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Genetic drift
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Neutral sampling

Haploid population of constant size N
Two alleles, a and b, for one |loCus
Assume Wa = Wy = no selection!

Then
Pra(t+1) = () (ca()))"2(ap(®) "
where
~ na(t)
HJa(t) — N
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“Gambler's ruin”
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Gambler’s ruin with selection
Population of 100 individuals. Relative fitness:
Wa=1 Wy=1-35

= 0.01

s = 0.005
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Kimura’s diffusion approximation
Define the gene frequency z at generation ¢

ﬂa(t)
r(t) = N |
Define P(x,t|zg,tg) the conditional probability
that z(t) = z, given z(tg) = zg (tg < t)
Then, forO<xz <1,

2
£P(2,t|20,t0) = =5 {D(@, )P} ~ ~ {u(z, )P}
where
D(z, )8t = —(((a(t+6t) —2())?), .

— (3:(75 + 5t) — m(t»g(t)mm
v(z,t) ot = (x(t+ 6t) — z(t))

Special equations at x =0 and z = 1:

d o
%P =0 igg (Dla, )P) = vl t)P} =0
@t lom1 {Eé (D(e,)P) —vlz, t)P} z=1
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The backward diffusion equation
We can consider z fixed and xzg random. Then

0 52 | 9
—P(x,t|zg,tg) ~ D(z,t) —’P + v(x, t)—'P
ot $0 0z

The probability of fixation by time t is given by

'35’5(1170: t) — Ip(la t ‘ L0, 0)
Then the ultimate fixation probability
= || t
¢(zo) ti}ﬂgﬂcb(a?o, )
satisfies (assuming a stationary process)

%s d¢

D(fﬁo) ZEO | ’U(SUO)d Zo

=0

with boundary conditions

¢(0) =0, ¢(1) =1
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Random drift in a small finite population
Diploid population of size N

Paat 1) = (27) (@a(t)"2 () 2V 2
Y
(z(t+1) —2())y)=z = O
(@+1) —2®)?), ,_, = d’f(;m)
Thus
%?; - 411;\;5122 (1 —2)P)

with the initial condition

P(x,t=0|z0,0) = é(x — z0)
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Fixation probability

z(1 —z) d? B
4N dﬂ’:%qb(mO) =9
¢(0) =0 ¢(1) =1
Y
¢(zg) = o
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T he probability distribution

P(z,t|z0,0) = Y Cpp(zg) We(z)W,(zg) e

=1
where
c, = (244 1)
(¢ + 1)
p(xg) = 4zo(1 — zp)
W(x) = Tgl_l(l--Qm) Gegenbauer polynomial
0L+ 1)
Ap =
4N
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The change in gene frequencies
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Asymptotically for t — oo

P(z,t|20,0) ~ 6x0(1 — zg) e/ (2N)
The fraction H(t) of heterozygotes is given by

H(t) = /da:2a:(1—a:)73’(m,t\:1:0,0)

~ 2z0(1 — zg) et/ (2N)

The fixation probability by time ¢t can be ob-
tained by solving the backward diffusion equa-
tion

One has

X (-1)¢ _
¢(zo,t) = $0+f§1 5 o—L(£+1)t/(4N)

X {Pg_l(l — 2x0) — Pg_,_l(l — 23:0)}

where the P,(x) are Legendre polynomials
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Multiple alleles
Diploid population of size N, initially n alleles

(a]_, “ o ey aﬂ,)
Assume n < N, and na,(0) = Nz}
Then the probability that at time ¢t there are k

alleles with frequency z;, is asymptotically given
Dy

Pi.. k(x1,20,..., Tk t) =
k
(2k — 1) (H $g) e—k(k—l)t/(4N)
(=1

States with more alleles disappear more rapidly
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Coalescence process

1.(t): Probability that k gene lineages remained
iIndependent over t generations

Ne(t+1) = Mg(t) (1 21‘\])(1 kzj\rl)
M (t) (1

k(K — 1))
exp ( ok — l)t)

2

|2

4N
AN
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Selection and drift
Fitness ratio:

=
Then
% = ana A= 0P)
Saam {x(1 —xz)P}
Thus

P =3 CpKy(z,z0) o~ Aet
=0
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Frequency distribution
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Fixation of mutant genes
For v(z) = sz(1 —z) and D(z) = z(1 —z)/4Ne
the equation for the fixation probability reads

1 d%¢ | d¢

-s—— =20

4 Ne dz3 dx

Ne: effective population size

Thus
1 — e—4Nes:1:g
#(z0) = S aNes
N {" 2o + 2Neszg(1l — zg) for 4Nes K 1
| 4Neszp for s < 1
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Fixation probability for s = 10~4

From top to bottom: Ne = 10°,10%,10°

Fixation of an advantageous mutant: xg =
1/2N
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Fixation probability vs. s for N = 1000, 2000.
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Effective population size

census size: Total number of individuals, N

Effective size: Size of an idealized population
that would have the same random sampling
effects as the actual population, Ne

If Nm males mate with Ny females, one has
4ANmN.
Ne — m-T
Nm + Nf
If Nm < Nf (lek!) then Ne >~ 4Nm
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Substitution rate

A mutant gene arises in one copy among the
2N available, thus

0T oN

Thus

~ [1/(2N), for neutral mutants
"~ | 2Nes/N, for advantageous mutants

If the probability of mutation is u per gene and
per generation, the fixation rate is

[ u, for neutral mutants
Y {4uNeS, for advantageous mutants

19
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Genetic variability

Consider K alleles: aj,...,ag
Mutation rate:

K-1 .
&Lu/g—) ) aj Vi,

Then
0@ = (0ai)z = (1 - Kz;)
Di(@) = 5 (602), = i1 — )/ (4Ne)

Assume K > 1, 2Neu? < 1: Then
, 1 -1
Peq(®) oc [ ((1 — ;) * etz )
;

and

(xi)eq 1/K

¢

1
<$§>eq ~ K(4Neu—+1)
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The effective number of alleles is given by
1

— 5. <$12>eq

The average number of alleles is given by

Ne ~ 4Ne’u, —I- 1

Nagy — K(]_—'P*(O))

1
~ Neu/ dez~ (1 — x)4Ne”_1
1/(2N)

" N=10¢
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Summarizing
Properties of fixation of neutral mutations
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Molecular evolution
The three basic mechanisms

Negative selection

+

Positive selection

Genetic drift

—

Generation t Generation t+1

What is their relative relevance?

e Substitution rate S mutation rate: Very

large mutation rate (~ 21072 nb/generation
in humans (Drake et al. 1995))

e Large mutation rate = large substitutional
load, unless fitness variation is small

e Most mutations that are substituted are
neutral (or only very slightly deleterious)
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