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1. Introduction 



High intensity lasers provide… 

¨  Large photon density 
¤ Laser = external 

background field 
n But: Radiation (back) 

reaction 

¤ Laser = classical field 
n Nonlinear classical 

physics 

¤ Quantum regime: 
strong-field QED 
n   difficult to access 

¨  Strong fields 
¤ Alternating and pulsed 
¤ Near null (plane 

waves)  
¤ Effects can be elusive 

¨  Goal: probe via  
¤ Matter  
¤ Light 

   in SF QED regime 



QED I 

¨  Microscopic theory of light & matter: QED 

¨  Parameters:  
¤      and     : relativistic quantum field theory 
¤      and     : electron charge and mass  

¨  Combinations: 
¤  fine structure constant 
¤ Compton wavelength 
¤ QED electric field (Sauter 1931, Schwinger 1951) 

me

c ~

↵ = e2/4⇡~c = 1/137

ES = m2c3/e~ = 1.3⇥ 1018 V/m

�e = ~/mc ' 400 fm



QED II 

¨  Elementary interaction (vertex): 

¨  Coupling to external laser field (           ) yields 
dressed (Volkov) electron 

Photon 

(Anti-)Lepton 

coupling strength 

(Anti-)Lepton 



Elementary processes 

¨  Nonlinear Thomson/
Compton scattering 

¨  Pair production 
 
 
¨  Light-by-light scattering, e.g. 

e+ n�L ! e0 + �

� + n�L ! e+e�

�1 + �2 + n�L ! �0
1 + �0

2



NL Thomson & Compton 

¨  Charge laser scattering 
¤ Nonlinear when 
 

¤ Classical (Thomson) unless high energy (Compton) 

¤ Radiation reaction effects important when 
 
 
with     = no. of cycles per pulse  
(S. Bulanov, TH, M. Marklund et al., arxiv:1310.0152)  

�e~!/mc2 ⌘ �e⌫0 & 1 (cf. SLAC E-144) 

N

a0 ' eE�

mc2
& 1

N↵�e⌫0 a
2
0 ⌘ N✏rad a

2
0 & 1



Pair production 

¨  Vacuum (Sauter-Schwinger) PP: 
¤ Zero for PW 
¤ Nonperturbative (all orders in    )  
¤ Exp. suppressed, so conservative estimate: 

 
¨  Stimulated PP: 

¤ Threshold suppressed 
 
¤ Lab: 
                                

I & 1027 W/cm2

E� & 30 GeV    (cf. SLAC E-144) 

↵

ECM � 2mc2(1 + a20)



2. Light-by-light (LBL) scattering 



Idea 

¨  Idea: use purely photonic probes and targets 
¤ Target: ultra-intense optical laser focus 

n  “infinitely many” photons 

¤ Probe: suitable photons (e.g. X-ray) 
n High flux, so still “many” photons 

¤ Result: very “few” scattered photons 

 
Detect! 



QED III 

¨       scattering in QED 

¨  Features: 
¤ 1-loop: purely quantum 
¤ UV finite! 
¤ Small: amplitude   

Interaction of 
“light with light” 
mediated through 
virtual matter 

��

O(↵2)



Some history 

¨  Halpern 1934: 

¨  Euler, Kockel 1935: 
“Halpern (1934) and Debye (in a discussion with Prof. Heisenberg) 
have pointed out that according to Dirac’s theory there must be 
scattering of visible light by light. Namely, there are processes in which 
two light quanta virtually produce a pair (electron and positron) which 
annihilates immediately afterwards. These processes … can happen 
even if there is not enough energy to produce a real pair.” 

