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Almost always, the creative 

dedicated minority has made 

the world better.

- Martin Luther King, Jr.



Energy Scale (Per Site)

Local charge interaction U ~1-10eV

Local spin interaction J ~100-400meV

Bandwidth W ~1-2eV

Superconducting gap D ~ 5-30meV

Superconducting condensate

energy 
<1meV



Difference Matters

Fermi liquid

Energy

Magnetism CDW, Nematicity
Mott state, 

Spin liquid??
Superconductivity

U, J,...

???

Is it enough to simply look at the interaction with largest energy scale???



Energetic Consideration

Chester, Phys. Rev. 103, 1693 (1956)

Leggett’s extension:
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Smaller  (stronger Coulomb interaction),

the stronger superconductivity!!! 



Short Range Coulomb 

Interaction (Majority)
Strongly correlated systems

Electrons need to rearrange themselves locally to compromise 

the short range interaction

‘Extended’ description, e.g., band structure description, is likely 

breaking down and new phases like AFM, CDW, Mottness, etc. 

can emerge. 

How can superconductivity, a delocalized state, comprise the 

short range interaction??



Savings of Short Range Part of 

Coulomb Energy (Large q)
Coulomb Energy:

Superconducting condensation energy in this region:

Short Range Part of Coulomb Energy can be saved in
superconducting state by sign-changing gap function (for example,
d-wave in cuprates)
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What about long-

range Coulomb 

Energy? (Minority)



Some Arguments Against the Long 

Range Coulomb Energy
• Screening??

• 3D  Yes, screening is effective.

• 2D  Not necessary!!!

• Anderson’s theory (Phys. Rev. 110, 827(1958), 

Phys. Rev. 112, 1900(1958))

+ long range Coulomb

BCS Hamiltonian

f-sum ruleStability of BCS state

Anderson’s theory

No change in long range Coulomb energy because plasmon is immortal at small q.



Anderson’s Theory

V̂q  =
1

2p
dwUq

⌢
rq(w)

⌢
r-q(w)ò =

1

2p
dwUq Im c q,w( )ò

at small q

For any states

No superconducting condensate energy can be obtained from small 



Unconventional Superconductors are 

mostly built on 2D Lattice!!!

(another minority)



Rigorous sum rules for density-density response function:

Applying Cauchy-Schwartz inequalities places limits on the 
Coulomb Energy at small q
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Role of Umklapp Scattering I  Sum 

Rule Analysis

M. Turlakov and A.J. Leggett, Phys. Rev. B 67, 044517 (2003)
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Take Away Message – Two 

Minorities Make A

Difference?

With periodic potential (Umklapp scattering), plasmon mode is no 

longer IMMORTAL at small q.

MIR spectra
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   f-sum rule

V̂q  =
1

2p
Uq dw Im c q,w( )ò Could be reduced if the spectrum in MIR is reduced

Without periodic potential, plasmon mode is IMMORTAL at small q.

D V̂q  = 0 +O(q2 )



Microscopic theory of the density-density correlation 

function with Umklapp process



Warm Up – Plasmon Excitation in 

Fermi Liquid

Random phase approximation (RPA)



Warm Up – Plasmon 

Excitation in Fermi Liquid

p-h 

continuum
Plasmon 

excitation!!!



Periodic Potential 

both have p-h continuum ~ q



Generalized RPA with 

Umklapp Processes

p-h 

continuum

New spectral weight in Mid Infrared region appears due to the Umklapp process!!!



Why Plasmon Loses Spectral 

Weight?

(a) No Umklapp process

(b) With Umklapp process

What happens inside a unit cell is the key!!!



Calculations

To obtain a truly broad spectrum, we need to go beyond RPA. 

Solving quantum Boltzmann equations can do the trick.



Why Superconductivity 

Can Take Advantage?
Because it is not local and gapped, it has much less Umklapp 

scattering!!!

Umklapp scattering  Mid Infrared peaks increase long-ranged 

Coulomb energy

Superconductivity suppresses Umklapp scattering  Mid Infrared 

peaks reduced long-ranged Coulomb energy decreased!!!



Predictions

As getting into the superconducting state, 

Broad spectrum in MIR region

Plasmon frequency 

Can be verified ideally by EELS,  or indirectly by 

optical conductivity!!!



Experimental Observation in Cuprates

Mole graaf, et. al., Science 295, 2239 (2002)



Experimental Observations in Iron 

Pnictides



Fermi Surface Consideration



Umklapp scattering also affects pairing 

interaction



Optical Conductivity s and 

DC Resistivity

Fermi liquid

S ~ aT 2 +bw2Electron self-energy

Momentum relaxing

mechanism
Impurity, Umklapp

DC ~ T 2

s ~ a 'T 2 +b 'w 2

Non-Fermi liquid

S ~ aTa +bwa

Impurity, Umklapp

DC ~ Ta

s ~ a 'Ta +b 'wa

??????





Final Remarks

Why superconductivity is so competitive?
• Short-range Coulomb energy saved by sign-changing gap

• Long-range Coulomb energy saved by reducing Umklapp

process regardless gap symmetry

Much more efforts should be spent on changes due to 

superconductivity on optical conductivity, electron energy 

loss spectroscopy (EELS) (Peter Abbamonte at UIUC)!!!

Why Umklapp process is important in correlated 

materials?
• All correlated materials are crystalline

• Momentum relaxing mechanism is crucial for optical 

conductivity and DC resistivity.

• Long-range Coulomb energy is allowed to be variant.


