Solitonic Knots
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Outline

> Topology of Hopf solitons.
» The Skyrme-Faddeev model.
» Soliton solutions and knots.

» Conclusion.



Topology of maps from the plane toithe sphere

Boundary condition n(co) = (0,0,1) =

compactifies R? to S?.

Such maps are classified by ¢ € Z = my(S5?).




g = 1, the vector n winds once around the sphere of directions
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Baby skyrmions in chiral magnets

Yu et al, Nature 465, 901 (2010)



Topology of maps from R’ to the sphere

Boundary condition n(oco) =

compactifies R> to S°.

Such maps are classified by Q € Z = m3(S?).

1
f=n"w =da, Q==




() = 1, preimages are linked once




The Skyrme-Faddeev model

E = (|Vn|2 8_11 X 8_n + cyclic)d3
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Energy bound, E > C‘Q‘



Axial Hopf solitons

Twist by 2z m
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o E/QY =1.204
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Soliton  position (prelmage of — k). Linking (preimage of 2 points ).
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Q=3 A,; E/QY=1208

>0

Q:49 1&2,2; E/Q3/4:1218




Q=5 L. E/QY =1.225

1,29

Q=6 L E/QY* =1.213

2,272




Q=7; K,,(refil knoty; E/Q =1.218
Q=3+4=7

self-linking
crossing




Q=7 A, — K,, (trefoil knot); energy minimizati  on.
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Local Minima & Initial Conditions



Torus Knots

K,, Torus knot, where a >Db are coprime mtegers.
K, Trefoil knot (3,), C =3.
;z K, Solomon' sseal knot (5,), C =5.
K,; (8,) C=28.
K,,, C=a(b-1)



Torus Knots & Rational Maps
s S°N{Z%+2Z, =0}

K

a,b




Hopf charge & rational maps
224

W_ a b
L, + 72,

—_p O = ab+ pa

Eg. Q=7, K,,: |W




Links & Rational Maps

7°7
Eg- Q:6’ Lzl,lz: W = 2l O2
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Q=mg, Axal Amq: W =
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No trefoils with Q<7

Eg Q=5 K,,—> L};;
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Table 2:













Knot transmutation

Q =12, Km — K“







String Length




Knot Crossing Number




L
E =j 1+ k" +C(a'=17)°ds
0







Conclusion

* Knots form as minimal energy solitons

» Various torus knots appear at different charges
» Qualitative description in terms of rational maps
* Elastic rod model captures main features

» Other models with solitonic knots

* Physical applications?



Topological Solitons
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