LETTERS TO THE EDITOR

radiation phenomena are of particular interest inasmuch
as they might serve in an attempt to formulate observed
e8ects as consequences of hitherto unknown properties of
corrected electromagnetic equations. We are seeking, then,
scattering properties of the "vacuum. "
Two possible types of phenomena must be considered

separately in connection with the foregoing: (1)All incident
quanta have the same direction of propagation; (2) The
incident quanta have di6'erent directions of propagation.
Since we are only interested in purely radiation phenomena
the frequencies in the second case should lie below mc'/h
so that no permanent formation of electron-positron pairs
can occur.
When all incident quanta have the same direction of

propagation, the principle of conservation of momentum
excludes all scattering processes other than those in the
direction of the incident radiation. These scattering
processes would be observable if accompanied by a change
in frequency. In the language of Dirac's theory of radiation
such splitting of the incident quantum occurs in processes
of the following type: An electron in a negative energy
state passes by absorption of the incident quantum into a
state of positive energy; the electron then returns in
several steps under emission of hv in toto to its original
state. At each step total momentum should be conserved.

A scattering process of this type can only reduce the fre-
quency; the reduction, if small, would on the average be
proportional to the distance travelled by the quantum
through "vacuum. " In this connection the hypothesis
may be mentioned that Hubble's constant might be
reducible to atomic constants without utilizing gravita-
tional theories.
When the directions of propagation of the incident

quanta do not coincide the additional case of simultaneous
action of two quanta, of difFerent frequencies in general,
must be considered. This case can always be reduced by a
Lorentz-transformation to the action of two equal and
oppositely propagated quanta. In this "Pauli frame of
reference" the scattering process would simply consist of
a rotation of the line indicating the direction of propagation
through a certain angle. In the original frame of reference
we would of course encounter changes of both frequency
and direction.
The writer wi11 supply shortly the necessary quantitative

considerations lacking at present.
O. HALPHRN

New York University,
Department of Physics,
University Heights,
October 26, 1933.

On the Calculation of the CoefBcient C in Frank's Formula for Change of Resistance

In Dr. Frank's formula ' hp/p =BH'j(1+CH') for the
relative increase in resistivity in a transverse magnetic
field, the symbol p denotes the resistivity in the presence
of the field.
On examining the tables in which p(C)' (calculated from

Kapitza's measurements) is compared with accepted
values of the Hall coefficients, I was struck by the fact
that, for Sb and Bi, p(C)' is recorded as less than the Hall
coefficient. For the other six metals the ratio is greater
than 1. Mr. Norman A. Hedenberg and the writer there-
fore undertook to measure the resistivity and the Hall
coeScient for two bismuth plates, at room temperature,
in fields up to 13,000 gauss. The coefficient C turns out to
have the same value, 13)&10 ' gauss ', for each plate and
p(C)~ is more than twice as large as the Hall coefficient,
even if one substitutes for p the value of the resistivity
when H is zero.
In the writer's opinion, an error in calculating C from

Kapitza's experimental results has made the recorded
values of p(C)' too small for all the metals. The error is
very large in the cases of Sb and Bi. The recorded values,
it is true, agree very closely with those obtained by
assuming that Ap/p is equal to Kapitza's AR/R. But in
the latter's paper, ' R denotes the resistance before the

field is applied (otherwise AA/R could never be greater
than 1 as it actually is for Sb, Bi and certain other metals).
Accordingly, if Kapitza's b,R/R be denoted by k, it follows
that Frank's Dp jp should be, not k, but k/(k+1).
Using Kapitza's results and taking account of the

discrepancy just mentioned, one finds that, for all the
metals listed by Dr. Frank, the value of p(C)' is con-
siderably increased. For Sb, the new values are 440X10 '
e.m.u. at 290'K, 390X10 ' at 193'K, and 370)&10 ' at
90'K. Calculations have not yet been made for all the
metals investigated by Kapitza, but so far the writer has
found no exception to the rule that p(C)' is larger than the
Hall coefficient at the same temperature.
I am very much indebted to Mr. Hedenberg for

assistance in the calculations. We hope to publish soon the
results of our experiments on bismuth.

K. K. SMnH
Northwestern University,
Evanston, Illinois,
October 29, 1933.

' Frank, Zeits. f. Physik 64, 652 (1930).Sommerfeld and
Frank, Rev. Mod. Phys. 3, 18 (1931).

