
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Modular Bootstrap

• The idea of the modular bootstrap is to use modular invariance to 
constrain the partition function [Hellerman ’09,  Lin, Shao ’19,  Collier, Lin, 
Yin ’16,  Yin ’17, Montero, GS, Soler ’16,  Qualls ’14, ’16,  Bae, Lee, Song ’18…]

• A good starting point is to consider a fixed point of the modular 
transformation (S here): Parametrize 𝝉 = i es, then S maps s→-s

• Derivatives w.r.t β=-2π i 𝝉 are related to s-derivatives

 Some of these are naturally positive or bounded!
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Warm Up

• Since U2 = 1, we can decompose

• In terms of these components:

• Taking 0, 1 derivatives, we get 4 vectors

with constraints, e.g., for nd = 1:

~Z(s) = ~Z+(s) + ~Z�(s)
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Linear Programming Problem

• What we have is a set of inequalities:

subject to the constraint:

• We have a linear programming problem!
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Universal Constraints
• To get a universal constraint, we must do so for all possible 

discrete groups Γ with bilinear forms.

• Mathematicians [Wall, ’63];[Miranda ’84] have proven that this can be 
reduced to one of six cases:
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Preliminary Results
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modular bootstrap (up to 19 derivatives)

N = 2, Q = 1

[Montero, GS, in progress]

Assumption: lightest operator is a scalar



Summary



• The Swampland program is an attempt to identify the boundary of possibilities 
for EFTs that can be consistently coupled to quantum gravity.

• The WGC constrains some but not all large field inflation models. Loopholes 
exist; strengthening the WGC can potentially close some of them.

• The mild form of the WGC is essentially established: black holes can be the 
required superextremal state.

• The WGC can be upgraded to a stronger form (Tower/Sublattice WGC) with 
additional properties of the UV theories (e.g., modular invariance). 

• The modular bootstrap can put a bound on the lightest superextremal state.

• Much more will be discussed in the KITP StringVacua20 Program!

Summary