2 Kapitza, Proc. Roy. Soc. (London) A123, 300 (1929).

Preliminary Report of the Results of Angular Distribution Measurements of the Cosmic Radiation in Equatorial Latitudes

A preliminary survey of the angular distribution of the
cosmic radiation in equatorial latitudes has now been com-
pleted and measurements have been made in Mexico, ' '
geomagnetic latitude 29', at elevations 10,000 ft., 7500 ft.,
and sea level; in Panama, geomagnetic latitude 20' at

/

sea level; and in Peru, geomagnetic latitude 0', at eleva-

' T. H. Johnson, Phys. Rev. 43, 834 (1933).' Confirmatory measurements were also made in Mexico
by L.Alvarez and A. H. Compton, Phys. Rev. 43, 835 (1933).

… 



“Quantum vacuum optics”  

¨       scattering: effects as in light-matter interactions 
¤ Reflection (Gies, Karbstein, Seegert, arxiv:1305.2320) 

¤ Refraction and birefringence (Toll, 1952) 

¤ Diffraction (di Piazza, Hatsagortsyan, Keitel, PRL 2006) 

¤ Light bending or aberration (De Lorenci, Klippert, PRD 2002) 

¤ Absorptive effects due to PP (Toll, 1952) 

¤ Nonlinear (optics) effects  
n photon splitting (Adler, Ann. Phys. 1971) 

n wave mixing (Moulin, Bernard, Opt. Commun. 1999, Lundström et al., PRL 2006) 

¤ … 

��



Examples 

¨  Photon laser scattering: refraction, deflection etc. 

¨  Vacuum emission: 4-wave mixing, etc.  



Observation? 

¨  LBL scattering with real photons never observed 
¨  only for virtual photons – Delbrück scattering (off 

nuclei,               )  (Jarlskog et al., PRD 1973; Schumacher et al., PLB 1975) 

¨  Difficulty:  
¤ Low energy:  flux large, but cross section too small 
 
¤ High energy: cross section larger, but flux too small 

¤ Current bound (laser regime) (Bernard et al., Eur. Phys. J, 2000) 

��� ' 10�66 cm2 , ~! ⌧ mc2

��� ' 10�31 cm2 , ~! ' mc2

���  1.5⇥ 10�48 cm2

~! & mc2



Remark 

¨  Indirect evidence for LBL scattering from anomalous 
magnetic moments (g – 2, virtual sub-diagrams) 

¨  Deviation from Dirac value 2 known to NNNLO 
(including 891 4-loop diagrams) 

¨  At NNLO: LBL diagrams contribute 30% of 1.18124…!  

Physics Letters B 265 (1991) 182-184 
North-Holland PHYSICS LETTERS B 

The analytic value of the light-light vertex graph contributions 
to the electron g -  2 in QED 

S. L a p o r t a  and  E. R e m i d d i  
Dtpartimento di l.isica. Universita di Boh>gna, and INI"N, Sezione di Bologna, 1-40126 Bologna. Ira& 

Received 3 May 1991 

The contribution to the g -  2 of the electron from the light-light graphs at sixth order (three loops ) in QED perlurbation theory 
has been evaluated in closed analytical form. The analytic value is in excellent agreement with the most precise numerical evalu- 
ation existing in the literature. 

We have evaluated in closed analytical form the 
contribution a (yy)  to the anomalous magnetic mo- 
ment of  the electron at sixth order (three loops) in 
QED perturbation theory from the so-called light- 
light graphs shown in fig. I. 

The result is 

a ( 'D ' )=+s~(5) -~z r%(3) - s~6orC4-~n- ln22S  . . . .  

+ i l n 4 2 + 1 6 a 4  4,  2+,~3~z_, s - > , ( 3 ) - 2 4 n 2 1 n  ~ -  + ~ ,  

(1)  

where ~(p) is the Riemann ~[-function of  argument p, 
ff(P)---~",7=, I / n  p, [whose first values are ~[(2)= 
I 2 v ,n,  ~ ( 3 ) = 1 . 2 0 2 0 5 6 9 0 3  .... ~ [ (4 )=~r r  4, ~ ( 5 ) =  
1.036927755. . . ] ,  

In2- -  2"t--~ =0.693 147 180... 
n =  I 

is the logarithm of  2, 

Fig. I. The light-light graphs ( mirror graphs are omilted ). 

a 4 -  ~.. 1 =0.517 479061 
n =  1 2 II14 . . . .  

The numerical value ofa(y) , )  is therefore 

a ( y y ) = 0 . 3 7 1  005 292 1 .... (2) 

The contribution had been previously evaluated 
only by numerical integration methods; the values in 
the literature are 

a(y~,) = 0 . 3 6 ( 4 )  

(ref. [1 ] ), 

a (yy)  =0 .37112(8 )  

(ref. [2 ] ) ,  

a (y¢) = 0.370986 (20) 

(ref. [3 ] ) ,  

a (yy)  = 0 . 3 9 8 ( 5 )  

(ref. [4] ). 
The results of  refs. [ 1-3] agree within their nu- 

merical errors with our result eq. (2),  while that of  
ref. [ 4 ] does not. 

Due to the perfect agreement with the analytic value 
( 1 ) of  the highly accurate value [3 ], which is used in 
the best theoretical value of  the electron anomaly a~. 
of  Kinoshita et al. [ 5 ], our result does not change in 
practice the existing theoretical estimate. Indeed, if 
c3 is the coefficient o f the  (o~/rt) 3 term in the pertur- 

1 82 0370-2693/91/$ 03.50 © 1991 Elsevier Science Publishers B.V. All rights reserved. 

Laporta, Remiddi, PLB 1991 

c3,�� = 0.37100529...

g � 2

2

����
th

=
1

2

↵

⇡
� 0.32848 . . .

⇣↵
⇡

⌘2
+ 1.18124 . . .

⇣↵
⇡

⌘3
� 1.9144 . . .

⇣↵
⇡

⌘4
+ . . .

Jegerlehner, Nyffeler, arxiv:
0902.3360 



(from LBL scattering) 

3. Vacuum birefringence 



3.1 Generalities 

3. Vacuum birefringence 



(Some) references 

¨  Theory 
J. Toll, PhD thesis, Princeton, 1952  

R. Baier and P. Breitenlohner, Nuovo Cim., 1967 

N. Narozhny, JETP, 1968 

E. Brezin, C. Itzykson, PRD, 1970 

TH, B. Liesfeld, K.-U. Amthor, H. Schwoerer, R. Sauerbrey and A. Wipf, Opt. Commun., 2006 

G. Shore, NPB, 2007 

V. Dinu, TH, A. Ilderton, M. Marklund and G. Torgrimsson, PRD, 2014 (I & II) 

… 

¨  Experiment 
Zavattini et al., PVLAS, arxiv:1201.2309 

Rizzo et al., BMV, arxiv:1302.5389 

HIBEF @ DESY: in preparation 

 



Scenario 

¨  Probe intense laser 
focus with X-ray probe 

(HIBEF @ DESY –  
‘flagship experiment’) 

¨  Optimal: counter-
propagation (        ) 

¨  X-rays: 
¤ XFEL, e.g. HIBEF @ DESY 
¤ Via Compton back-

scattering from multi-
GeV electron beams 
(e.g. ELI-NP) 

(X-ray 
probe) 

(optical BG) 

k

K

L 

X   

✓ = ⇡



Experimental signature: Ellipticity 

|ini |outi

� ⌘ �/↵' = ⇡/4Optimal: 



Polarisation transport I 

¨  Transformation of BG basis (cf. G. Baym’s text) 

¨  “Transfer” matrix (              ) 

¨  Matrix of refractive indices 

z 

|✏ii ! |✏0ii ⌘ Uij(z)|✏ji

U(z) = exp(ik0Nz)

N ⌘ diag(n1, n2)

k0 ⌘ !k/c



Polarisation transport II 

¨  Transformation of probe polarisation 

¨  Non-flip amplitude 

¨  Flip amplitude 

z 

�� Phase shift 

|"01i = ↵|"1i+ �|"2i

↵ = h"1|"01i ' exp(ik0z)

� = h"2|"01i '
i

2

exp(ik0z) k0z (n2 � n1)

(' = ⇡/4)



Ellipticity again 

¨  Ellipticity  
¤  field strength ratio  
¤ = amp ratio: 

 
¨  Observable  

¤  intensity ratio  
¤  fraction of photons with flipped polarisation: 

� = �/↵ = (i/2)��

|�|2 = |�/↵|2 = (��/2)2 = Nk/N?



3.2 QED Calculation 

3. Vacuum birefringence 



Textbook theory I (Akhiezer and Berestetskii) 

¨  Ingredients: 4 wave and 4 polarisation vectors, so 
4th rank tensors… 



Textbook theory II (Akhiezer and Berestetskii) 



Effective Lagrangian 

¨  Simplification: Low energy              + BG 
¨  Use LO Heisenberg-Euler Lagrangian (1936) 

¨  with basic invariants 

¨           field strength tensor and its dual 

LHE = S + c1S2 + c2P2

S ⌘ 1

4
trF 2 = (E2 �B2)/2

P ⌘ 1

4
trFF̃ = E · B

F, F̃

(⌧ mc2)

⇢
c1
c2

�
=

4↵2

45m4

⇢
4
7

�
, 



Scattering amplitude I  

¨  Lowest order LBL scattering (off BG)  

¨  Need forward scattering amplitude             : 

 

� : f(k, ")�0 : f(k, "0)

F (x)F (x)

(k0 = k)

Sfi = hk, "0|S|k, "i

fµ⌫ = kµ"⌫ � k⌫"µ



Scattering amplitude II  

¨  Standard Feynman rules yield equivalent rep.s: 

    with polarisation tensor   
 

⌘ (",⇧(k)"0)

⇧µ⌫(k)

⇠ c1(", Fk)(Fk, "0) + c2(", F̃ k)(F̃ k, "0)

⌘ c1(", bk)(bk, "
0) + c2(", b̃k)(b̃k, "

0)

Sfi ⇠ c1 tr (Ff) tr (Ff 0) + c2 tr (F̃ f) tr (F̃ f 0)



¨  VacPol tensor          
      

 

¤ Two nontrivial eigenvalues   

   with         energy momentum tensor  
¤ Two dispersion relations (‘deformed LC’) 

¤ Two indices of refraction (Toll 1952; Narozhny 1968; Brezin, Itzykson 1970)  

‘Traditional’ analysis  (Toll 1952) 

A
µ ⌫

k k
⇧µ⌫(k;A) =

⇧1,2 = �c1,2 b
2
k ⌘ c1,2(k, Tk)

T =

k2 +⇧1,2 = (gµ⌫ + c1,2T
µ⌫)kµk⌫ = 0

n1,2 = 1 +⇧1,2/2!
2
k



Scattering analysis 

¨  Non-flip amplitude: 

¨  Flip amplitude: 

¨  Ellipticity:  

A11 = 1 + h"1|S|"1i = 1 + 2F 2k0z (c1 + c2) = 1 +O(↵2)

A12 = h"2|S|"1i = 2F 2k0z (c1 � c2)

� = A12 = (1/2)k0z (n1 � n2)

0 for BI ! 



Exp. feasibility (TH et al., Opt. Commun., 2006) 

¨  Rewrite ellipticity 

¨  Optimal scenario:  XFEL (             )  & HP laser 
¤ HIBEF        (               ): 
¤ ELI            (               ): 
¤ X-ray polarimetry: 

n Current record in polarisation purity:                     @ 6.5 keV       
(Marx, Uschmann, Paulus et al., PRL 110, 2013)  

✏L ' 10�4

✏L ' 10�2

� =
4↵

15

z

�
✏2L , ✏2L ⌘ E2

E2
S

� ' 102�e

�2 ' 10�7

�2 ' 10�11



3.3 Generalisations 

3. Vacuum birefringence 



Directional and BG effects  

¨  Non-forward (e.g. reflection, deflection,…) 
¨  Non-constant BG, e.g. pulsed PW: finite duration 

¤                   momentum transfer 
¤                   F.T. of                       : ‘intensity form factor’ 

Sfi = hk0, "0|S|k, "i ⇠ "µk↵ Wµ↵,⌫�(q) "0⌫k
0
�

q = k0 � k

Wµ↵,⌫�(q) c1FF + c2F̃ F̃

I. Affleck, J. Phys A21 (1988) 



Finite size effects: Gaussian beams 

¨  finite longitudinal and transverse size (    ,     ): 
¤ Rayleigh length and waist: 

¤ Small parameter: beam divergence 

¤ Paraxial approximation: 
¤ New phase shift: 
¤ Dependence on impact parameter 
¤ Most realistic: finite space-time extent  
¤ Dependence on pulse duration 

z0 w0

z0 = w2
0/⇡�

� ⌘ w0/z0 . 1/⇡

O(�0)

�� = ��(b)

L 

X   

wL

b



Finite pulse effects 

¨  Graph (V. Dinu, TH, A. Ilderton, M. Marklund and G. Torgrimsson, PRD 89, 90 (2014)) 

n Flip amp. A12 – paraxial vs. pulsed Gaussian beam 

Pulse  

Parax. 

b/w0 

A
parax

' 10A
pulse106 A12 



(work in progress) 

Vacuum Emission 



Scattering amplitude I 

¨  LO Feynman diagram: 

¨  Scattering amplitude: 

Sfi = hk, "|S|vaci

F

F

F

� : f(k, ")



Scattering amplitude II 

¨  Feynman rules yield: 

¨  Zero for plane waves where invariants 

¨  Use e.g. Gaussian beams instead… 
 

Sfi ⇠ c1 S tr (Ff) + c2 P tr (F̃ f)

⇠ (c1 � 2c2)S tr (Ff) + 4c2 tr (F 3f)

S = P = 0



Gaussian beams 

¨  recall parameter: beam divergence 
¨  Field strength tensor = “deformation” of PW 

¨  Invariants nonzero:  

� ⌘ w0/z0 . 1/⇡

S, P = O(�2)

E?

B?

Ek

Bk

Fµ⌫ = F

0

BB@

0 �1 0 2i�x
1+2iz

1 0 2i�y
1+2iz 1

0 � 2i�y
1+2iz 0 0

� 2i�x
1+2iz �1 0 0

1

CCA+ c.c.



Outlook and Conclusion 



Summary 

¨  Nonlinear scattering and PP: 
¤ Quantum regime difficult to reach 
¤ Need high energy and/or extreme intensity 

¨  Light-by-light scattering: 
¤ Low-energy quantum regime 
¤  still small cross sections: 
¤ Wealth of effects: quantum vacuum optics 

O(↵4)



Conclusion 

¨  Theory 
¤ Perform systematic study of vacuum optics effects 
¤  Identify most feasible/interesting of these 

¨  Experiment 
¤ New strong-field QED experiment urgently needed! 
¤ Vacuum birefringence experiment feasible @  
   (HIBEF) 

n Requires careful optimisation and fine tuning of parameters 
n but at current sensitivity limits 

1022 W/cm2



…for your attention! 

Thank you very much… 



Appendix 



Parameters 

¨  Simultaneous expansion in    ,      and   
¤ Large external field parameter     : 
¤  Incarnation of strong-field QED – unprobed region of SM! 

 
 

   

10–4  

1

1

energy 

QED  SFQED  

Low energy (e.g. all-optical)  

[mc2]

E-144  

✏L

✏L

↵ ⌫X ✏L



g – 2:  NNLO 



LBL and g – 2  

¨  Numerical values: 

¤ NB: additional LBL terms at (numerically known) NNNLO 

(Th: Kinoshita et al., 2008) 

(Exp: Gabrielse et al., 2008) 

(LBL contribution = 0) 
g � 2

2

����
��=0

= 0.00115964207

2 3 4 

✏L



Colliding pulsed plane waves 

Eternal lifetime – unrealistic !  



Colliding Gaussian beams I 

Good space-time overlap  



Colliding Gaussian beams II 

Bad space-time overlap – jitter !   


